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Preface

The subiect of optimization is a fascinating blend of heuristics and rigour, of
theory and experiment. It can be studied as a branch of pure mathematics, yet
has applications in almost every branch of science and technology. This book
aims to present those aspects of optimization methods which are currently of
foremost importance in solving real life problems. I strongly believe that it is
not possible to do this without a background of practical experience into how
methods behave, and I have tried to keep practicality as my central theme.
Thus basic methods are described in conjunction with those heuristics which
can be valuable in making the methods perform more reliably and efficiently.
In fact I have gone so far as (o present comparative numertcal studies, (o give
the feei for what is possible, and to show the importance (and difficulty) of
assessing such evidence. Yet one cannot exclude the role of theoretical studies
in optimization, and the scientist will always be in a better position to use
numerical techniques effectively if he understands some of the basic theoretical
background. I have tried to present such theory 4s shows how methods are
denved, or gives imsight into how they perform, whilst avoiding theory for
theory’s sake.

Some people will approach this book looking for a suitable text for under-
graduate and postgraduate classes. I have used this material (or a selection
from it} at both levels, in introductory engineering courses, in Honours
mathematics lectures, and in lecturing to M.Sc. and Ph.D. students. In an
attempt to cater for this diversity, I have used a Jekyll and Hyde style in the
book, in which the more straightforward material is presented in simple terms,
whilst some of the more difficult theoretical material is nonetheless presented
rigorously, but can be avoided if need be. I have also tried to present worked
examples for most of the basic methods. One observation of my own which 1
pass on for what it is worth is that the students gain far more from a course if
they can be provided with computer subroutines for a few of the standard
methods, with which they can perform simple experiments for themselves, to
see for exampie how badly the steepest descent method handles Rosenbrock’s
problem, and so on.

In addition to the worked exampies, each chapter is terminated by a set of
questions which aim to not only illustrate but also extend the material in the
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text. Many of the questions T have used in rulorial classes or examination
papers. The reader may find a calculator (and possibly a programmable
calculator) helpful in some cases. A few of the questions are tuken from the
Dundee Numerical Analysis M.Sc. examination, and are open hook questions
in the nature of a one day mini research project.

The second edition of the book combines the material in Volumes 1 and 2
of the first edition. Thus uncoenstrained optimization 1s the subject of Part 1
and covers the basic theoretical background and standard techmques such as
line search methods, Newton and quasi-Newton methods and conmjugate
direction methods. A feature not common in the literature is a comprehensive
treatment of restricted step or trust regionl methods, which have very strong
theoretical properties and are now preferred in a number of situations. The
very important field of nonlinear equations and nonlinear least squares (for
data fitting applications) is also treated thoroughly. Part 2 covers constrained
optimization which overall has a greater degree of complexity on account of
the presence of the constraints. I have covered the theory of constrained
optimization in a general (albeit standard) way, looking at the effect of first and
second order perturbations at the solution. Some books prefer to emphasize
the parl played by convex analysis and duality in optimization problems. I also
describe these features (in what T hope is a straightforward way) but give them
lesser priority on account of their lack of generality.

Most finite dimensional problems of a contimuous nature have been included
in the book but [ have generally kept away from problems of a discrete or
combinatoerial natare since they have an entirely different character and the
choice of method can be very specialized. In this case the nearest thing to a
general purpose method is the branch and bound method, and since this is a
transformation to a sequence of continuous problems of the type covered in
this volume, I have inciuded a straightforward description of the technique.
A feature of this book which 1 think is lacking in the literature is a treatment
of non-differentiable optimization which is reasonably comprehensive and covers
both theoretical and practical aspects adequately. T hope that the final chapter
meets this need. The subject of geometric programmmg is also included in the
book because I think thal it is potentially valuable, and again T hope that this
treatment will turn out to be more straightforward and appealing than others
in the literature. The subject of nonlincar programming is covered in some
detail but there are difficulties in that this is a very active ressarch area. To
some extent therefore the presentation mirrors my assessment and prejudice as
{0 how things will turn out, in the absence of a generally agreed point of view.
However, I have also tried to present various alternative approaches and their
merits and demerits. Linear constraint programming, on the other hand, is now
well developed and here the difficuity is that there are two distinct peints of
view. One is the traditional approach in which algorithms are presented as
gencrahzations of carly lincar programming methods which carry cut pivoting
in a tableau. The other is & more recent approach 1n terms of active set strategies:
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I regard this as more intuitive and flexible and have therefore emphasized it,
although both methods are presented and their relationship is explored.

This second edition has given me the opportunity to improve the presentation
of some parts of the hook and to introduce new developments and a certain
amount of new material. In Part { the description of line searches is improved
and some new results are included. The variational properties of the BFGS and
DFP methods are now described in some detail. More simple proofs of the
properties of trust region methods are given. Recent developments in hybrid
methods for nonlinear least squares are described. A thorough treatment of the
Dennis—Moré theorem characterizing superlinear convergence in nonlinear
systems is given and its significance is discussed. In Part 2 the treatment of
linear programming has been extended considerably and includes new methods
for stable updating of LU factors and the reliable treatment of degeneracy. Also,
mmportant recent developments in polynomial time algorithms are described
and discussed, including ellipsoid algorithms and Karmarkar’s method. The
treatment of quadratic programming now includes a description of range space
and dual active set methods. For general linear constraint programming some
new theorems are given, including convergence proofs for a trust region method.
The chapter on nonlinear programming now includes an extra section giving
a dircet treatment of the L, exact penalty function not requiring any convex
analysis. New dcvelopments in sequential quadratic programming (SQP) are
described, particularly for the case that only the reduced Hessian matrix is used.
A completely new seclion on network programming is given relating numerical
linear algebraic and graph theoretic concepts and showing their application in
various types of optimization problem. For non-smooth optimization, Osborne’s
concept of structurc functionals 1s used to unily the treatment of regulanty for
second order conditions and to show the equivalence Lo nonlinear programming,
It is also used to demonstrate the sccond order convergence of a non-smooth
SQP algorithm. The Maratos effect and the usc of second order corrections
are described. Finally a new section giving optimality conditions for constrained
composite non-smooth optimization is included. A considerable numbcr of new
exercises is also given.

It is a great pleasure to me to acknowledge those many peopie who have
influenced my thinking and contributed to my often inadequate knowledge.
Amongst many I must single out the assistance and encouragement given to
me by Professor M. 1. D. Powell, my former colleague at AERE Harwell, and
one whose contributions to the subject are unsurpassed. I am also indebted to
Professor A. R. Mitchell and other members of the University of Dundee for
providing the stimulating and yet relaxed environment in which this book was
prepared. | also wish to thank Professor D. 8. Joncs for his interest and
encouragement in publishing the book, and Drs M P Jacksen, G. A. Watson
and R 8. Womersley for their constructive advice on the contents. | gratefully
acknowledge those various people who have taken the trouble to write or
otherwise inform me of errors, misconceptions, etc., in text. Whilst this new
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edition has given me the opportunity to correct previous errors, it has also
inevitably enabled me to introduce many new ones for which I apologise m
advance. I amalso grateful for the nvaluablesecretarial help that I have received
over the years in preparing various drafts of this book.

Last, but foremost, I wish to dedicate this book to my parents and family as
some small acknowledgement of their unfailing love and affection.

Dundee, December 1986 R. Fletcher



A

1

LU

P.Q

a
ai=12 .
e i=1,2,...

e
Al a?

Rﬂ

X

x® k=1,2,..
x*

s, 5

&, a®

8,6®

Jix)

A%

glx} =¥ f(x)
-f*’ g*? i

f0 gt

Vﬂ
Gix)=Vf(x)
Ck

i(x)
g(x)
[a, B]
(a, b)
[I-f
O
1,v

0(.), o)

[
=

Table of Notation

matrix (Jacobian matrix, matrix of constraint normals)
unit matrix

lower or upper triangular matrices respectrvely
permutation matrix or orthogonal matrix

vector {usually a column vector)

set of veciors (columns of A)

coordinate vectors (columns of 1)

vector of ones (1,1,..., )T

transpose

n-dimensional space

variables in an optimization problem

iterates in an iterative method

focal menimizer or local solution

search direction {on iteration k)

step length (on iteration k)

correction fo x®

objective function

first derivative operator (elements 8/¢x;)

gradient vector

SF(x*), g(x*), .

S(x®), gx®), ...

second derivative operator (elements 82/8x5x))
Hessian matrix (second derivative matrix)

set of k times continuously differentiable functions
Iimear function (1.2.8)

guadrati¢ function (1 2.11)

closed interval

open mterval

norm of a vector or matrix

end of proof

‘there exists’, ‘for all’

‘implies’, ‘equivalent to’

*big 0" and ‘hitle 0’ notation(Hardy, 1960)(leth — O:theng = O(h)iffda
constant ¢ such that ja| < ch, and ¢ = o(h) iff a/h—0)
set inclusion

element 1n set



QIR B

a
=
-

m_ﬁ L]
—

49 (5)

]Ut)(&)
1
va

X

Vx! V.i

W=V2%x4)
W W
M

P(x)
Yy(&)
[x]

G, T

hic)

ok{c)

h*,a h(k)a .
D*
oh—A
BH\A

Table of Notatien

empty set

equal by defintiion

Lagrangian function

fixed parameters 1n algorthms

residual vector, artifictal variables vector

constraint functions

set of equality and inequality constraints respectively (I is set of integer
variables in Chapter 13)

set of active constraints

vector of constramnt functions (usually for equality constraints only)
constraint gradient vector (normal vector)

max (x,0) and max{— x.0) respectively

basts matrix in linear programming

sets of basic and nonbasic variables respectively

tablsau matrix, reduced costs, basic variable values

current and naxt point (Section 8.7)

Lagrange muitipliers

vector of Lagrange multipliers (usually for equality constraints only)
& *m] (set of active inequality constraints at x*)

feasible direction sets for optimality conditions

convex set

left inverse and null space matrices 1n generalized elimination
assignment operator

model quadratic function obtained by Taylor series expansion about
x®

linear model about x™ 10 vector of constraint functions

number of efements 1n active set

weighting parameters in penalty functions

dx/d# for sorhe trajeclory x(f)

partial derivative operators with respect Lo x, A respectively

combined vector of partial derivatives

Hessian of Lagrangian function

Wix* A%), W(x®, 1%,

approximation to reduced Hessian matrix (ZTGZ tn Chapter 11, or
Z"WZ in Chapter 12)

penalty functton (possibly with additional parameters in argument list)
model approximating function about x® to $(x™ + &)

greatest integer not larger than x

graph, tree

convex non-smooth furction

subdifferential (set of all subgradients at ¢}

h(e*), Ae™),. . (may be h{c(x*)) etc. when ¢ = ¢(x))

basis vectors for subdifferential (14.2,30)

the set {wu=y — A, yedh}

the set {wuedh, vz 1}



PART 1
UNCONSTRAINED OPTIMIZATION



Chapter 1

Introduction

1.1 HISTORY AND APPLICATIONS

Optimization might be defined as the science of determining the *best’ solutions
to certain mathematically defined problems, which are often models of physical
reality. It involves the study of optimality criteria for problems, the determination
of algorithmic methods of solution, the study of the structure of such methods,
and compuler experimentation with methods both under trial conditions and
on real lifc problems. There is an cxtremely diverse range of practical
applications. Yet the subject can be studied (not here) as a branch of pure
mathematics.

Before 1940 relatively little was known about metheds for numerical
optimization of functions of many variables. There had been some least squares
calculations carried out, and steepest descent type methods had been applied
in some physics problems. The Newton method in many variables was known,
and more sophisticated methods were being attempted such as the self-consistent
field method for variational problems in theoretical chemistry. Nonetheless any-
thing of any complexity demanded armies of assistants operating desk calculating
machines. There 15 no doubt therefore that the advent of the compuler was
paramount in the development of optimization methods and indoed in the
whole of numerical analysis. The 1940s and 1950s saw the introduction and
development of the very important branch of the subject known as linear
programminig. (The term ‘programming’ by the way is synonymous with
‘oplimization’ and was originally uscd to mean optimization in the scnse of
optimal planning.) All these methods however had a fairly restricted range of
application, and again in the post-war period the development of *hill-climbing’
methods took place—methods of wide applicability which did not rely on any
special structure in the problem. The latter methods were at first very crude
and ineflicient, but the subject was again revolutionized in 1959 with the
publication of a report by W. C. Daviden which led to the introduction of
variable metric methods. My friend and colleague M. J. D). Powell describes a
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meeting he attended in 1961 1n which the speakers were teliing of the difficulty
of minimizing functions of ten varnables, whereas he had just programmed a
method based on Davidon’s ideas which had solved problems of 100 variables
in a short time. Since rthat time the development of the subject has proceeded
apace and has included methods for a wide variety of problems. This book
describes these developments in what is hoped will be a systematic and
comprehensive way.

The applicability of optimization methods is widespread, reaching into almost
every activity in which numerical information is processed (Science, Engineering,
Mathematics, Economics, Commerce, etc.). To provide a comprehensive account
of all these applications would therefore be unrealistic, but 2 selection might
include:

(a) chemical reactor design;

(b} aerc-engine or aero-frame design;

(c) structural design—buildings, bridges, etc,;

(d) commerce—resource allocation, scheduling, blending;

and applications to other branches of numerncal analysis:

(e) data fitring;

{f) variational principies in p.de.s;
{g) nonlinear equations in o d.es; and
(h) penalty functions.

More such applications can be found in the proceedings of a conference on
‘Optimization in Action’ (Dixon, 1976), and many more of course in the
specialized technical literature. However to give some idca of what is involved
consider the optimum design of a distiflation column, which can be modelled
in an idealized way as in Figure [.1.1. The aim of such a column is to separate
out a more volatile component from a mixture of components in the mnput

Condenser
—_ | —=g== Producf

Recycle

Input

- Wasle

b )

Figure 1.1.1 A model distillation column
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stream. An ohjective function Lo be oplimized might therefore be the quantity
of the product or the profit from operating the system. The variables would be
the rate of flow in the input, the heat rates applied and on each plate the liquid
and vapour compositions of each component, and the temperature and vapour
pressure. The variables are subject to restrictions or interrelations of many
kinds, which are referred to as conseraints. For instance compositions and flows
must be non-negalive (x; > 0) and temperatures must not exceed certain upper
bounds (T;< T,,.). Relalionships such as the unit sum of percentage
compositions must be included explicitly (3,x,=1). More complicated
constraints slate how components interact physically, for instance vapour and
liquid compositions are related by v, = (;¢{T;), where &(T;) is a given but highly
nonlinear function of temperature. A more difficult situation arises if the number
of plaltes in the column is allowed to vary, and this is an example of an integer
variabie which can take on onlv integer values.

This book however is not concerned with applications, except nsofar as
thev indicate the different types of optimization problem which arise. It is
possible to calegonize these inlo a relatively small number of standard problems
and to state algorithms for each one. The user’s task is to discover into what
category his problem fits, and then to call up the appropriate optimization
subroutine on a computer. This subroutine will specify to the user how the
problem data is to be presented, for example nonlinear functions usually have
to be programmed in a user-written subroutine in a certain standard format.
it is also as well to remember that in practice the sclution of an optimization
problem is not the only information that the user might need. He will often be
interested in the sgnsitiviry of the solution to changes in the parameters, especialily
sa if the mathematical model is not a close approximation to reality, or if he
cannot huild his design to the same accuracy as the solution. He may indeed
be interested in the variation of the solution obtained by varying some
parameters over wide ranges, and it is often possible to provide this information
without re-solving the problem numerous times.

This book therefore is concerned with some of the various standard
optimization problems which can arise. In fact the material is divided into Part {
and Part 2. Part 1 is devoted to the subject of unconstrained optimizaticn, in
which the optimum value is seught of an objective functicn of many variables,
without any constraints. This problem is important in its own right and also
as a major tool in solving some constrained problems. Also many of the ideas
carry over into constrained optimization. The special case of sums of squares
functions, which arise in data fitting problems, is also considered. This also
includes the solution of sets of simultansous nonlinear equaltions, which is an
important problem in its own right, but which is often solved by optimization
methods, Part 2 is devoted to constrained optimization 1 which the additional
complication arises of the various types of constraint referred to gbove. An
averview of constrained optimization is given in Section 7.

In this book a selection has had to be made amongst the extensive literature
about optimization methods. T have been concerned to present practical methods
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{and associated theory) which have been implemented and for which a body of
satisfactory numerical experience exists. I am equally concerned about reliability
of algorithms and whether there is proof or good reason to think that
convergence to a solution will occur al a reasenably rapid rate. However, 1
shall alse be trying to point out which new idcas in the subject I fecl are
significant and which might lcad to {uture deveiopments. Many people may
read this book seeking a particular algorithm which best solves their specific
problem. Such advice is not easy to give, especially in that the decision is not
as clear-cut as it may seem. There are many special cases which should be taken
inte account, for instance the relative ease of computing the function and its
derivatives. Similarly, considerations of how best to pose the problem in the
first instance are relevant to the choice of method. Finally, and of most
importance, the decision is subject to the availability of computer subroutines
or packages which implement the methods. However some program libraries
now give a decigion tree in the documentation to help the user choose his
method. Whilst these are valuable, they should only be used as a rough guide,
and never as a substitute for common sense or the advice of a specialist in
optimization technigues.

1.2 MATHEMATICAL BACKGROUND

The book relies heavily on the concepts and techniques of matrix algebra and
numerical linear algebra, which are not set out here (see Broyden, 1975, for
example), although brief explanations are given in passing in certain cases. A
vector is represented by a lower case bold letter (e.g. a) and usually refers to a
column vector. A matrix is referred to by a bold upper case letter (e.g. B). That is

a; B,y By; - By
ax= 172 ; B= le Bzz 325
“211 Brl Brz Brs

Sometimes b;; is used for elements of B in place of B;,. Transposition is referred
to by superscript T so that a” is a row voctor and a"z for instance is the scalar
product At =2"a =3 4.z..

The ideas of vector spaces are also used, although often only in a simple
minded way. A point x in n-dimensional space {R") is the vector (x,, x4,..., x,)7,
where x, is the component in the first coordinate direction, and so on. Most
of the methods to be described are iterative methods which generate a sequence
of points, x, x®, x* .. say, or {x®} (the superscripts denoting iteration
number), hopefully converging to a fixed point x* which is the solution of the
problem (see Figure 1.2.2). The idea of a fine is important, and is the set of points

x(=x(e)=x"+as {1.2.1)

for all o (sometimes for all & 22 0; this is strictly a half-line), in which x‘ is a fixed
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Line ¥'+ a3
for oll @

Direction 5

Figure 1.2.} Aline i two dimensions

point along the line (corresponding to a = 0}, and s is the direction of the line.
2 3
For instance in Figure 1.2.1 x’ is the point (2) and s the direction (1) The

vector s 1s indicated by the arrow. Sometimes it is convenient to normalize s 50
that for instance s's =¥ ;52 = 1, this does not change the line, but only Lhe
value of o assaciated with any poinl.

The calculus of any function of many variables, f(x) say, is clearly imporlant.
Some pictorial intuition for two variable problems is often gained by drawing
contours (surfaces along which f(x) 1s constant). A well-known test function for
optimization methods is Rosenbrock’s function

Fx)=100(x, ~ x3? +(1 —x, P (122)

the contours for which are shown in Figure 1.2.2. Some other contours are

Figure 1.2.2 Contours for Rosenbrock’s function, equation (1.2.2)
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illustrated in Figure 6.2.2 in Chapter 6. In general it will be assumed that the
problem functions which arisc are smoath, that is continuous and continuously
(Fréchet) differentiable (C!). Therefore for a function f(x) at any point x there
18 a vector of first partial derivatives, or gradient vector

& f/ox,
of {a"z =V f{x) (1.2.3)
8f/6x, [,

where V denotes the gradient operator (8/0x,,....8/0x,)1. T f(x) is twice
continuously differentiable (C2) then there exists a matrix of second partial
derivatives or Hessian matrix, written V2 f(x}, for which the i, jth element is
82f/(5xi5xj). This matrix is square and symmetric. Since any column (the jth,
say) is V(@ f/dx,}, the matrix can strictly be written as Y(V /). For example, iz
(1.2.2)

[ —400x, (x, — xD) — 2(1 —x;,)

viix) _< 200(x, — ) )

V2 f(x) = 1200x2 — 400x, +2 — 400x, (129
N - 400x, 200

and'this illustrates that ¥V f and V21 will in general depend upon x, and vary from

. . ., {0 , -2 , 2 90
point to point. Thus at x =(0)$ Vf(x)z( 0) and sz(x)=[D 200:|
by substitution into (1.2.4).

These expressions can be used to determine the derivatives of f along any

line x(2) in (1.2.1). By the chain rule

d d d & T

afzi:a&_xi(a)a_%_zisfa_s A% (t.2.5
so the slope of f{=f(x{z}) along the line at any point x{x) is

df

_— T =¥ T

= Vi=V{fs (1,2.6)
Likewise the curvature along the line is

d*f ddf .

O W T V Tay — Tvz

i~ da da s'V(VfTs) =s'V2fs (1.2.7)

where V£ and V2f are evaluated at x(). Note that, writing G = V*f, then Gs
is the vector for which (Gs), = ¥,G, 5;, and s"Gs is the scalar product of s and

¥
Gs. For example, for (1.22) at x' = o/ the slope along. the line generated by
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1
5= (0> {the x,-axis in Figure 1.2.2)is sT¥ f = — 2 and the curvature is s"Gs = 2

(3

These definitions of slope and curvature depend on the siz¢ of s, and this
ambiguity can be resolved by requiring that ||s|| = 1. (Note: the norm ||s| is
just a measure of the size of s; one common norm is the L, norm ||s |, = /(s"s))
Denoting Vf(x') by g, then & g'/| g’ |, are the directions of greatest and least
slope at x', over all directions for which ||s|, =1, and are orthogonal to the
contour and tangent planc of f{x) at X’ (see Figure 1.2.3 and Question 1.4).

Special cases of many variable functions include the general linear function
which can be written

i(x) = _; a, th=aTx 1 b (1.2.8)

where a and b are constant. (Strictly this should be described asan affine function
on account of the existence of the constant b. However, the use of linear to
describe a function whase graph is a line (or a hyperplane) is common in
optimization. T do not intent to depart from this usage, but apologise to the
erudite reader.) If the coordinate vector

0
0
“=111]—ith position (1.2.9)
0
is defined, then the identity Vx; = g, gives
VX' =V(x,, %, ..., x)=[e, e ..,e.]=1 (1.2.10)

since the vectors ¢; are the cotumns of the wmit matrix I. Thus for (1.2.8), Vi=a

Flel> Flx) Tangen! plone

- Contour £{x)= Fla)

Flade Fle')

Figure 1.2.3 Properties of the gradient vecto¥
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is a constant vector, and V2! = 0 is the zero matrix. A general guadratic function
can be written

q(x) =4x"Gx +bh"x +¢ (1.2.11)
where G,b, and ¢ are constant and G is symmetric, or as

qx)=3x - x)TG{x —x)+ ¢ (1.2.12)
where GX'= —b and ¢ =c—4xTGx'. From the rule for differentiating a
product, it can be verified that

YuTv) = (VuT)v + (VvDu (1.2.13)

if u and v depend upon x. It therefore follows from (1.2.1) {using u= %, v=Gx)
that

Va(x) =G + GTx +b=Gx +b (1.2.14)

using the symmetry of G. Likewise V24 = G can be established. Thus g(x) has
a constant Hessian matrix G and 1ts gradient is a linear function of x. A
consequence of (1.2.14) is that if x’ and x” are two given points and if g’ = ¥g(x')
and g" = Vg(x"”) then

g —g' = G{x" — X) (1.2.15)

that is the Hessian matrix maps differences in position into differences in gradient.
This resuit is used widely.

An indispensable technique for handling more general smooth functions of
many variables is the Taylor series. For functions of one variable the infinite
series is

F)=£(O) + e f(0)+ 1 £(0)+ --- (1.2.16)

although the series may be truncated after the term in o”, replacing fY(0) by
FO%E) where £€[0, 2]. An integral form of the remainder can also be used. Now
let f(a)=f(x(x)) be the value of a function of many variables along the line
x(xt) (see (1.2.1}). Then using (1.2.6) and (1.2.7) 1n (1.2.16)

S +as) =f(x)+ a8V (x) + 33T [V2 f(x)]s + - (1.2.17)
or by writing h=as
f& +h)=f(x)+ WV f(x) + Th[VZ f(x)Th+ - (1.2.18)

These are two forms of the many variable Taylor series. Furthetmore, consider
applying (1.2.18) to the function @ f(x}/éx;. Since V(€ f(x)/fx;} is the ith column
of the Hessian matrix V2, it follows that

Vix +h)=Vfx)+[Vif(x)Th+-. (1.2.19)

which is a Taylor series expansion for the gradient of f. Neglecting the higher
terms in the limit h— 0, then this reduces to (1.2.15) showing that a general
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function behaves like a quadratic function in a sufficiently small neighbourhood
of x".

It is hoped that a grasp of simple mathematical concepts such as these will
enable the reader to follow most of the developments in the book. In certain
places mote complicated mathematics is used without detailed explanation. This
1s usually in an attempt to establish important results rigorously; however they
often can be skipped over without losing the thread of the explanation. A
summary of the notations used in the book is given immediately following the
Preface.

QUESTIONS FOR CHAPTER 1

1.1. Obtain expressions for the pradient vector and Hessian matrix for the
functions of n variables:
(i) a"x: a constant;
(i) x"Ax: A unsymmetric and constant;
(iii) x"Ax +b"x: A symmetric, A, b constant;
(iv) 1™f: fis an m-vector depending on x and VI 1s denoted by A which is
not constant.

1.2, Write down the Taylor expansion for the gradient g(x’ + &) about x
neglecting terms of order || 2. Hence show that if f(x}is a quadratic
function with Hessian G, then ¥ = Gé, where 4§ is the difference between any
two peints and 7 is the corresponding difference in gradients.

1.3. Write down the Taylor expansion for the m-vector f{x) about x', where ¥i7 is
denoted by A,

1.4. Atapoint X' for which g’ # 0, show that the direction vectors =g'/|| g’ |}, has
the greatest slope, over all vectors for which s"s = 1. (The steepest ascent
veclor.)

1.5. At a point x’ for which g #0, show that the direction vectors =+ g are
orthogonal to the contour and the tangent plane surface at x".

L.6. If x(o) is any twice differentiable arc, if f{x{«)) 15 regarded as f(a), and if
dx(ag)/da =s and d?x(z,)/dx* = t, use the chamn ruie to obtain expressions
for d f(xo)/dx and d? f(x,)/da? in terms of s, t and the derivatives of f(x)
evaluated at x(ag).

(Some other questions which partly refer to the material of Section 1.2 are given at
the end of Chapter 2.)



Chapter 2
Structure of Methods

2.1 CONDITIONS FOR LOCAL MINIMA

In the following chapters the problem of finding a local solution to the problem
minimize f(x), xcR" (2.1.1)

is considered. f(x) is referred to as the objective function, and the minimizing
point or minimizer is denoted by x*. Optimization problems also exist which
are maximization problems and these can be cast in the form of (2.1.1) through
the simpie transformation

max f(x)= — min — f(x). (2.1.2)

Usually one approaches an optimization problcm presupposing that x* exists,
1s unique, and is located by the method to be used. Whilst this 1s often the case,
it 18 important to realize that there are a number of ways in which this ideal
situation may fail to hold, and some of these are described, together with some
simple examples. First of all x* might not exist when f is unbounded below
(f =x*), or even (unusually) when f is bounded below (f==e™%). If x* docs
exist it may not be unique (f =max(—x — 1,0,x — 1) or = cos x). Of particular
importance is that it is only penerally practicable to locate a local minimizer
and this may not be a glebul minimizer. An exampic in which local minima
exist that are not global mimmizers of f(x)15 f = x? — cos x (see also Figures 2,1.1
and 6.2.2). Local minimizers can exist and be of interest even if f(x)is unbounded
below (f = x> — 3x). There is a considerabie literature on finding global minima,
see Dixon and Szego (1975) for exampie, and also Section 6.2. However, the
difficulties in guaranteeing to find global solutions are considerable. The only
simple advice in practice (not guaranteed to work) is to solve the problem from
a number of different starting points and take the best local solution that is
obtained. Even the definition of 4 local minimum has its pitfalis. A convenient
working definition is that f(x} = f(x*} for all x sufficiently close to x* (ic. for
all x in some neighbourhood of x¥*). This nonetheless allows situations that
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/ )

f -~ Non - smooth

Local minima  ~—" f EEMU

Global minimum x ¥

Figure 2.1.1 Types of minima

are hardly typical of a local minimizer, for example, x = 0 is a local minimizer
of f=min{l +x,0,1—x) and also a giobal maximizer! This situation is
eliminated by the definition of a strict local minimizer in which f(x) > f(x*} for
all x # x* sufficiently close to x*. A stronger definition is that of an isolated
local minimizer 1n which x* is the only local minimizer in a neighbourhood of
x*. For the function f'= x2(1 + x? +sin(1/x)) (with f(0)=0), x=0 is a stnct
local minimizer bul is not isolated. This example is fairly pathological, however,
and stronger statements can be made for special classes of function, ¢.g. quadratic
functions (see Question 2.19), smooth functions (Theorem 2.1.1), or convex
functions (se¢ Section 9.4).

Other difficulties are caused when f(x) is a non-smooth function because
non-smooth mmima (sce Figure 2.1.1) do not satisfy the same conditions as
smooth minima. However, non-smooth optimization is an important practical
study, and is considered 1n some detail in Chapter 14. Subsequently, however,
in Part 1 it 1s assumed that first and also second derivatives exist and are
continuous, so as to eliminate these possibilities. These derivatives are referred
to by g(x)=Vf(x) and G(x)= V?f(x) respectively. The notation f*=f(x*),
g* = g(x*), etc, is used for quantitics derived from x*, likewise f® = f(x®),
g™ = g(x™) and so on.

The main aim of this section is to state and discuss some simple conditions
which hold at a local minimizer x*. These arise from the observation that along
any line x(&) = x* + as through x*, then f(=f(x(«)}} has both zero siope and
non-negative curvature at x*. This is illustrated in Figure 2.1.2 and is the usual

Flalah

Q -4
Figure 2.1.2 Zero slope and non-negative curvature
atx=0
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condition derived from a Taylor series for a local minimum of a function of
one variable. From (1.2.6) and (1.2.7) it follows for all s that both s'g* =0 and
sTG*s 2 0. It is easy to see (for example by considering s =e;,s =e¢,, etc. in
turn) that the first condition is equivalent to

g* =0 2.1.3)
and the second condition can be written as
sTG*5 =0, Vs, (2.1.4)

Because these conditions are implied by x* being a local minimizer, they are
necessary conditions for a local solution. Condition (2 1.3) is referred to as a
first prder necessary condition since it is based on first order variations in f and
therefore first derivatives. Condition (2.1.4) is a second order necessary condition,
and is the condition that G* is a positive semi-definite matrix, by definition of
this property.

Tt is also possible to derive sufficient conditions (those which imply that x*
is a local minimizer) as follows.

Theorem 2.1.1

Sufficient conditions for a strict and isolated local minimizer x* are that (2.1.3) holds
and that G* is positive definite, that is

sTG*s >0  Vs#0. (2.1.5)

Proof
Consider any point x* + &, 8 £ 0. A Taylor series about x* and (2.1.3) imply that
Sx*+8)=f*+16TG*6+ 0(675)
(sce the list of notation for a definition of o(-}). Now (2.1.5) imuplics that there exists
an &> 0 such that 87G*8 = a678 (u is the smallest eigenvalue of G*} and hence
that
Jix*+8)=f*+Ga+o(1))8"s.

As 60, o(1)-0 and a>0 is {ixed, so it follows that f{x*+ &) >f*, and
hence x* is a strict local minimizer. Now consider a sequence of points x* + §,
4 -0, which are iocal minimizers. By a Taylor series for g,

8lg(x* +6)=8"g* + 8'G*8+o(||6 |1*).

But 6"G*§ = aé"8 which contradicts the fact that g* = g{x* + 6) = 0. Thus x* is
also an isolated local minimizer. {J]

These sufficient conditions are convement in that they are readily checked
numerically. For instance, if f(x)is given by (1.2.2), thenat x* = (1, )7, g* = (0, 0)7
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802 —400

—400 200
that it follows from Theorem 2.1.1 that x* is an isolated local minimizer. (In
fact since f* =0 and f(x) = 0 it is clear that x* is also a global minimizer,} The
necessary conditions (2.1.3) and (2.1.4), and the sufficient conditions of Theorem
2.1.1 are almost necessary and sufficient, and there is only a ‘gap’ in the case
of zero curvature. Examples which satisfy the necessary but not the sufficient
conditions are f(x)=x>and f(x) = x* x*=01s a local minimizer of the second
function but not the first.

The notion of a positive defimte matrix G* may be unfamiliar to some
readers, and the definition (2.1.5) does not help in that it cannot be checked
numericaliy. However there are several different equivalent definitions which
can be checked, namely

and G*=|: } which is positive defimte (see below), so

(i) ail eigenvalues of G* > 0,
(i) LLT (Choleski) factors of G* exist with ;> 0,
(iii) LDLT factors exist with [, =1 and d,, > 0,
(iv) all pivots > 0 in Gaussian ¢limination without pivoting, and
{(v) all principal mimors of G* > 0.

The matrices L and D are lower triangular and diagonal, respectively. For small

7 £ 3), condition (v) is most readily checked { for G* above we have det(802) > 0

802 —400 .. ;
and dct [ 400 200} > 0), but n general conditions (11) or {ii1) are the most
{a)} (b) o
S
Mirimum Maxirnum
{c) o~
Saddle

Figure 2.1.3 Types of stationary point
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] 1
Maximum or minimum Saddle

Figure 2.1.4 Contours for stationary points

efficient and they also enable linear equations with coefficient matrix G to be
solved subsequently {see Section 3.1}

In fact many minimization methods are based only upon trying to locate a
point x* such that g(x*) = 0. This may not be a local minimizer and in general
is referred to as a stationary point. Different types of stationary point are
illustrated in Figure 2.1.3 and their contours in Figure 2.1.4. Note that in
Figure 2.1.3, whilst all the graphs have zero slope at x*, for (a) there is positive
curvature in every direction, for (b) negative curvature in every direction, whereas
for {c} there is negative curvature across the saddle and positive curvature
along the saddle. Thus usually a minimizer corresponds to a positive definite
Hessian matrix, 2 maximizer to a negative definite matrix, and a saddle point
to an indefinite matrix (that is one 1n which the eigenvalues have both positive
and negative sign). Numerical methods for finding stationary points which are
not minimizers are occasionally of interest (see Sinclair and Fletcher, 1974) and
some possibilities are described in Question 4.5,

22 AD HOC METHODS

Many early methods which were suggested for minimmzation were based on
rough and ready ideas without very much theorcuical background. It is
instructive for the reader to think about how he or she would go abour the
problem, given that values of f(x) only can be evaluated for any x. If the
problem is in only two or three variables then it is likely that some sort of
repeated bisectuion in each one of the variables might be tried so as to establish
a region m which the minimum exists. Then an attempt could be made to
contract this region systematically. Methods based on this sort of sectioning in
n-dimensions have been suggested. Another possible method which readily
springs to mind is to generate points x* at random in some fixed region,
selecting the one which gives the best function value over a large number of
trials. Many variations on this random search idea exist. A good review of these
two types of method is given by Swann (1972). Unfortunately the amount of
effort required to impiement these methods goes up rapidly (typically as 27)
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{a] (b)
A )
.
b
- -
-
- -
Oid New
simplex simpléx
=2 ond 3 Reflection

Figure 2.2.1 Regular simplexes

which caused their authors to coin the phrasc the ‘curse of dimensionality’. In
fact this curse is largely scl-inflicted, and for better methods the rate of increase
of cffort with # is rarcly worse than a multiple of n. (Note that effort is being
measured in terms of the number of times the function needs to be-evaluated.
In fact the housekeeping elfort for some methods can go up like ~ #®, but this
is not usually the major cost.)

The most successful of the methods which merely compare function values
is that known as the simplex method (Spendley et al, 1962). This is not to be
confused with the simplex method of linear programming, although its name
is derived from (he same geometrical concept. A (regular) simplex is a set of
n+ 1 (equidistant) points in K", such as the (equilateral) tmangle for n=2 or
tetrahedron for n = 3 (sec Figure 2.2.1(a)). The current information kept in the
method is the coordinates of the # + 1 points and their corresponding function
values.

On the first iteration of the simpiex method the vertex at which the function
value is largest is determined. This vertex is then reflected in the centroid of
the other n vertices, thus forming a new simplex {(see Figure 2.2.1(b}). The
function value at this new vertex is evaluated and the process repeated. On
iterations after the first it might be that the newest vertex stili has the largest
function value in the new simplex, and to reflect this vertex would cause
oscillation. Hence the largest function value other than that at the newest vertex
is subsequently used to decide which vertex to reflect. Ultimately this iteration
will fail to make further progress, so an additional rule has to be introduced.
When a certain vertex X’ has been in the current simplex for more than a fixed

Figure 2.2.2 The simplex method in two variables
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number M iterations, then the simplex should be contracted by replacing the
other vertices by new ones hall way along the edge to the vertex x'". Spendley
et al. suggest the relationship M = 1.65x + 00557 from experimental data.

The typical progress of the iteration is shown 1 Figure 2.2.2. Vertices 1, 2,
and 3 form the initial simplex, and increasing numbers indicate the new
vertices added at each iteration. Note that vertex 7 has the largest function
value for the simplex {4, 6, 7) but is not refiected immediately since it is
the newest vertex in that simplex. When simplex (6, 9, 10) is reached, vertex
6 has been in the current simplex for four iterations, and since M = 3.5, the
simplex is contracted at this stage to the new simplex (6,11, 12), and the iteration
continues anew from this simplex. A modified simplex method which allows
irregular simplexes has been suggested by Nelder and Mead (1965), and
distortions of the simplex are performed automatically in an attempt to take
into account the local geametry of the function.

Simplex methods do not compare well with some of the methods to be
described in later chapters but may be useful when the function values suffer
from substantial noise. An example of this is in the real time control of a
chemical plant, when repeated evaluation of the objective function for the sameé
parameters might only give agreement to say 1 per cent.

Another simple method which readily suggests itselfis the alternating variahles
method, in which on iteration k (k= 1,2,..., n), the variable x, alone is changed
in an attempt to reduce the objective function value, and the other variables
are kept fixed. After iteration s, when all the variables have been changed, then
the whole cycle is repeated until convergence occurs. One possibility is to make
a change in cach coordinate direction which reduces the objective function as
much as possible. Unfortunately in practice the alternating variable method is
usually very inefficient and unreliable. The progress of the iicration is character-
ized by the oscillatory behaviour shown in Figure 2.2.3, Furthermore a problem

x)

Figure 2.2.3 The method of alternating variables
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has been constructed (Powell, 1973) for which the methaod fails to converge to
4 stationary point.

It is tempting to dismiss the method by sayving that it has no theoretical
hackground and cannot therefore be expected to work well. Perhaps it is more
accurate however to say that the theory which supports the method is deficient.
It ignores the possibility of correlation between the variables, which causes the
search parallel to x, to destroy the property that x* is the minimizer in the
direction parallel to x,. This illustrates that it is important to study which are
the most relevant theoretical features in the design of minimization methods,
and this is taken up in the next section.

Ad hoc modifications have been proposed to the alternating variables method,
based on the observation that the points at the beginning and end of a cycle
determine a line along which more substantial progress might be made (along
the valley in Figure 2.2.3, for example). Thus if provision is made for searching
along this line, a more efficient method might result. This idea is incorporated
into many carly methods (see again Swann, 1972), the most efficient of which
are probably the Hooke and Jeeves and the DSC methods. However the
conjugate direction methods described in Section 4.2 also generate lines by
joining up points in a similar way, vet have a stronger theoretical background,
and have been developed to be more efficient. Thus the early ad hoc methods
are gradually falling out of use.

23 USEFUL ALGORITHMIC PROPERTIES

In this section a closer study is made of the structural elements of an iterative
method for unconstrained optimization, and in particular of the desirable
features of such an algorithm. The typical behaviour of an algorithm which is
regarded as acceptable is that the iterates x* move steadily towards the
neighbourhood of a local minimizer x* (see Figure 1.2.2, for example), and then
converge rapidly to the point x* itself, the iteration being terminated when
some user-supplied convergence test becomes satisfied. Tn certain cases it may
be possibie to prove that some elements of this idealized behaviour must occur.
For instance it might be possible to show that any accumulation point {limit
point of a subsequence) of the sequence {x*} is a local minimum point. This
is not quite as strong as proving that the sequence converges, but in practice
would be quite an acceptable result. In fact it is often only possible to show
that the gradient vector Vf{x®) tends to zero, which (if {x*} converges)
corresponds to convergence to a stationary point. This might appear to be less
than satisfactory. However, there are often other features of an algorithm, such
as the fact that f{x™) is always reduced on cvery iteration, which usually imply
that the stationary point turns out to be a local minimizer, except in rather
rare gircumstances. Proofs of this type are referred to as global convergence
proofs in that they do not require X'’ to be close to x*.

Another aspect of acceptable behaviour arises when the neighbourhood of 2
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local minimum point x¥* is reached. If the error
Rt — & _ y# (2.3.1)

is defined, and if h® 0 (convergence), then it may he possible to give local
convergence results about how rapidly the iterates converge in a neighbourhood
of x*. If the errors behave according to | h** 1 ||/||hW®{# - a where a >0 then
the order of convergence is defined to be pth order. The most important cases
are p =1 {first order or linear convergence) and p = 2 (second order or quadratic
convergence). It is also possible to state these definilions in terms of bounds
on the ratios, when the lmit above does not exist. Thus first order convergence
would correspond to

[REED0/ W <a or B*" P =0(Ih®])
and second-order convergence to
IR R/ 12 <@ or %Y =00 |h %),

Linear convergence is only satisfactory in practice if the rate constant a is small,
say a <+ would be acceptable. However, many methoeds look for something
better than linear convergence in which the local rate constant tends to zero.
This 1s known as superlinear convergence defined by

\fh“‘“'||f|[h”‘)i!—>0 or h(k+1)=0“!h(kl")_

Some fundamental results regarding superlingar convergence are given in
Section 6.2.

Nonetheless, it must be appreciated that the existence of convergence and
order of convergence results for any algorithm 15 not a guarantee of good
performance in practice. Not only do the results themselves fall short of a
guaraniee of acceptable behaviour, but also they neglect computer round-off
error which can be crucial. Often the results impose certain restrictions on f(x)
which it may not be easy Lo verify, and in some cases (for example when f(x)
is assumed to be a convex function) these conditions may not be satisfied in
practice. Thus the development of an optimization method zlso relies on
experimentation. That is to say, the algorithm ig shown to have acceptabie
behaviour on a variety of rest finerions which should be chosen to represent
the different features which might arise in general (insofar as this is possible).
Clearly experimentation can never give a guarantee of good performance in the
sense of a mathematical proof. My experience however is that well-chosen
experimental testing is often the most reliable indication of good performance.
The ideal of course is a good selection of experimental testing backed up by
convergence and order of convergence proofs.

In considering algorithms, some important general features which occur in
currently successful methods for unconstrained optimization are described in
the rest of this section. A method is usually based on a model, that is some
convenient approximation to the objective function, which enables a prediction
of the location of a local minimizer to be made. Most successful has been the
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use of guadratic models and this is described in more detail in the next section.
A method is also based on some prototype algorithm which describes the broad
strategy ol the approach, but without all the small details that might be required
in a computer program. The prototype algorithm. 1s mainly concerned with
how to use the model prediction in such a way as to obtain satisfactory
convergence properties. There are two main prototypes that have been used:
most recent is the restricied step or trust region approach, described in Chapter 5.
However the more traditional approach, and one which is still used successfully,
is that of a line search algorithm. Such a prototype algorithm 1s the subject of
the rest of this chapter, and different realizations of line search algorithms are
considered in Chapters 3, 4, and 6.

Even in early methods (Section 2.2) the idea occurs of searching along
coordinate directions or in more general directions. This is an example of a
line search methed. The user is required to supply an imtial estimate x'" and
the basic structure of the kth iteration is

(a) determine a direction of search s%.
(b) find o® 10 minimize f(x® + zs™) with respect to a. (2.3.2)
(c} set x** 1 = x# 4 o®gh),

Different methods correspond to different ways of choosing 5% in step (a), based
on information available in the model. Step (b) is the line search subproblem
and is carried out by repeatedly sampling f(x) and possibly its derivatives for
different points x = x*! + x¢™ along the line. More details of this are given in
Section 2.5 and 2.6. Step (b) is idealized in that the exact minimizing vaiue of
& is required (an exact line search) and this cannot be implemented in practice
in a finite number of operations. (Essentially the nonlinear equation d f/de =0
must be solved.) Also it may be that the minimizing value of o might not exist
(" = o). Nonetheless the idea is conceptually useful, and occurs in some
idealized proofs of convergence. In this respect it is convenient to point out the
consequential property that the slope df /de at o must be zero, which from
(1.2.6) gives

V [ DTgh — (2.3.3)

{see Figure 2.3.1). In practice it is necessary to terminate the line search when
certain conditions for an approximate munimum along the line are satisfied.
Since it is not efficient to determine line search minima to a high accuracy when

{aat)

-9f

Contour of

x(m}

Figure 2.3.1 The exact line search
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x** 1 i remote from x*, these conditions are chosen so as to be readily satisfied.
In these circumstances the algorithm is said to employ an inexacr or
approximate line search. The motivation for the choice of these conditions is
given in Section 2.5. Algorithms for an inexact line search aimed at satisfying
these conditions are discussed in Section 2.6.

Associated with these ideas is the concept of a descent method. This is a line
search method in which the direction of search s’ satisfies the descent property

ST <, {23.4)

From (1.2.6) this ensures that the slope df/dx (2.3.2(b)) is always nepative at
o = 0 unless x® is a stationary point. This condition guarantees that the function
can be reduced in the line search for some «® > 0. Tn certain cases, by a suitable
choice of line search conditions, it 1s possible to incorporaie the descent property
into a convergence proof. Although this proof may not always be realistic, in
practice the descent property is closely associated with global convergence. This
point and the proof of convergence are taken up in more detail in Section 2.5

A simpie line search descent method is the steepest descent method in which
s® = — g% for all k. That is to say, the method searches in the steepest descent
direction, along which the cbjective function decreases most rapidly local to
x®. Unfortunately, although this consideration is appealing, in practice the
method usually exhibits oscillatory behaviour similar to that described for the
alternating variables method in Section 2.2. In fact for the example illustrated
by Figure 2.2.3 the same sequence {x™} is generated. Furthermore although
there is a theoretical proof of convergence (see Theorem 2.5.1} the method
usualiy terminates far from the solution owing to round-off effects. In practice,
therefore, the method is usually both inefficient and unreliable. In fact the local
convergence result for steepest descent (see Question 2.11) does predict the
possibility of an arbitrarily slow rate of linear convergence, as observed.

This inadequacy of the steepest descent method can be put down to a failure
in the model situation, perhaps because the steepest descent property along the
ling holds only at ® =0 and not for all . A type of model which in practice
does usually give rise to methods with a rapid rate of convergence is the quadratic
model. One possible reason 1s that this model is to some extent associated with
the property of second order convergence. Certainly descent methods based on
a quadratic model have proved to be very powerful in practice. Some possible
reasons for this are discussed further in Section 2.5.

Another important feature of any algorithm is the convergence test which is
required to terminate the iteration. Most useful to the user would be a guarantee
that f® —f* <¢ or |xf' — x¥| < ¢;, where the ¢ parameters are user-supplied.
Unfortunately these are not practicable since they require a knowledge of the
solution. A test which does not require this knowledge is

g% <¢ (2.3.5)

and this has been used on occasions. However it has the disadvantage that it
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is not easy for the user to know what magnitude to choose for & Also it does
not have certain important invariance properties (see Section 3.3), and can work
badly foriil-conditioned problems such as penalty functions. When the algorithm
can be expected to converge rapidiy, tests bascd on

[xi _ x T U] g, Vi (2.3.6)
or
[l g (2.37)

usually work well. These are both convenienl for the user, but (2.3.6) requires
a veclor £ and is invariant only to scaling. (Alternatively a test of the form
| x* — x®* || < g requires only a scalar ¢, but is not invariant and requires the
user to scale his variables appropriately.) Yet another test is on the predicted
change in f

L Tgyk
LgW TG < ¢

where H=G ™! or an approximatior to it (see Chapter 3). T have found that
tests based on (2.3.7) work well for the methods of Chapter 3. For algorithms
which converge less rapidly {for example the conjugate gradient methods of
Section 4.1} a test based on (2.3.5) is more appropriate, especially if some
attention to scaling is required anyway for the method to work well. An
additional consideration, which applies if second derivatives are available, is
that the test should prevent termination at a saddle point. Aiso useful in general
is the ability to terminate when a user-supplied maximum iteration count is
reached. In addition, some consideration has to be given to the effects of
round-off near the solution, and to terminate when it is judged that these effects
are preventing further progress. It is difficult to be certain what strategy is best
in this respect.

Finally, it can be seen that many of the considerations in this section are
only relevant when the method is able to compute the gradient vector g* at
any point x*. Tt also turns out in practice that these first derivative methods
are much more reliable than no-derivative methods, in which g™ is not available.
Indeed the best no-derivative methods seem to be those which estimate
derivatives by the finite differenice approzimations

g(x) 2 (f(x + hey) — f(x))/h (2.3.8)
(forward differences) or
gi(X) & 3(f(x + he) — f(x — he))/h (2.3.9)

(central differences), where e; is defined in (1.2.9). Apropos of this, for first
derivative methods it is all too easy for the user to make errors in programming
formulae for derivatives. It is therefore very wise to check derivative formulae
systematically by using (2.3.8) or (2.3.9). Some enlightened libraries now associate
a subroutine to do this with any minimization subroutine requiring derivatives.
Second derivatives can be checked by differences in first derivatives in a similar
way.
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2.4 QUADRATIC MODELS

A feature of many methods for unconstrained minimization is that they are
derived in such a way that they will work well, or even exactly, if applied to a
quadratic function (with positive definite Hessian G unless otherwise specified).
Yet the methods can be applied iteratively to minimize general functions. (Indeed
there would be no sense in applying the methods in practice to minimize a
quadratic function, since this can be achieved simply by solving a lincar system
of equations.) Such methods are said to be derived from a guadratic model.
There is no doubt that this approach has proved very fruitful in practice
and that there is a correlation between this and the efficiency and rapid
local convergence of the method. Some tentative reasons for this are the
following.

(i) A quadratic function is one of the simplest smooth functions with a well
determined minimum, so is easy to manipulate.

(i) A general function expanded about a local minimizer x* is approximated
well by a quadratic function. Thus methods based on quadratic models should
have a rapid ultimate rate of convergence.

(i1i) Even remote from the minimum it seems preferable to use quadratic
information to a large extent rather than to reject it. Quadratic information is
more effective than lincar information {stecepest descent) in predicting directions
along which substantial progress can be made. This reason is presumably related
to the fact that a Taylor series of f{x) about an arbitrary point x*, taken to
quadratic terms, will agree with f(x) to a given accuracy over a much greater
neighbourhood of x™ than will the series taken to lincar terms.

(1v) Methods based on quadratic models can be made invariant under a
linear transformation of variables to a large extent. The relevance of this property
is discussed in more detail in Section 3.3.

Almost all the methods described in the following chapters of Part 1 are
based on quadratic models. If both first and second derivatives are available to
the method, then it is clear how to set up the quadratic model and this gives
rise to the classical Newton method in Chapter 3. A similar quadratic model is
also used in the restricted step methods of Chapter 5. Fven when second
derivatives are not available they can be estimated in various ways and the
resulting quadratic model can then be used in the algorithm. In this category
are the quasi-Newton methods of Chapter 3 which estimate second derivatives
in a most subtle and efficient way. Also there are the conjugate direction merhods
of Chapter 4 which use a quadratic model is a less direct way. Finally there
are methods described in Chapter 6 which use a sums of squares structure in
f(x) to make a readily calculated approximation to the Hessian matrix. Even
when no derivatives are available to the minimization method, then the
estimation of first derivatives by finite differences, combined with a quasi-Newton
method, has provided the currently most efficient method.

There are therefore two particular situations in which a quadratic model
might be said to be used. One occurs when the method is a Newton-like method
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{Newton, quasi-Newton, ¢tc.) which uses or approximates the Hessian matrix
in Newton's method. The motivation for this approach 1s a fundamental result
common to any equation solving process that superlinear convergence can be
obtained if and only if the step is asymptotically equal to that of the Newton—
Raphson method (the Dennis-Moré theorem, Section 6.2). Another situation
in which a quadratic model is used ariscs when a method is denved which has
the property known as guadratic termination. The defimtion of quadratic
termination is that the method will locate the mimirmizing point x* of a quadratic
function in a known finite number of iterations, yet can be applied iteratively
to minimize non-quadratic functions. Many good algorithms possess this
property, although successful methods do exist (some Newton-like methods)
which do not lerminate for quadratic functions. In particular it is not possible
to state either that superlinear convergence implics quadratic termination or
the converse, although there do exist methods having both properties.

A particular way of obtaining quadratic termination is to invoke the concept
of the conjugacy of a set of non-zero vectors st 2, s™ 1o a given positive
definite matrix G. This is the property that

sTGS =0 Vi#j (2.4.1)

A confugaie direction method is one which generates such directions when applied
to a quadratic function with Hessian G. In this casc termination can be obtained
if exact linc scarchcs are made, as the following theorem shows,

Theorem 2.4.1

A confugate direction method terminates for a quadratic function in at most n exact
line searches, and each x** 1 is the minimizer in the subspace generated by x*P and
the directions s', 8@, s% (that is the set of points {x|x = x4+ T4_ as? v l).

Proof

Because G is positive definite, and because conjugate directions are independent
(see Question 2.16), both resuits follow by establishing for all k< & that

pE T =0 j=1,2,...,k (2.4.2)

{(zero slope along any line in the subspace) Now

g+ 1Tgl) — g+ UTgW) i P
imjt1l
where ¢? =gt _ gl 50 by (2.3.3), (1.2.15), (2.3.2) and (2.4.1) it follows that
(2.4.2) holds. {7

This proof, aithough simple, does not make the basic structure of conjugacy



26 Structure of Methods
entirely clear. To do this let the minimizer be written as

n
x*=xh 4 Y rst?
=1

and a general point as

x=xU+ 3 os?,
Then the expression (1.2.12) for a quadratic function (with x” = x* and ignoring ¢')
can be written in terms of the variables o as

gla) =1(x — x*)1G(x — x*} = H{a — a*)STGS(a — o ¥)

where S is the matrix with columns sV, s'2, ..., s If the vectors s are conjugate
then this reduces to

g

gy =4 3 (o —a)d,

1

where d;=s""Gs", and g(a) can then be minimized by choosing &, = o¥,
o, = otf, etc. This is equivalent to making the exact line searches in x-space.
Thus conjugacy implies a diagonahzing transformation STGS of G to a new
coordinate system (&) in which the variables are decoupled. A conjugate
direction method is then the alternating variables method applied in this new
coordinate system.

All conjugate direction methods rely on this theorem, the differences between
methods being in the ingenuity by which directions are generated without
explicit knowledge of the Hessian, and in the techniques needed to make the
methods efficient for general functions. Of particular importance is the conjugate
gradient method which uses these ideas in conjunction with the steepest descent
method. For no-derivative problems, some other conjugate direction methods
have been developed. These methods are discussed in more detail in Sections
4.1 and 4.2.

2.5 DESCENT METHODS AND STABILITY

Line search descent methods have frequently been used as a means of introducing
a degree of rehability into optimization software and this idea is followed up
in this section. In the early days one commeon strategy was to choose the step
a™ close to the value given by an exact line search. This is motivated by early
theory which shows that the steepest descent method with an exact line search
is globally convergent to a stationary point (Curry (1944); there is also an
unbelievably distant relerence to a paper of Cauchy in 1847!). However accurate
Iine searches are expensive to carry out, and there is also the nuisance that the
exact mintmizer may not exist. Other researchers weakened the line search
tolerance considerably and used the descent property merely to force a decrease
FEL < £® in the objective function on cach iteration. This usually turned out
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to be more efficient. However merely requiring a decrease in f does not ensure
global convergence so there were doubts about the stability of this more efficient
approach. This fact, and the proliferation of numerous diiferent codes for the
line search, led to the development of a generally accepted set of conditions for
terminating the line search which would allow low accuracy line searches whilst
forcing global convergence. These conditions and the consequent global theoremn
arc the subject of this section. Algorithms which enable a step length to be
determined which satisfics these conditions are considered in Section 2.6,

The requirement f**1 < f® that the objective function decreases on each
iteration is unsatisfactory because it allows negligible reductions in f relative
say to the optimum reduction that could be obtained in an exact line search.
For example, if * denotes the least positive value of « for which f(x* + as®) =
f(x®), then negligible reductions can occur either if ® —»a&® or if &® 0 as
k— oo (see Question 3.4). This clarifies the aim of the line search as being to
find a step «® which gives a significant reduction in f on each iteration and
which is not close to the extremes of the interval [0, #%]. The resulting conditions
must be such that an acceptable point (that is a value of o which satisfies the
conditions) always cxists and can be determined in a finite number of steps. It
is also important in regard to proving superlinear convergence of some methods
that the conditions do not exclude the minimizing value of x when f(x® + a5®)
is a quadratic with positive curvature.

Two conditions on & which together meet these requirements are given by
Goldstein (1965). In stating these conditions, f(x® + «s™) is written as f(x), so
that £(9) corresponds to £, and the descent condition (2.3.4) becomes f(0} < 0.
The Goldstein conditions are

SR <fO) +apf'(0) (2.5.1)
to exclude the right-hand extreme of [0, 2%*], and
Sl = f(0)+all —p) /(D) (232

fo exclude the left-hand extreme, where pe(0,3) is a fixed parameter. If a®
satisfies {2.5.1) then it follows that the resulting reduction in f(x) satisfies

fU_ flr1] s peliT gl {2.5.3)

where 6% = q®g® = x**1) _x® A similar bound can be derived from (2.5.2).
The Goldstein conditions are illustrated in Figure 2.5.1 for p =4, although the
resulting algorithm is usually not too semsitive to this choice. A global
convergence proof for a line search descent method based on these conditions
can be given (see the previous edition) which is similar to Theorem 2.5.1 below.
The requirement that p <+ allows the property that the minimizing value of
a quadratic function is acceptable. However when f{(x) is non-quadratic, the
second condition (2.5.2) may exclude the minimizing point of f(z) as Figure 2.5.1
also fllustrates.
For this reason, (2.5.2) may be replaced by a different test on the slopes

fzof0)  aelp1) (2.54)
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f(x‘“i-as[“)

eY

aceeptable points

Fugure 2.5.1 Goldstein conditions

due to Wolfe (1968b), which also arises in more complicated theorems given
by Powell (1976). Here ¢ is another fixed parametér. This mequality implies
that x** 1} satisfies the condition

g+ DT G0 3 Go®T Gk, (25.5)

Because o < 1, this test can be used to exclude the left-hand extreme of [0, 4],
whilst (2.5.1) is used to exciude the right-hand extreme as before. T shall refer
to conditions (2.5.1) and {2.5.4) as the Wolfe—Powell conditions, and they are
illustrated in Figure 2 5.2 for ¢ = 4 and p = L. The restriction that ¢ > p ensures
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acceptable points

Figure 2.5.2 Wolfe—Powell conditons
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that acceptable points exist and can be located in a finite number of steps. In
fact in some cases when f— — oo, acceptahie points may not exist and a line
search algorithm will continue to reduce [ indefinitely. Otherwise the graph of
Sf must intersect the p-line defined by taking equality in (2.5.1). Let & be the
least value of x>0 at which this intersection occurs: clearly a sequence of
intersection points converging to zero cannot occur by continuity of f” at & = Q.
Then the following lemma holds

Lemma 2.5.1

If @ exists and o2 p then there exists an interval of acceptable points for both
(2.5.1) and (2.5.4) in (0, &).

Proof

Consider any point £€(0,d). By definition of &, f(g) < (0} + ep (0} and f(4) =
F(0)+ dpf'(0). By the mean value theorem there exists axe(e, @) such that

T ={f(@—feD/@—e)>p['0) 20/(0)

after using & 2 p and f'{0} < 0. Thus « satisfies both (2.5.1} and (2.5.4) strictly,
and so by continuity of f and f* there exists an interval of acceptable
points. [

This resull is the best possible in that if @ < p, Al-Baali and Fletcher {1986)
show how to construct a C' function for which & ¢xists, having no acceptable
points (sce Question 2.20}.

In practice 2 more stringent two-sided test on the slope

')l < — o f(0) (2.5.6)

is preferred in place of (2.5.4). An acceptable point in (2.5.1) and (2.5.4) may not
be close to the vaiue of a given by an exact iine search, as & = b in Figure 2.5.2
llustrates. With (2.5.6) on the other hand it is possible by reducing ¢ to restrict
the set of acceptable points to an arbitrarily small neighbourhood of a local
muinimizer of f(a). It is possible to guarantee the existence of acceplable points
when using the two-sided test in place of (2.5.4).

Lemma 2.5.2

If & exists and o = p then there exists an interval of accepiable points for (2.5.1)
and (2.5.6) in (0, d).

Proof

Extending Lemma 2.5.1, let ¢ be sufficiently small so that f(0)} > f(g}) > f(4). It
then follows that the point % which exists by virtue of the mean value theorem
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satisfies 0> f'(¢) > ¢ f(0). Thus « satisfies (2.5.1) and (2.5.6) strictly and the
lemma follows as before. [

In practice values of 0 = 0.9 for a weak (not restrictive) line search or ¢ =0.1
for a fairly accurate line sgarch have both been used satisfactorily in different
circumstances. Smaller values of ¢ require substantially more effort 1o find an
acceéptable point with very little return, so are rarely used, except in testing
theoretical hypotheses about an exact line search. As for p, a value of p =001
would be typical, although this choice is not very significant as it is usually
(2.5.6) which limits the range of acceptable points. It is possible to construct
cases in which (2.5.1) excludes the only local minimum point of f{x) but this is
unlikely to occur and there is the definite advantage that the otherwise
troublesome case is exciuded in which f(x) decreases to a constant value as
2 — co. The line search subproblem of finding a step that satisfies both (2.5.1)
and (2.5.6} is considered further in the next section.

It is now appropriate to present the global convergence result which motivated
the development of these tests. It is given here for the Wolle—Powell tests (and
hence a fortiori for tests (2.5.1) and (2.5.6)), although a similar result holds for
the Goldstein tests. However it is necessary first of all to place some restriction
on the choice of search direction s* since it is also possible to make negligible
reductions in f(x) if the directions s are chosen so as to be increasingly close
to being orthogonal to the steepest descent vector. This possibility can be
excluded if s™ satisfies an angle criterion that the angle 0® between s® and
— g™ is uniformly bounded away from orthogonality, that is if

amgg— 7" 2.5.7)
where p >0 is independent of k, and ™[0, n/2) is defined by
cos 8 = — gMTSH /(| g¥ 5 [s ;)
= — g™ T8N/ g® 1121 8 1I). (2.58)

With this restriction it is possible to state a global convergence theorem.

Theorem 2.5.1 (Global convergence of descent methods)

For a descent method with an inexact line search based on (2.5.1) and (2.54), if
V f exists and is uniformly continuous on the level set {x: f(x) < f}, and if (2.5.7)
holds then either g® =0 for some k, or f®— — o0, or g® —0.

Proof

Assume that g # 0 for all k (and hence 8® #0) and that f® is bounded below;
it follows that f® — f*+*2 0 and hence from (2.5.1) and (2.5.3) that
— g®T§%® - 0. Assume g® — 0 does not hold. Then Jan ¢ > 0 and a subsequence
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& such that jg®|, 2 & for ke, and it follows from (2.5.8) and (2.5.7) that
| 8% -0 for ke It is possible to rearrange (2.5.5) to give

(g(k +1) g(kJ)Té(kl < H g(k+ 1y __ g(k] H " 6“:) !i

=

- g(k)TalH <

(2.5.9)

l—¢ 1-o

The uniform continuity assumption implies g+ — g® = o(1) for ke so it
follows from (2.5.9), (2.5.8) and | g™| = & that cos8™ < of1) for ke which
contradicts (2.5.7). Thus g¥—0. [

The possibility that ™ — — oo can usually be eliminated by a priori knowledge
about f(x). It then follows from the theorem that the termination test (2.3.5)
will always be satisfied for some & sulliciently large, and that the 1teration cannot
converge Lo a non-stationary point. It aiso implies that any accumulation point
of the sequence {x™} is stationary. Howevet, convergence to a local minimizer
is not guaranteed, although this usually occurs since f is always reduced by
the line search.

It is important to consider whether the angle criterion (2.5.7) is likely to be
satisfied by practical algorithms. Of course the steepest descent method satisfies
the criterion with 6% =0 but unfortunately is not good in practice. Tt is shown
in Chapter 3 that Newton-like algorithms define s® by

s® = _ Hag® (2.5.10)

where H® is a symmetric matrix. A sufficient condition for the descent property
is that HI™ is positive definite (because g®Ts® = — g®TH®g® < (0 when
g £0) In this case a sufficient condition for the angle criterion is that the
spectral condition number k™ of H® (the ratio 2,/4, of largest to smallest
cigenvalues of H®™) is bounded above, independently of k. (This result is
established from (2.5.8) using the incqualitics | Hgll, < 4, gl g"Hg = L.g"g
and sin x < x to get

pto égﬁ -1 (2.5.11}

as required.) It then follows that Theorem 2.5.1 holds. In fact for most good
algorithms it has not been possible to show that the angle criterion (2.5.7) is
satisfied. Because of the convergence theorem, some modified algorithms have
been suggested in which s* is adjusted so as to satisfy (2.5.7). This can be done
for example by adding some multiple of — g® to 5™, or by modifying H* so
that ' is bounded. However, this can be unprofitable in that an algorithm
with a superlinear convergence property can degrade to being linearly
convergent when the modification operates. It may therefore be unwise to
employ such ad hoc modifications unless there is good reason to think that the
algotithm will otherwise fail.

The alternative is to try to improve the global convergence theorem itself,
and this can be done if the weaker aim is considered of proving lim inf [ g® | =0
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{that 15 g® >0 on a subsequence). This is contradicted if it is assumed that
g = &> 0 for all k. It then follows from (2.5.3) and (2.5.8) that

[ fEED 5 500 50 cos 0K, (2.5.12)

If the stronger (but reasonable) assumption of Lipschitz continuity of g is made
(Hg®t D — g™, < Ax%T — x® |, on the level set) then it follows from (2.5.9)
that | %, = (1 —)el ™ cos %, Incorporating this result with (2.5.12) gives

F®— D5 (1 gyt A7 cos? W, (2.5.13)

Summing over all k and assuming that f is bounded below, it follows that
3.cos? 8% is bounded. Since a contradiction is being sought, it is assumed
that the search directions satisfy the property that

Y cos?8® = co. (2.5.14)
k

Then || g™ = & is contradicted and liminf || g® || = O follows. [t can be seen that
(2.5.14) is a much weakcr condition than cos 8% =y > 0, and to my knowledge
it 1s the weakest condition that has bcen uscd to prove global convergence
theorems. Proofs that some standard methods satisfy (2.5.14) have been given
by Powell {(1976) (by implication) and Ai-Baali (1985).

Finalty the interaction of the line search tests with the property of superlinear
convergence of an algorithm is considered. Using the notation h™® = x* — x*
and 6™ = x** _ x® 35 in previous sections, then the following result can be
given.

Lemma 2.5.3

If x* is a local minimizer of f(x)eC?, if G* is positive definite, and if x'* —x*
superlinearly, then

[0 fety glk T §®

1 B__°
and g7 5

_'_-?‘ﬁ‘;m >3 =0,

Proof

Using the above assumptions together with Taylor series, continuity and the
results of Lemina 6.2.1 and Theorem 6.2.3, the following expressions can be
established.
flkl —f*= %h”‘)TG*h“" +of|| h*! Hl)
f{k+1] —f* = ﬂ(“ h(kl”?!)
- g[k}T‘s{k) =h®TG*h* ol i h*® | 2)
g% 8w = of | W |2)

and
h"GHh® > (4 + o(1)) [h¥ | 3,
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where A > 0 is the least eigenvalue of G*. The lemma follows directly from these
expressions. [

It follows from the lemma that tests such as {2.5.3) and (2.5.5) are satisfied for
all & sufliciently large under these conditions. Consider therefore any line search
algorithm which is locally superlinearly convergent when o™ =1 for all k. If
the initial estimate of the step in the line search algorithm is taken asymplotically
as o, =1 then it follows ultimately that this value 15 accepled as 2®. Hence
a® = | for all k sufficiently large, and the superlincar convergence property is
preserved. This result 18 true for algorithms based on any of the tests (2.5.1),
(2.5.2), (2.54) and (2.5.6).

2.6 ALGORITHMS FOR THE LINE SEARCH SUBPROBLEM

Numerous line search algorithms have been proposed over the vears, and a
good choice is important since it can have a considerable effect on the
performance of the method in which it is embedded. The availability or not of
first derivatives is a primary consideration: if derivatives are not availabic then
therc is not much theory available to act as a guide to how the line search
should be terminated. There are therefore a wide range of possibilities and some
of these are considered towards the end of this section. However, the case in
which first derivalives are available is of major importance. Tn this case it 15
widely accepted that the line search should attempt to satisfy the conditions
{2.5.1) and (2.5.6) for the reasons set out in Section 2.5. Therefore this section
describes a line search algorithm which satisfies these conditions by making a
finite (usually small) number of evaluations of f(x) and f'(z). (The notation
Fla)=Fx® +as®) as in Section 2.5 is used and the descent condilion
f(0) < 0 is assumed 1o hold.)

A line search algorithm is an iterative method which generates a seguence
of estimates {o;}. The sequence terminates when an iterate is located which
satisfies some standard conditions for an acceptable point. There are two distinct
parts to any line search aigorithm. First comes the hracketing phase which
searches to find a bracket, that is a non-trivial intcrval, [a;, b;] say, which is
known to contain an interval of acceptable points. This is followed by the
Sectioning phase in which the bracket is sectioned (i.¢. divided) so as to gencrate
a sequence of brackets [a;,b;] whose length tends to zero. This forms the basis
of a finite termination proof for the line search algorithm. In addition, since it
is preferable to find an acceptable point which is close to a local minimizer of
fa), some form of interpolarion is also desirable. This involves fitting usually a.
quadratic or cubic polynomial in & to known data, and choosing the next iterate
o;4; SO as to minimize the polynomial, possibly subject to some sectioning
restrictions.

Ome particular hine search algorithm is now described for the case that first
denvatives are available, Whilst 1t is not necessanily uniquely best, it is the one
which I currently prefer for general unconstrained minimization, and it is closely
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similar to other ling search algorithms that are also currently used. Some results
which substantiate the properties of the algorithm are also proved. It has already
been pointed out in Lemma 2.5.2 either that there exist acceptable points, or
that the graph of f(«) never intersects the p-line. The latter possibility is avoided
by assuming that the user is able to supply a lower bound f on f(x). (More
precisely it is assumed that the user is prepared to accept any value of f(«x) for
which f{x) < f.} For example in a nonlinear least squares problem f =0 would
be appropriate. A consequence of this assumption is that the line search can
be restricted to the interval (0, ] where

w=( = 1O/ (pf(0) (26.1)
1 the point at which the p-line intersects the line £ = J.

In the bracketing phase the iterates %, move out to the right in increasingly
large jumps until either f < f is detected or a bracket on an interval of acceptable
points is located. Initially , =0, ¢, is given (0 < a, < u), and this phase of the
algorithm can be described as follows:

{(_)_r_ i=1,2,... do
begin  evaluate f(x,);
if f(a;) < f then terminate;
I fle) > O+ o, f'(0) or flan) = fla;-y)

then begin a;:= @;_,; b;i=a;; terminate B end;

evaluate (e} {2.6.2)
if | f(a))| € — 6 f'(0) then terminate;
if f2) >0

then begin a;:= %; b;:=a;_,; terminate B end;
if <200,y
thﬂd.n-': #
else choose o, €20 — oy, minfu, o + 74 (o — 2 4))]

end.

In this algorithm 7, > 1 18 a preset factor by which the size of the jumps is
increased, typically 7, = 9. The choice of «, . ; in the next last line of (2.6.2) can
be made in any way, but a sensible choice would be to minimize in the given
interval a cubic polynomial interpolating f(z;), f'(%,), f{z,_,) and f"{(o;— ;).
Because p exists and by virtue of (2.6.1), algorithm (2.6.2) cleatly must terminate.
In (2.6.2) ‘terminate B’ is used to indicate termination of just the bracketing
phase, whereas ‘terminate’ alone indicates termination of the line search with
an acceptable point «,, or a point for which f{x,) < f. If ‘terminate B> occurs
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then a bracket [a;, b;] is known (it is convenient to allow either a, < b, or b, < g,
in this notation for a bracket) which satisfies the following properties.

(i) g; is the current best trial point (ieast f) that also satisfies (2.5.1).
(ii) f'(a;,) has been evaluated and satisfies

(b; — a;)f (@) <0 but not (2.5.6). (2.6.3)
{iit) b, satisfies either f(b,)>f(0)+ b,pf"(0) or f(b,) = f(a;) or both.

For such a bracket the following result holds.

Lemma 2,6.1

If o = p, a bracker which satisfies (2.6.3) contains an mtervgl of acceptable points
for (2.5.1) and (2.5.0).

Proof

If b; > a,, consider a line, L say, through (a,, f{a;)) having slope p f{0) (i.e. parallel
to the p-line). Let &, be the point in (a;, b;) closest to a; at which the graph of
fla) intersects L. Existence of &; comes from (ii) and (iii) and continuity. Use
of the mean value theorem as in Lemma 2.5.1 then implies the required result.
If b, < a; then a line through (a;, f(a;)) having zero slope is considered and a
similar argument is used. [

This l[emma shows that the bracketing phase has achieved its aim of bracketing
aninterval of acceptable points. Next comes the sectioning phase which generates
a sequence of brackets [a,, b;] for j=1i, i+ 1,... whose lengths tend to zero.
Each iteration picks a new trial point «; in [a; b;] and the next bracket is
either [a;,2;], [&;,a;] or [a;, b,], the choice being made so that properties (2.6.3)
are preserved. The sectioning phase terminates when the current trial point «;
is found to be acceptable in (2.5.1) and (2.5.6). The algorithm can be described
as follows

for  j=ii+1... do
begin choose a,e[a;+1,(h, —a)), by —13(b; —a,)];
evaluate f(a;);
if fla;) > f(O)+ poesf(0) of flay) = flay)
ﬁ_}lﬂ@ =43 bﬁ:: ocjﬂ
eljb_egglievaluatc Flay); {2.6.4)
if | f'(@)| < —af" (0) then terminate;
A= 05

(b, —a)f(;)20then b;, ;:=ajelse by, == b;

end.

end.
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In this algorithm 7, and 7, are preset factors (0 <1, <1, <3) which restrict
a; from being arbitrarily close to the extremes of the interval [@;,b;] It then
follows that

1bj+1_aj+1i"§(]_Tz}ﬁhj"aﬂ (26.5

and this guarantees convergence of the interval lengths to zero. Typical values
are T,—+ (1, <¢ is advisable) and 1,=4, although the algonthm is
insensitive to the precise values that are used. The choice of 2; in the second
line of (2.6.4) can be made 1n any way, but a sensible choice would be to minimize
in the given interval a quadratic or cubic pelynomial which interpolates f(a;),
f'@ay), f(b,), and f(b,) if 1t is known. When (2.6.4) terminates then o, 15 the
required acceptable point and becomes the step length «® to be used in (2.3.2).
The convergence properties of the sectioning scheme are given in the following
result {Al-Baali and Fletcher, 1986).

Theorem 2.6.1

If o = p and the wmitial bracket [a;,b,] satisfies (2.6.3), then the sectioning scheme

(2.6.4) has the following properties.

Either {a) the scheme terminates with an a; which is an acceptable point i (2.5.1)
and (2.5.6)

or (B) the scheme fails to terminate and there exists a point ¢ such that for j
sufficiently large a1 ¢ and b; | ¢ monotonically (not strictly) and ¢ is an
acceptable point in (2.5.1) and (2.5.6).

Moreover if o > p then (b) cannot occur and the scheme must terminate.

Proof

It follows from (2.6.5) that |a, — b;[—0and from (2.6.4) that [a;,,,b;, ;1= [a; b1
Therefore 3 a limit point ¢ such that a,—¢, b,—¢ and hence «;—c. Since g,
satisfies (2.5.1) but not (2.5.6) it follows that ¢ satisfies (2.5.1) and that

|z —af(0) (2.6.6)

Let there exist an infinite subsequence of brackets for which &; < a;. It follows
from. (2.6.3) (in) that f(b;} — f(g,) =0 and hence by the mean value theorem
and the existence of ¢ that f'(c)< 0. But from (2.6.3) (i), f(a)(h;—a) <0
implies that f'{c) = 0 in the limit. These inequalities contradict (2 6 6), proving
that a;1c¢ and b | ¢ for j sufficiently large. Consider therefore the case that b, > a.
It follows from (2.6.3) (iii) and a, satisfying (2.5.1) that

o) — flagz(b;—a)pf'(0),

50 the mean value theorem and the existence of ¢ imply that f'(c} = pf'(0). But
Fla)b; —a)< 0 implies that f'(c}<0. If o> p, these inequalities contradict
(2.6.6), showing that case (b) cannot arise, in which case the algorithm must
terminate as in (a). If o = p the possibulity of non-termination exists, with a limit
point e for which (2.5.1) holds and f'(c)=pf'(0). O
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An example in which case (b} arises is described by Al-Baali and Fietcher (1986).
This reference also gives a similar theorem for more simple algorithm aimed
at satisfying the Wolfe—Powell conditions. For practical purposes, however,
Theorem 2.6.1 indicates that ¢ > p should be selected, in which case the
sectioning algorithm (2.6.4) is guaranteed to terminate with an acceptable point.
This algorithm 1s not the only one which has been used, for instance a different
one 1s given by Moré and Sorensen {1982). This differs from (2.6.4) in that a,
is allowed to become arbitranly close to a;, but a bisection step is used if the
bracket length is not reduced by a factor of £ after any two iterations. This is
similar to an idea of Brent (1973a) in the context of solving a nonlinear equation.

The use of polynomial extrapolation or interpolation in conjunction with
(2.6.2) and (2.6.4) is recommended. Given an interval [0, 1], and data values f,,
fo and f.(fq= f(0) etc) then the unique quadratic that interpolates these
values is defined by

gzt =Ffo + foz +(f1—fo— fo)z*.

If in addition £} is given then the corresponding (Hermite) interpolating cubic
is

o(2) = fo + foz +nz? + §2°
where

n=3fi—fo)=2,:- 11
S=fo+f1-20f1 —fo)

In the schemes (2.6.2) and (2.6.4) it is required to work with an interval [a, b]
rather than [0, 1], and a > b is allowed. To do this the transformation

and

g=a+z(b—a)

is used which maps [0,1] into [a,b]. The chain rule gives df/dz=
df/da-da/dz = (b — a)d f /da which relates the derivatives f, and f/ above to
known values of d f/dx obtained 1in the hine search. To find the minimizers of
g(z) or ¢{z) in a given interval, 1t is necessary to examine not only the stationary
values, but also the values and derivatives at the ends of the interval. This
requires some simple calculus.

An cxample is now given ol the use of this line search, illustrating the
bracketing, sectioning and interpolation processes. Consider using the function
(1.2.2) and let x® = 0 and s* = (1,0)". Then f (o) = 100x* + (1 —)” and f'(a) =
400a> — 2(1 — o). The parameters 6 =0.1, p=001, 1, =9, 7, = 0.1 and 74, = 0.5
are used. The progress of the line search is set out in Table 2.6.1. The first
patt shows what happens if the initial guess 1s o; =0.1. The initial interval
does not give a bracket, so the bracketing algorithm requires that the
next iterate 1s chosen in [0.2,1]. Mapping [0,0.1] on to [0,1] in z-space,
the resuiting cubic fit is c(z)=1—-0.2z +0.02z> and the mimmum value
of e{z) in [2,10] 13 at z=2. Thus a, = 0.2 is the next iterate. This iterate give
a bracket [0.2,0.1] which satisfies (2.6.3). The sectioning algorithm comes
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Table 2.6.1 The line search using first derivatives

Starting from e, =0.1

o 0 0.1 0.2 0.160948
Jio) 1 0.82 08 0771111
S -2 14 16 —0.010423

Starting from &, =1

a« 0 1 0.1 019 0.160922

S 1 100 0,82 0.786421 0.771112
Sl =7 = -14 1.1236 —0.011269

into play and secks a new iterate in [0.19,0.15]. Mapping [0.2,0.1] on to [0, 1]
gives a cubic ¢(z) = 0.8 — 0.16z + 0.24z% — 0.06z°. The minimizer of this cubic in
[0.1,0.5] 1s locally unconstrained at z =0.390524, and this gives a new iterate
o3 =0.160948. This pomt is found to be acceptable and the line search 1s
terminated. Alternatively let the line search start with o, = 1. Then the initial
value of f{1)> f(0) so this point immediately gives a bracket and it is not
necessary to evaluate (1) (this saves unnecessary gradient evaluations). The
sectioning phase is therefore entered. Making a quadratic interpolation gives
g(2)= 1 —0.22 + 99.22%, which is minimized in [0.1,0.5] by «; =0.1. Thus
[0.1,1] is the new bracket that satisfics (2.6.3) and the next iterate is chosen as
a point in [0.19,0.55]. This could be done either by interpolating a quadratic
at ¢ =0.1 and a =, or interpolating a cubic at =0 and = 0.1 (my current
algorithm would do the latter). In both cases here, a5 = 0.19 is the minimizing
point and [0.19,0.1] becomes the new bracket. A cubic interpolation in this
bracket leads finally to an iterate o, = 0.160922 which is acceptable.

This description of the algorithm neglects the effect of round-ofl errors, and
these can cause difficulties when x® is close to x*, In this case, although f/(0) < 0,
it may happen that fio) z f(0)for all & > 0, duc to round-off error. This situation
can also arise if the user has made errors in his formulae for derivatives, Therefore
T'have found it advisable also to terminate after line 3 of (2.6.4) if (2; — o)) f'(a) < &
where ¢ is a tolerance on f such as in (2.3.7). This causes an exit from the
mimmization methed with an indication that no progress can be made in the
line search.

The initial choice of «, also merits some study. If an estimate Af >0 is
available of the likely reduction in fto be achieved by the line search, then it
is possible to interpolate a quadratic to f*(0) and A f, giving the estimate

o, = — 2AF/FO). (2.6.7)

On the first iteration of the minimization method Af must be user supplied,
but subsequently Af=max(f* ?— % [0g) has been found to work well,
that is the reduction from the previous iteration, suitably safeguarded. For
Newton-like methods, however, the choice 2® = [ is significant in giving rapid
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ultimate convergence by virtue of the Dennis-More theorem (Theorem 6.2.3).
In this case

a, =min(1, — 2A [/ [ (0)) (2.6.8)

is used. This is failsafe in that nltimately the choice o, =1 is always made by
a method which is converging superlinearly. This is proved as in Lemma 2.5.3,

The rest of this section is devoted to the line scarch for a no-derivative method.
In this case there is no theory analogous to that in Section 2.5 which can act
as a guide. Since even the precise aim of the line search is unclear, there is no
gencral agreement on how 1t should be carried out. Also the lack of derivative
information makes the search more difficult. One possibility is to emulate the
line search of (2.6.2) and (2.6.4), but using difference approximations to
derivatives, and this might be the most suitable for a no-derivative quasi-Newton
method.

However this approach would not be suitable for a higher accuracy line
search suitable say for a conjugate direction method. There are various other
methods that have been used for a no-derivative line search, and their mamn
features are similar to those deseribed earlier in this section. Any three z-values
&, <o, <y form a bracket (on the minimizing x-value) when f, < min(f, f3)
(see Figure 2.6.1 for example). Once located, the bracket is contracted, either
by sectioning or interpolation or some combination of the two. A simple, purely
sectionming approach is the golden section search in which the ratio of oy — a5
o, — oy 15 kept fixed at 7:1 {or 1:7), where 1> L. When an additional point o,
is inserted to contracl the bracket (see Figure 2.6.1}, it is required that both
potential new brackets (o, @,, 2,) Or (3, 24, 03) have intervals in the same ratio.
Since by symmetry o; —o, = o, — 2, In the figure. it follows that 1 satisfies
1=1%(t+1) and is therefore the positive root of 12 —7—1=0, that 15
1=(1 4+ ,/5)/2 ~ 1.618. The method is to evaluate f at the new point and choose
the new smaller interval which maintains the bracket. In the figure this would
be («,, &5, 4 ). The process is then repeated until some convergence test is satisfied.
The application of golden section search to find the mummizing point of
f{x)=1— aexp(— «?) to within one decimal place 1s shown in Table 2.6.2. The
initial bracket is (0,0.618,1) and the final bracket {0.674,0.708,0.764). Similar
ideas occur in the Fibonnaci section search (Kiefer, 1957) which is optimal in a
certain (not very relevant) sense

Unfortunately sectioning alone is not very efficient (see Question 2.12) and
it is more effective to use interpolation in some way. For instance given a bracket
(@1, 5, 23), & quadratic could be fitted to f,, f5. f5 and its minimizer chosen as
the next trial point. This often works wcll but can fail unless supplemented by

Table 2.6.2 An example of golden section search

x 0 0618 1 0382 0764 0.854 0708 0674
fle) 1 0578 0.632 0670 0574 0588 0571 (.572
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Figure 2.6.1 Golden section search

some sectioning ideas. This is illustrated by Figure 2.6.1 in which a quadratic
interpoiation gives a = o, as the new trial point. As yet however there is no
general agreement on how best to combine sectioning and interpolation in the
no-derivative line search.

2.1.

2.2

2.3

QUESTIONS FOR CHAPTER 2

Obtain expressions for all first and second derivatives of the function of two
variables
S(x)=100(x; — x{P + (1 — x>
Verify that the minimizer x* =(1,1)7 satisfies g* =0 and G* positive
definite. Show that G{(x) is singular if and only if x satisfies the condition
x5 — X3 = 0005,

Hence show that G is positive definite for all X such that f(x} < 0.0023,
Obtain expressions for all first and second derivatives of the function of two
variables

) =x}t+ xy%, +(1 +x,)%

Evaluate these derivalives at x = 0 and show that G(0} is not positive
definite. Verily that a local minimizer is x* = (0.6939. -~ 1.3479)" to four
decimal places

Find the stationary points of the function

Fx)=2x3 — 3x? — 6x;%,(x, — x> — 1)
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24

2.5.

2.6

27

28

2.9.

2.10.

Which of these points are local minima, which are local maxima, and which
are neither?

Show that the function f{x} = (x, — x> + x7 has only one stationary point
which is neither a local maximum nor a local minimum.

Find the stationary point of the function

Fixy=2x3 +x3 — 2x,x, + 2x3 + x}

which is a global minimizer.
Investigate the stationary points of the function

Fxy=x2x% — dxdx, + 4x? + 2%, %2 4+ x2 — 8x x, + 8x, —4Ax,,
{a) Sketch contours of the function
fix)=x3+4x5 —4x, — 8x,.

Deduce the value x* which minimizes f.

{b) Show that if the method of steepest descent 15 started from x) = (0, 0)F
it cannot converge to x* 1n a finite number of steps. Are there any
values of x") for which there will be convergence in a finite number
of steps?

The method of steepest descent applied to the function

flx)= 2xf —2x,%; + x% +2x; —2x,

generates a sequence {x®}. If x#** = (0,1 — 1/54)T, show that x/2*3} =
(0,1 — 1;5** YT, Sketch in the x, — x, plane the successive steps taken by
the method if x**= 0 is chosen, and deduce the minimizer of f(x)

For the function

F) =x +2x% + 4x, + 4x,

prove by induction that the method of steepest descent applied with an
initial guess x'" = 0 generates the sequence {x*} where

k+1) _ E_ _ Ly ’
XU (o= Y-t

Hence deduce the minimizer of f(x).

Consider applying the method of steepest descent to a positive definite
quadratic function with Hessian G. Suppose that x‘! (#x*) can be
expressed as

xM = x* s

where s is an eigenvector of G with eigenvalue 1. Show that g = yds and
that, il an exact line search in the direction of steepest descent is assumed,
then the method terminates in one iteration. Hence show that the method
termimates in one iteration for any x™ if G is a multiple of a unit matrix. 1f
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211

2.12.

2.13.

2.14.

2.15.

2.16.

217

2.18.

2.19.

Structure of Methods

x1) cannot be expressed as above, then it can be expressed as
m
x — x* + z HiS;
=]

where m> 1, and for ail i, p,#0 and the s; are eigenvectors of G
corresponding to distinct eigenvalues 4;. In this case show that the method
does not terminate in one iteration.
For the steepest descent method with exact line searches, show that the
search direction s**1) is orthogonal to s* for all k. Apply the method
to the function f(x)=10x?+ x% from x’=(1/10,1)". It can be shown
that in the worst case the method has linear convergence at a rate
(A, — A)/(4; + 4,), where A, and 4, are the largest and smallest eigenvalues
of G* (Akaike, 1959). Verify numericaliy that this rate is achieved in this
example. Notice that if G* is sufficiently ill-conditioned, this rate can be
arbitrarily close to unity.
For the problem of Tablc 2.6.2, show that a single quadratic interpolation
at «,, &,, and &, gives an estimate of the minimum «-value which is within
the final bracket achieved by golden section search, although without the
same guaranteed accuracy.
Find the minimum of the function 1 — aexp(— «) by golden section search
to an uncertainty in & of within 0.1, Verify that o, =0, %, = 1.236, a3 =2
gives an initial bracket, and work to three decimal places. Also try the
effect of a single quadratic interpolation at these points.
Find the range of acceptable «-values for the Goldstein conditions, the
Wolfe-Powell conditions, and the conditions (2.5.1) and (2.5.6} in regard
to the function of the previous question for o =p =+ and o=p=4.
In the latter case, apply the line search of (2.6.2) and (2.6.4) with initial
values & = 0 and 1, and verify that an acceptable point is readily obtained.
Apply the line search methods of the previous two questions to the function
1—(50>—60 -+ 5)"! from the same initial z-values. Verify that golden
section search obtains a good initial approximation, but is relatively
slow in reducing the bracket.
Show that if the non-zero vectors sV, 8, ..., s™ are conjugate to a positive
definite matrix G, then the vectors are independent.
If S is a matrix with conjugate columns s, s ... ™ such that TGS =1,
show that the same is true of S if and only if § = SQ, where Q is orthogonal.
Show that the vectors s, i=1,2,...,n, defined by s’ = if j < i then j else
0 are conjugate with respect to the iridiagonal matnx G defined by G, =2
and G,;,,=G,.y,=—1Vi
For a quadratic function (1.2.11) show that
(a) a minimizet exists iff G is positive semi-definite and b ts in the range of
G,
(b} the minimizer is unique iff G is positive definite, and
(c) if G is positive semi-definite then every stationary point is a global
minimizer.
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2.20. Consider the C! quadratic spline

1—a* :
)= %( " )a"—a ila<t

Lot —1t—ata ifazt

where ¢* is marginally greater than ¢ and ¢ < p < 4. Show that its graph
intersects the p-line at «=1, but that there are no points that are
simultaneously acceptable in both (2.5.1) and (2.5.4).



Chapter 3
Newton-like Methods

3.1 NEWTON’S METHOD

In Section 24 a number of reasons are put forward for deriving a method on
the basis of 2 quadratic model. The most straightforward way of doing this
gives rise to what is usually known as Newfon's method. The quadratic model
is obtained from a truncated Taylor series expansion of f(x) about x®, which
can be writfen

f(xlkl + &)= q(kl(é;) :ffk) + gik)75+ %STG(M‘; (3.1.1)

where d=x—x®™, and ¢*'(#) is the resulting quadratic approximation for
iteration & Then the iterate x* 71 in Newton’s method 15 simply taken to be
x* 4 8% where the correction 6% minimizes ¢*(8). The method requires
zero, first and second derivatives of f to be available at any point, so that the
coefficients f®,g® and G% which define g™ (&) are available. Also since
¢™(8) only has a unique minimizer if G™ is positiwe definite, the method is only
well defined in these circumstances. In this case 8% is defined by the condition
that Vg®(™) =0 (Section 2.1), so by (1.2.14) the kth iteration of Newton’s
method can be written

(a) solve G¥g= —g® for =6,

(b) set x*¢ 71 =x® 4 K& (3.12)

Step (a) involves the solution of an n x n system of linear equations. This 13
most conveniently solved by factorizing G* = LDLT (see Section 2.1), which
also enables the positive definite condition to be checked. This requires
in® + O(n®) multiplications per iteration.

An example of the application of the methed to the function

FX) = x5+ x.%5 + (1 + x,)? (31.3)

from x‘* =(0.75, — 1.25)%, working 1o about ten significant digits, 1s given in
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Table 3.1.1 (the error h'™® is defined in (2.3.1)). The matnx G* is positive definitc
for all k in this example. This fact, and the convergence of the method at a
rapid rate which the example shows, are typical of what happens when the
initial point x(* is close to a local mimimizing point x*. In fact this behaviour
can be established rigorously as foilows.

Theorem 3.1.1

Assume thar feC? and that the Hessian matrix satisfies a Lipschitz condition
I1G(x)— G I <Akx—y| in a neighbourhood of a local minimizer x*. If x™ is
sufficiently close to x* for some k, and iff G* is positive definite, then Newton's
method is well defined for all k, and converges at second order.

Proof

The continuity propertics of f ensure that the Taylor series (1.2.19) for g(x*' + h)
about x can be written as

g(x* +h) =g + G*h + O(| hi?)
and h= —h™ gives
0=g*= ,g(kl — GO 4 O( Il h* ”2)

Let x® be in a neighbourhood of x* for which G* is positive definite and G¥ s
bounded above. Such a neighbourhood exists by Contlnulty of G(x). Then the kth
iteration exists, and multiplying through by G@ gives

0=~ 80— B + O( |1 |2) = — " ¥+ O( b))

by definition of h** ), Hence by definition of O(-) there exists a constant ¢ > 0
such that

I D] < el h® )2, (3.1.4)

If x*} is in a closer neighbourhooed for which ||h|| < «/c, where 0 <o < 1, then it
follows that |h®**2{ < a[|h™]i. Thus x**V is 1n the neighbourhood, and by
induction the iteration is well defined for all k and | h*'|| =0 Thus the iteration
converges and the order is shown to be second order by (3.1.4). [

An illustration of the second order convergence is provided by Table 3.1.1
If [[h** ),/ h® |2 is computed for k=2 and 3 then a value of close to 1.4
is observed in both cases. Higher precision would be required to sampie the
ratio for larger values of k. In passing, 1t is pointed out that a variation of Newton's
method exists in which the matrix G*1s not evaluated on every iteration, but the
factors from a previous iteration are used 1n its place. This saves effort in carrying
out the iteration, but slows down the overall rate of convergence. In general if the
Hessian is evaluated every m iterations then the ultimate order is reduced to
(m+ D)™ In practice my impression is that no significant advantage has been
demonstrated for such variations.
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The basic Newton method as it stands is not suitable for a general purpose
algorithm since G* may not be positive definite when x* 18 remote from the
solution. Furthermore even if G is positive definite then convergence may not
occur, in fact {f®} may not even decrease. The latter possibility can be
eliminated by Newron’s merhod with line search in which the Newton correction is
used to gencerate a direction of search

S — _ G{"’_lg”" (3.1.5)

(by solving G*s™ = — g®). This is then used in a line search algorithm (2.3.2).
In fact if G® and hence G¥  are positive definite then s can be
expressed by {2.3.10) and therefore 1s a descent direction. The discussion im
Sections 2.5 and 2.6 about when convergence occurs, and what'type of line search
should be used, is then relevant. [In fact it is possible to interpret Newton’s
method with line search in a different way (Fletcher, 1978) so that its domain
of definition is extended to include certain cases where G% is singular or has
one negative eigenvalue. However the counter-example which is outlined in the
next paragraph is still a fundamental difficuity.]

The main difficulty therefore in modifying Newton’s method arises when G®
is not positive definite. In most cases it is still possible to compute s% from
(3.1.5) and to search along +s%, the sign being chosen to ensure a descent
direction. However the stationary point of the approximating quadratic function
g"(8} is then not a minimizing pomnt, and the relevance of searching in such
a direction is questionable. In fact the function (3.1.3) provides a simple example
(due to Powell) that Newton’s method with line search can fail. If x = (0, 0)T
is chosen, then it can be verified that

0 0 1 -2
(0 _ () _ =
w=(ap ol o) =)

Since a search along + s!") changes only the x; component of x'*’, reference to
(3.1.3) shows that x, = 0 is the minimizing value in the search, and the algorithm
fails to make progress. The difficulty arises because s'""g"' =0, and the
directions + s are not downhill. Yet the function has a well-determined
minimizer (se¢ Table 3.1.1), and there is no difficulty in reducing the function,
for instance by a search along the steepest descent direction. Another example
of failure occurs whenever x* is a saddle point of f(x). Then s/ itself is zero
and no search direction is defined. Yet x*? is not 2 minimizcr, and for instance
a search direction which is an ¢igenvector of G with negative eigenvalue gives
a direction along which f can be reduced.

Clearly then some additional modification is required in order to determine
a method of general applicability. In order to make a critical appraisal of the
various modifications which have been suggested, the desirable features of an
algorithm, as set out in Section 2.3, should be taken into account. One possibility
(Goldstein and Price, 1967) is to revert to the steepest descent direction
s® = _ g% whenever G is not positive defimite. If this 15 done in conjunction
with the angle criterion (2.5.7), then it is easy to see that convergence to a
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stationary point can be proved (Theorem 2.5.1). However if this modification
operates successively for a number of iterations, then it is likely that the slow
oscillatory behaviour of the steepest descent method would be observed (Section
2.3). This feature arises because the information in the model quadratic function
(3.1.1) is ignored.

An alternative approch is to modify the Newton search direction (3.1.5) by
giving it a bias towards the steepest descent vector —g%. This is most
conveniently achieved by adding a multiple of the unit matrix to G* and
solving the system

G® 4 yIs® = — ik, 3.1.6
g

K G™ is close to being positive definite then it may only be necessary to add
a small multiple of I so as to give a good direction of search. In a sense therefore
this type of method uses the quadratic information to a large extent even when
G™ is not positive definite, and as a conseguence is more effective than the
Goldstein and Price (1967) modification. The idea of modifying matrices by the
addition of a multiple of the unit matrix dates back many years (Levenberg,
1944; Marquardt, 1963), although the first application to Newton’s method is
by Goldleld er al. (1966). Because of its importance, the subject is treated in much
more detail in Section 5.2 and it is shown that it is necessary to choose v in
(3.1.6) so that the modified matrix G® + vI is positive definite. The property
of convergence to a stationary point is again not difficult to estabtish. Even
these methods however do not make the best use of the available quadratic
information, especially in the vicinity of a saddle point (for example set g® =0
in (3.1.6)). It is possible to regard this type of method in a different way as being
a restricted step method, in which the model quadratic function (3.1.1) is
minimized subject to a restriction on the length of step. A model algorithm of
this nature is described in Section 5.1 and it is shown that global convergence
to a stationary point which satisfies the second order conditions (2.1.4) can be
established, and the order of convergence 1s usually sccond order. The possibility
of implementing this algorithm by using a2 modified matrix G* + I is
discussed in Section 5.2. Some numerical results are given in Table 5.2.1 which
show that the method is effective in practice. This approach is currently regarded
as the best for unconstrained minimization when second derivatives are readily
calculated.

Some authors (Murray, 1972; Hebden, 1973) have developed different
modifications in which a positive definite matrix G* + D (D diagonal) is used
to determine the search direction in (3.1.6). The modification occurs as the
matrix is being factorized, so that if 1t is recognized that the LLT facters do
not exist, then an ad hoc modification is made which enables the factorization
to proceed. An advantage of this approach is that the extra effort required to
calculate the factors when G% is indefinite is negligible. The method is
implemented in the NAG library by a subroutine developed by Gill, Murray
and Picken (1972). Unfortunately these metheds do not cater adequately for
the case 1 which x™ is close to a saddle point. Also it is in the nature of
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Murray’s {1972) method that qumte a substantial modification to the Hessian
can take place. To some cxtent this seems to have an adverse effect on the
performance of the method, as the comparative figures in Table 5.2.1 illustrate.

Another possibility for modifying Newton’s method is to compute a negarive
curvature descent direction of search when G™ is indefinite (that is a direction
which satisfies s®" G®s® « 0 and s%'"g*® < 0). This is first suggested by Fiacco
and McCormick (1968) who use LDLT factors of G™, and solve LTs® = ga,
where a; =ifd, <0 then 1 else 0. It is easily verified that s*"G®s® <0, and
6=t 1 is chosen so that s g® < 0. Unfortunately if G® is indefinite then
computation of the LDLT factorization 1s unstable, and it may not even exist.
However a similar way of computing negative curvature directions from a stable
factorization is given by Fletcher and Freeman (1977). Although the idea of
using negative curvature directions is in some ways attractive, Fletcher and
Freeman find that it is not satisfactory Lo use such directions on suceessive
iterattons and that to alternate positive curvature and negative curvature
searches gives better results in practice Other negative curvature search methods
have been given by McCormick (1977) and Goldfarb (1980), both of whom
show that any accumulation points of the algorithm satisfy the first and second
order necessary conditions of Section 2.1. Clearly then negative curvature search
methods are interesting and merit further rescarch to determine the best practical
approach.

Both methods which modify G* (as in (3.1.6)) and negative curvature search
methods have one less attractive aspect 1n that they lose certain invariance
properties (see Section 3.3) associated with Newton’s method and Newton’s
method with line search. However, Fletcher (1978) shows that it is inevitable
that this must happen to some extent. What is required is that the non-invariant
aspects of the algerithm do not operate too frequently and in such a way that
they degrade the efficiency of the method.

3.2 QUASI-NEWTON METHODS

The main disadvantage of Newton's method, even when modified to ensure
global convergence, is that the user must supply formulae from which the second
derivative matrix G can be evaluated. This is often a major disincentive to 1ts
use. However methods closely related to Newton’s method can be derived when
only first derivatives are available. The most abvious is a finite difference Newton
method in which increments #, in each coordinate direction e; are taken so as
to estimate G® by differences in gradient vectors. That is to say, the matrix G
whose ith column is (g(x® + he,) — g®)/h; is evaluated. Then G is made
symmetric by taking $(G + GT) and the resulting matrix used to replace G*®
in Newton’s method. Disadvantages of the method include the following. The
matrix HG + GT) may not be positive definite (requiring modification
techniques), n gradient evalnations are required to estimate G®, and a set of
linear equations must be solved at cach iteration. Nonetheless the method



50 Newton-like Methods

can be useful, especially on large sparse problems when the amount of
differencing can be reduced (see Curtis et al,, 1974). Also in these circumstances
the option of re-using factors of previous approximate G malrices might be
more advantageous.

The above disadvantages arc all aveided in the much more impertant class
of quasi-Newton methods, the introduction of which greatly increased the range
of problems which could be splved. This type of method is like Newton’s method
with line search, except that G™~1 is gpproximated by a symmetric positive
definite matrix H®, which is corrected or updated from iteration to iteration.
Thus the kth iteration has the basic structure

(@) set s® = — H®g®,
(b) line scarch along s™ giving x%* = x® 4 gk, B.21)
(c) update H™® giving H** 1),

The initial matrix H'" can be any positive definite matrix, although in the
absence of any better estimate, the choice H" =1 is often made. Potential
advantages of the method (as against Newton’s method) are:

(i) only first derivatives required (second);
(i) H® positive definite implies the descent property (G* may be indefinite);
and
(iii) O(n?) multiplications per iteration (n®).

Property (iii) can be achieved by maintaining an approximation to G ! rather
than G so that the solution of a system of equations at each ileration is avoided
(also see (3.2.16)). The storage requirement is for 1 n® + O(n) locations, which
is the same as for Newton’s method. Another advantage over some other
methods, for instance some conjugate gradient methods, 1s that there is no need
to restart the iteration periodically. In fact some quasi-Newton methods do not
have property (ii), but these are not the most important. Methods which do
maintain property (ii) are sometimes called variable metric methods (see Section
3.3).

Much of the interest lies in the updating formula which enables H** " to be
calculated from H®, This represents an attempt to augment H* with second
derivative information gained on the kth iteration. It is desirable that repeated
updating changes the arbitrary matrix H'! into a close approximation to G*® 71,
One way of doing this is the following. If differences

S0 = GOl — yth+ 1) _ gt (3.2.2)
y® = gkt L) __ g (3.2.3)
are defined, then the Taylor series (1.2.19) gives
J,ik) =GRgh 4 of| SH 1 (3.2.4)

The higher order terms are zero for a quadratic function and it is convenient
to neglect them. Since ™ and y™ can only be calculated after the kine search
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(3.2.1{b)) is completed, the matrix H* does not usually relate them correctly
(in the sense of H®y® ~ §* since H= G "'). Thus H** ! is chosen so that it
does correctly relate these differences, that is so that

H% 1yt = 500, (3.2.9)

This 15 sometimes catled the quasi-Newton condition. Various possible ways exist
of achieving this condition. Tn what follows the aim is to find something which
is simple and involves only a small amount of computation, and yet which is
effective.

Perhaps the simplest possibility is to have

H** D =H% L E%® =H¥ 4+ quu” (326)

in which a symmetric rank one matrix E® = quu® is added into H®. Note that
E#® = auu; so that E® can be calculated by n* + » multiplications only. Now
if (3.2.5) 15 to be satisfied, it follows that

H®p® 4 quuTy® = 50

and hence that u is proportional to 6% — H® %, Since any change of length
can be taken up mn a, u= &% — H¥y® g sct, in which case au¥y™ = 1 must
hold, which defines a. Thus the rank one formula 1s given by

(6 —Hy)(6 —Hyp)!
(6 —~Hy)'y

Note that superscript (k} has been suppressed on the right-hand side: this
convention is often adopted. The formula was suggested independently by
Broyden (1967), Davidon (1968}, Fiacco and McCormick (1968), Murtagh and
Sargent (1969), and Wolfe (1968a).

Table 3.2.1 illustrates the rank one method (i.e. the rank one formufa within
a quasi-Newton method), applied to minimizing the quadratic function f{x) =
10x% + x2 (see also Question 2.11). The quantities are tabulated in the order
in which they are evaluated and exact line searches are used. The table also
illustrates that the method terminates for quadratic functions with H®* 1 = G~ 1,
and this justifies the way in which the updating formula is motivated. Indeed
this resuit can be established in most cases as follows.

HE D —H 4+

(3.2.7)

Theorem 3.2.1

If it is well defined, and if 8V, 6®,... 8™ are mdependent, then the rank one
method terminates on a quadratic function in at most n+ 1 searches, with
H(n +1) o G- 1‘
Proof
In all these quadratic termination proofs the result is used that
7O = G §® (3.2.8)
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for a quadratic function with positive definite Hessian G (see (1.2.15)). First the
hereditary property that

H®yW =g =12 i1 (3.29)

s established by induction. It is true for i =2 directly from (3.2.7). Let it be
true for any i> 2. For any j <1 the symmetry of H® and (3.2.9) give

(89 — HO p)T§i) = T Uh _ 40T 50— )
by (3.2.8). Thus by (3.2.7)
HG+ l)y(ﬂ = H® ?’U) +0 =8

by (3.2.9). Also HO* Dy® = §9 directly from (3.2.7) so the induction is established
with i+ 1 replacing {. Then by (3.2.5) and (3.2.8)

50) = H(n+ 1)?6) — H{n+ ”Gé”’, = 1, 2’ ..,h

and since the 6 are independent it follows that H"*DG =1, that is
H"*tY = G~ 1, Therefore iteration » + 1 is a Newton iteration, so termination
occurs then, il not before. [

A feature of this proof is that it does not require exact line searches, and
indeed does not even require s = — H®g® to be used except on iteration
n+ 1. Table 3.2.1 however 1s computed with s*' = — H*®g® and with exact
searches, and this accounts for the fact that termination occurs after two
iterations, and not three as the theorem allows. Another feature is that condition
(3.2.9) is true not only for j=1i—1 (the quasi-Newton condition}, but also for
j<i- 1. Thus when f is quadratic the update also preserves the conditions
from earlier iterations (the hereditary property).

Curiously enough, the rank one formula was not the first updating formula
to be discovered. This is perhaps as well since 1t suffers from two serious
disadvantages, even when appled (o a quadratic function. It does not in general
maintain the positive defimte property in H®, and also the denominator in
(3.2.7) may become zero so that the algorithm is no longer defined. Moreover
numerical difficultics arise when the denominator is small. Therefore a practical
algorithm requires ad hoc saleguards to circumvent these dilliculties, which is
not entirely satisfactory.

A more flexible formula is obtained by allowing the correction to be of rank
two, and such a formula can always be wrilien

H** Y =HY + quu’ + bw',
Again the quasi-Newton condition (3.2.5) must be satisfied, giving
8% =HWy® + quu™y® + bwTy®, (3.2 10)

Now u and v are no longer determined uniquely. However, an obvious choice
in (3.2.10) is to try u = ™ and v=H®y®_ Then auTy® =1 and bvTy® = |
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determine ¢ and b. Thus

66T Hyy'H
é'y  y'Hy
is obtained after dropping the superscript (k) and using the symmetry of H.
This formula was first suggested as part of a method due to Davidon (1959},
and later presented as described here by Fletcher and Powell (1963}, thus
becoming known as the DFP formula (and methaod), hence the subscript DFP
in (3.2.11). An illustration of the DFP method applied to the simple quadratic
function f = 10x? + xJ is also given in Table 3.2.1.

The method was found to work well in practice, and has been used widely.
It proved to be much more efficient than the steepest descent method, and aiso
somewhat more efficient than the conjugate gradient methods introduced in
1964 onwards (compare the results in Sections 3.5 and 4.1). Early imple-
mentations attempted to carry out fairly accurate line searches. The coming of
low accuracy line searches in 1970 however showed the DEFP formula in a less
satisfactory light than other formulae which were beingintroduced, and currently
the DFP method is no longer preferred (see Section 3.5). However the method
has a number of important properties as follows:

HELD =H + (3.2.11)

(1) for quadratic functions (with exact line searches)
(i) terminates in at most n iterations with H" "V =G,
(i) previous quasi-Newton conditions are preserved (cf. (3.2.9));
(iii) penerates conjugate directions, and conjugate gradients when H*' =1;
(2) for general functions
(iv) preserves positive definite H* matrices — hence the descent property
holds;
(v) requires 3n? + O(n) muitiplications per iteration;
(vi) superlinear order of convetgence;
(vii) global convergence for strictly convex functions (with exact line
searches).

These properties are proved or referenced 1n a more general setting in Section
3.4. It is convenient here however to justify property (iv).

Theorem 3.2.2
If 6% y™ = 0 for all k, then the DFP formula preserves positive definite matrices
H®),

Proof

The proof is inductive and shows that zZ"TH"®z > 0 for all z # 0. The result is
true for H'™™ by choice. Assume it is true for some k z 1. Writing H® = LLT,
since Choleski factors exist, and if a =Lz and b=LTy, then

Hyy"H (a"h)?
T H-- ‘% —afa b 0
’ ( r"Hy )z AT b
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by Cauchy’s inequality. Since z # 0, equality holds only if aach, that is if zec y.
But since 6Ty >0,

887
z (ST;')Z> 0

with strict inequality if zec . The induction is then established with k41
replacing k, by expanding zTH"%*!z ysing (3.2.11), and using the above
inequalities. ]

It 1s important to establish that the condition 87 y® > 0 is realistic and can
always be achieved. For a quadratic function, using (3.2.8), 8% y® =
W GS™ = 0 since G is positive definite, and it can be seen that 8™ §® g
naturally associated with the curvature of the objective function along s®. For
a general function 80"y = g+ DT gk g gth apd g §® O holds by the
descent property. If an exact line search is used, (2.3.3) implies that g%+ D" §® = ¢
and so §®7 ™ > 0 agamn follows. However even for approximate line searches,
as long as condition (2.5.5) 1s imposed, it also follows that T y® = 0, Essentially
all that is required is to take the differences over an 1nterval for which the
curvature estimate is positive.

Yet another important formula was suggested by Broyden (1970), Fletchet
(1970a), Goldfarb (1970), and Shanno (1970), and is known as the BFGS formula

yTHy\ 887 syTH+ Hys"
Hirod = H+(l —”) 5T (”TTY"—) (3.2.12)
It can be motivated in the following way. If H™' is denoted by B (so that
B® = H®™! approximales G), then it can be verified (by establishing that
BiiradHiirad = 1) that
yy' B&&'B
T5 3Bs
This resembles the DFP formula (3.2.11) but with the interchanges B H and

¥+»8 having been made. Formulae related in this way are said to be dual or
complementary. Similarly it follows from (3.2.12) that

TRA TB B T
B0 B+(1 5?;)7’7’ (7”5 };’5 & ) (3.2.14)

BN =B+ (3.2.13)

In fact given any formula for H** Y the dual formula for BETY follows by
interchanging as above, and then a dual formula for HE* ! can be obtained
using the Sherman—Morrison formula (see Question 3.13). Of course taking the
dual operation twice restores the original formula. Also the quasi-Newton
«condition (3.2.5) is preserved by the duality operation. It can be estabiished that
the rank one formula is self-dual, and another self-dual formula which preserves
positive definite H matrices is given by Hoshino (1972) (see Question 3.14).
The BFGS formula in particular has been found to work well in practice,
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perhaps even better than the DFP formula. A simple illustration of the BFGS
method is again given in Table 3.2.1. It has usually been implemented in
conjunction with low accuracy line searches. Some computational experiments
are described in Section 3.5, where the current opinion that the BFGS methed
1s the ‘best’ quasi-Newton method is also discussed. As to the theoretical side,
propetties (1)—(vii) for the DFP method also hold for the BFGS mecthed. In
addition, global convergence of the BFGS method with inexact line searches
which satisfy (2.5.3) and (2.5.5) has bcen proved, a result which has not yet been
shown for the DFP method. These results are proved or referenced in a more
general setting in Section 3 4, except property (iv) which follows by applying
Theorem 3.2.2 to the dual formula (3.2.13).

The formulae which have been introduced so far by no means exhaust ail
the possibilities. In fact a one-parameter (¢) family of rank two formulae can
be generated by taking

HED = (1 — HHIHELD + pgHE D (3.2.15
it bFP BFGS

This family (the Broyden family) includes of course the DFP (¢ = 0) and BFGS
{¢ = 1} formulae, and alse the rank one formula (3.2.7) and the Hoshino formula
(¢ ==1/(1 F y"Hy/6" ¥)). The Broyden family is important in that many of the
properties of the DFP and BEGS formulae are common to the whole family.
in addition it can be developed naturally from the quasi-Newton condition and
certain invariance considerations which areintroduced in the next section. Many
of the theoretical properties of the Broyden family can be unified, and this is
done in Section 3.4. Some experiments which help to indicate which is the best
formuia to choose in a practical algorithm are set out and discussed in Section
3.5. Finally some different or more recent areas of research into quasi-Newton
methods are described briefly in Section 3.6.

Before finishing this section however two other important aspects of a
quasi-Newton method are described. One is the application te no-derivative
problems, in which finite difference approximations to first derivatives are used
to estimate ¢lements of the vector Vf (see (2.3.8) and (2.3.9)). This idea was
tried by Stewart (1967) who suggested a modification of the DFP method, and
later by Gill and Murray (1972) in the context of the Broyden family. One
obvious question which arises is how best to carry out the line search (Section
2.6}. Other considerations include how the differencing interval k is to be chosen
and when to use forward differences (2.3.8) (for efficicncy} or central differences
(2.3.9) (for higher accuracy). Assuming that reasonable decisions of this type
are made, then in practice the methods currently secem to be superior to the
conjupate direction methods of Section 4.2,

Finally the question of how best to represent the approximating matrix H*
or B®=H"™"* is discussed. In early work H® ~ G~' was chasen since this
avoids solving the system of equations

BWs® = gl (3.2.16)

which would arise if B® were selected. A more recent idea, pioneered by Gill
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and Murray (1972), is to represent B by the factors LDLT where L is unit lower
triangular and D 15 diagonal and positive definite. This method is viable since
it is possible to update the factors in G(n?) multiplications (that is to compute
new factors L1 and D*' Y from L® and D™ so that BV =H& 1! =
LEHDDE DLEHIY) Then (3.2.16) can be solved merely by a forward and a
backward substitution. The rank two change in B® can be achieved by writing
it as the sum of two rank one changes, and using the updating methods of
Fletcher and Powell (1974) or Gill and Murray (1978a). However for the BFGS
method there 1s an even more eflective update described by Powell (19835¢). The
advantage of using factorizations 1s claimed to be that round-off errors are
controlled hetter, and that it 1s ¢asier to recogmize and correct an ndefimte
matrix {by making D; > 0). Thus these representations have been used 1n many
recent implementations of quasi-Newton methods. However some recent
research (see Grandinetti, 1979, for instance) claims that even on ill-conditioned
problems no practical advantage in using factorizations can be detected Further
research can be expected here.

3.3 INVARIANCE, METRICS AND VARIATIONAL PROPERTIES

The possibilities for quasi-Newton formulae are endless. yet none have been
found which improve significantly on the DFP and particularly the BFGS
formulae. In this section some theoretical results are derived which help to
explain this fact. The formulae have some invariance properties related to affine
transformations which are described and their significance is discussed. Likewise
there are some relevant varational properties which are considered later 1n the
section.

It is instructive to consider the effect on any Newton-like method of making
an dffine transformation of variables

y=Ax+1a (3.3.1)

in which A is non-singular. The transformation is one-lo-one and the inverse
transformation is X = A7 '(y —a). Thus f'(x) can be regarded as being computed
either from x (f(x) say) or from y (f,(y) =f.(A~'(y —a)) say). The chain rule
gives

8 ay 8 2
8x; ; 0x; 0y, ; * 0y,

so that V, = ATV,. Operating on f gives V, f=ATV_f or
g.=ATg, (3.3.2)

{using an obvious notation g, =V, f, etc.). Likewise operating on g, gives
V.gr=A'V,g/Aor

G, =ATG,A. (3.3.3)
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Thus (3.3.2) and (3.3.3) relate derivatives in the x and y coordinate systems.
Consider any Newton or Newton-like method in which H is equal to or
approximates G~ 1. Then the following theorem holds.

Theorem 3.3.1
If H® transforms according to (3.3.3), that is if
H® = A"'HPA™T, Vi, (3.34)

then a Newton-like method with fixed step o™ is invariant under the rransformation
(33.1).

Proof

The proof is inductive and shows that the sequences {x%} and {y*} satisfy
{3.3.1)for all k. The result is true for k = 1 by choice of y'*. Assume y* = Ax® 4+ a
for some k = 1, and let the Newton-like method be applied in both the x* and
y® variables. Then

X6+ = 5@ _ GOk

and
K1) oyl _ o 0 ) )
y§ = y = a( Hy gfv
=Ax® +a— aWAHPATA Tg¥
=Ax**D1a

which completes the induction with k- 1 replacing k. [0

Corollary

A method is also invariant if «® is determined by tests on f®, g™7s® or other
invariant scalars.

Proof

f is invariant by definition. gls,= —glH, g, = —glAA T 'H, A "ATg =gls,
and so is nvanant. [

It follows directly that Newton’s method and Newton’s method with the line
search of (2.6.2) and {2.6.4) are invariant. However the steepest descent method
is not invariant since H=1 does not transform correctly. Likewise modified
Newton methods are not usually invariant because G + vI does not transform
correctly when v >0, For quasi-Newton methods, if H!? =1 is chosen, then
invariance also does not hold. However, assume that H'! is chosen so as to
transform correctly, for exampte by H") = G(x'")7%, or H? = [2AMAHT] 1
4sin (6.1.8) (not the same A as in (3.3.1}). Then to prove invariance it is necessary



Invariance, Meitrics and Variaticnal Preperties 59
to show that the updating formula preserves the transformation property (3.3.4).
Consider the DFP formula in the x-coordinates

8,67 H.y.7'H,
drr.  riH,7,

HE U= H, +

Pre- and post-muitiplying by A and A', and using A§, = §, (from (3.3.1)) and
7.=ATy, from (3.3.2), it follows that AH®PAT=H{ implics AH{ AT =
H¥* Y, Thus the DFP formula does preserve (3.3.4). A similar result follows for
the BFGS formula, and 1 fact for any formula in which the correction is a sum of
rank one terms constructed from vectors 6 and Hy, multiplied by invariant
scalars.

It is important to discuss the sigrificance of the invariance property. It suggests
that an invariant algorithm 1s ‘not easily upsct by a problem in which G is ill-
conditioned, because one can implicity transform to G = I without changing the
methods. The steepest decent method, which 15 not invariant, performs badly
when G 1s ill-conditioned. In quasi-Ncwton methods the situation is less clear
when H'" =1 is chosern. However after n iterations H** %' =~ G®* V" and the
method then becomes close lo one in which invanance 1s preserved. Of course if
H"*Y were replaced by G®*""' then the method would subsequently be
invariant. This is only true for those quasi-Newton formula¢ which maintain
properiy (3.3.4), and suggests that thosc formulae which de not maintain (3.3.4)
may have difficulty in solving problems in which G is ill-conditioned.

When using methods which are not invariant, it can be advantageousto find a
lincar transformation which improves the conditioning of the probiem. To
transform to coordinates in which G, =1 requires from (3.3.3) that G, = A"A; for
instance one could use AT = L, the Choleski factor of G,. Unfortunatcly this just
leads to Newton’s method in circumstances where G is positive definite and so
docs not help much. (Except that it indicates that the Newton stepisequivalent to
a untt stcepest descent step in the transformed coordinates.) However, it is often
possiblc to improve the conditioning by the lesser aim of scaiing the variables. To
achieve this A is chosen to be a diagonal matrix (and a = 0) so that A2 estimates
G, Then G, =A"TG_ A is required to be close to Tin some sense; perhaps in
that G; = 1 for alli. It 1s not usually necessary to perform the scaling explicity, but
rather toreplace Iin the methods by a suitable diagonal matrix. Thus the steepest
descent or quasi-Newton methods can be improved by choosing H = A2
rather than L Similarly the modified Newton method can be improved by using
G + vA? rather than G + vL It may be possible to choose A in such a way that the
resulting method is invariant under scaling although not under a more general
linear transformation. This 18 usually an improvement

The behaviour of certain metrics is also related to this discussion. For instance
Euclidean distance

Iy =yl = I =1l

is not preserved in a general transformation of the form (3.3.1). (v” and ¥’ are
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the images of distinct points x and x" under the transformation) However in
terms of the metric

Ihl = /(h"Gh) (3.3.5)
where G(= V2f) is positive definite, then

1y = ¥llg, = I1x" = X'llg,

so distance measured in terms of this metric is preserved in the transformation.
This also relates to the invariance of methods. One possible way of defining
the steepest descent direction is to let X, minimize fix) on a ball of centre x’'
and radius r. Then lim, _ 4(x, — X')/| X, — X' ||, is the normalized steepest descent
direction at x’. Since this depends on ||-||, it is not 1nvariant. Likewise 1t can
be shown that the Newton direction (normalized to sTGs = 1) is defined when
|-l is used. Since |||, is invariant, so is the resulting direction. Also it shows
that Newton's method takes a step 1n the steepest descent direction with respect
to ||-|lg. Likewise a quasi-Newton method takes a step in the steepest descent
direction with respect to |- ||g, where B=H !, Hence the term variable metric
method s used for quasi-Newton methods in which B® is positive definite and
changes from iteration to iteration.

Another interesting result for the BFGS and DFP formulae 15 that they
possess a so-called variational property. When updating H* in a quasi-Newton
method it is desirable that H**D should be symmetric and satisfy the
quasi-Newton condition (3.2.5), but there is still 2 lot of freedom in the choice
of H** 1 Tt can be argued that this [reedom should be taken up by making
H**1 a5 close as possible to H*® in some sense, whilst satisfying (3.2.5). The
reason for this 1s that if some sccond order information (heredilary propertics
ctc.) has been built up in H® then it is undesirable o make arbitrary large
changes to H* which might corrupt this information. Thus the idea is suggested
of deriving an updating {ormuia which minimizes some measure of the correction
to H®), subject to symmetry and to (3.2.5) holding. To get an invariant formula
out of this process it is necessary to use a measurc with an mvariance property.
A measure which allows this and. yet is convenient to handle is the weighted
Euclidean norm |- |, defined by

IAlw & W' PAWY2 I = trace WATWA {3.3.6)

where W is a symmetric positive definite matrix. The BFGS and DFP formulae
can be deduced directly as a consequence of using such a measure. This result
is due to Goldfarb (1970) consequent on ideas of Greenstadt (1970).

Theorem 3.3.2

If the BFGS formula (3.2.12) is written as H* ™ = H + E where H is symmetric,
then E solves the variational problem

minimize | E
e Hw (3.3.7)
subject to ET=E and Ey=1g
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where i = 6 — Hy and where W also satisfies Wé = y.{The constraints in{(3.3. 7y are
symmetry and the quasi-Newton condirion respectively.)

Proof

The problem is a4 convex programming problem so 1t is sufficient to find E to
satisfy first order conditions. After squaring the norm, a suitabie Lagrangian
function is

£ = jtrace WE'WE + tracc ATE" — E) — 1'"W(Ey — 1)

where A 15 a Lagrange multiplier matrix for the Lonstraint ET = E (use of the
trace is just a convenient way of summing A (EL — E,)) over all i,j) and ATW
is a vector of Lagrange multipliers for the comtramt Ey=1 % must be
stationary with respect to B, A and A. Setting derivatives with respect to A
and A to zero just gives the constraints in (3.3.7). For derivatives with respect
to E, 0E/0F,, = e,e] so in this case

39 |0E;, = {traccWe,;e] WE + trace WE "We,e]
+ trace Aleef —ee])— i "Weely =10
or, using symmetry and invariance of the trace to cyclic permutations,
HWEW] +A,— A, =[Wiy'l;
Transposing and adding eliminates A Lo give
WEW = Wiyl +y1™W,
and using Wé = y and the nonsingularity of W 1t follows that
E=y8"+61" (3.3.8)

Thus the result that the correction is of rank two is seen to arise naturally out
of the analysis. It is now possible to solve for A using the constraints of (3.3.7).
Substituting {3.3.8) into Ey= iy and rearranging gives

=(g—84i7y)/8"y 33.9)
Postmultiplying by yT gives ATy =3¥"51/8 "y so (3.3.9} becomes
A=(g—367"n/6 y)/ 6%y = Hy—38(y'Hy/87y))/8"y.

Substituting this into (3.3.8) gives the correction defined by the BFGS formula
(3212, O
Corollary

If the DFP formula (3.2.14) is written as B**Y =B + E where B is symmetric,
then E solves the variational problem

minimize | E ||,
E
subject to ET=E and Ed§=¢£
where § =y — B& and where W satisfies Wy = 6.
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Proof

This is the complementary result to (3.3.7) obtained by interchanging
B—H and <y in the theorem. ]

Thus it can be seen that the BFGS formula is one in which the correction to
the inverse Hessian approximation H is minimal, whereas in the DFP method
it 1s the correction to B. The correct invariance properties in each case are
obtained by imposing an appropriate condition on W in the definition of the
norm. Observe that it is not necessary to know W directly, but only that it
satisfies W& = y say in the case of the BFGS formula. There are vanious matrices
which could be used for W, for instance any Broyden family update B%* " or the
averaged Hessian matrix

L
j G(x* + #6")do
0

when these matrices are positive definite. The minimum value of |E |y itself
tan also be obtained {see Question 3.17) and has been used for exampie by
Al-Baali and Fletcher (1985} as a way of estimating errors in Hessian approxi-
mations. There are many other interesting applications of variational methods
in deriving updating formulae: more are mentioned in Section 3.6. Another
interesting idea examined in Question 3.18 is just to follow the above theory
but without the symmetry constraint. An unsymmetric rank 1 formula is
obtained that is always well defined and has termination and conjugate direction
properties for quadratic functions.

34 THE BROYDEN FAMILY

As demonstrated in Section 3.2, there is only one symmetric rank one formula
which satisfies the quasi-Newton condition (3.2.5). Consider thercfore symmetric
rank two correction formulae (assuming n 2 2) which for reasons of invariance
are constructed from vectors 6 and Hy. The relevance of using rank two
formula is suggested by the variational result in (3.3.8). The general formula is

H**V =H+as8" + b(Hyd" + 6y"H) + cHyy™H 3.4.1)

after suppressing superscript (k) on the right, and using the symmetry of H. If
condition (3.2.5) is to hold, then equating terms in & and Hy gives the equations

1=aé%y+by'Hy

342
0=1+b8"y+cy™Hy. (4.2

These two equations relate the three unknown parameters a, b, and ¢, leaving
one degree of freedom. To isolate this convenicntly b= — /8"y is set, in which
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case after eliminating «, b, and ¢ from (3.4.2) and (3.4.1}) it follows that

66" Hyy'™H

HEHD = | 4 et A S ¢ 3.4.3
* 'y y'Hy ¢ (34
=HEELY + vl (34.4)
where
& Hy
v={yTHy)?| — — —— |. 3.4.5
{(r'"Hy) ( 5Ty yrﬂy) (34.5)

An aiternative rearrangement which emphasizes the rank two correction
property is

(1 +oy™Hy/6Ty)6Ty  —¢/é'y

(k+1) _
H, H”‘S’H”[ — 4"y b — 1y/y Hy

] [, Hy]".
(3.4.6)

It is not difficult to see that these formulae correspond to (3.2.15), so that the
Broyden family of formulae (Broyden, 1967), generated by the parameter ¢, has
been established by this approach.

T( is mentioned in passing that more general formulae have been suggested,
for which some of the results of this section aiso held. Huang (1970) gives a
three-parameter family in which H is allowed to become unsymmetric, and in
which the quasi-Newton condition is replaced by

HE+ D) — 50500 {34.7)

A special case is the two-parameter symmetric Huang family, n which H is
symmetric, but (3.4.7) holds, and this is of some interest, for instance p'™ # 1
might be a useful choice on non-quadratic functions (Biggs, 1973). This idea
also features indirectly in some other methods in Section 3.6. However the
Broyden family {that is p™ = 1 for all &) is by far the most important.

The expression (3.4.4) 1s important since it shows that all formulae HY " in
the Broyden family differ by a multiple of the rank one matrix vw'. Because the
eigenvalues of H + ¢vv" interpolate those of H from above if ¢ >0 and from
below if ¢ <0 (Wilkinson, 1965), it follows from Theorem 3.2.2 that Hf "V
maintains positive definiteness for any ¢ > 0. In fact this is true for any ¢ > ¢,
where ¢ is the value which causes Hg‘“) to be singular, and is given (see
Question 3.14, and equate the denominator of € to zero) by

- 1
=4 R (3.4.8)

If H® is positive definite it follows by Cauchy’s inequality that ¢ < 0. f ¢ < ¢
is chosen, then H** ) is indefinite. When exact line searches are made, a further
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property of ¢ emerges. From the definition s**1 = — H** Ugk* 1} tnoether
with (3.4.3) and {2.3.3) it follows that
Ts
g+ 1) v{yTI}jI?_”’" - qvag} (3.4.9)

after a little manipulation, and suppressing the superscript (k). It is clear from
this that a so-called degenerate value of ¢ exists which causes s®**7 = 0, so that
the algorithm fails. In fact this is the value ¢ = ¢ in (3.4.8), since if g*" %0
then 8** 1 can only be zero if H** Y is singular.

Equation (3.4.9) has another fundamental implication. It shows that when
exact line searches are used, then the effect of different choices ¢™ is just to
change the length of s**1 and not its direction. Thus 1t can be expected that
a2 method using any updating formula from the Broyden family {a Broyden
method, say) will be mdependent of o™ to some extent. In fact it is shown in
Theorem 3.4.3 that if exact line searches are used then the sequence {x™} is
mdependent of the choice of the sequence {$%'}. even for general functions. In
many cases Ltherefore it is possible to state results which hold for any Broyden
method. A number of such results are now proved. The possibility that there
exist degenerate values of ¢ which cause the algorithm to fail must however
be borne in mind. It 15 assumed that these values are avoided, so that the
algorithm is well defined with H® existing, and that g* # 0 implies % %0,
g®7s™ = () and hence o™ # 0. These conditions follow immediately if ¢*' > $™®
because H™ is then positive definite for all k, and this 1s by far the most
important case. However the above assumptions do enable the results to be
stated in slightly more general terms. The degenerate value ¢ above is not the
only degenerate value and this question is considered further by Flctcher and
Sinclair (1981). The first two theorems therefore relate to any Broyden method
with exact line searches, applied to a positive definmite quadratic function with
Hessian G, and avoiding the use of any degenerate values. The first theorem
establishes a hereditary result (3.4.10), a conjugacy property {3.4.11), and the
existence of an iteration m {< n) after termination occurs with g *4 =0,

Theorem 3.4.1

A Broyden method with exact line searches terminates after m < n iterations on
a quadratic function, and the following hold for all 1=1,2,.. ., m.

HOHDy0 = 50, j= 1,2, (3.4.10)
sV'Gsh =0, j=12. .i—1 (34.11)

Also if m=un, then H*TD = G~ 1.

Proof

Trivial for m = 0. For any m such that 1 < m < n, equations (3.4 10) and (3.4.11)
are established by induction. For i =1, (3.4.10} holds by substitution in (3.4.3)
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and (3.4.11) holds vacuously. Let them be truc for some i, 1<i<m. Since
g™ 5t 0, the iteration 1s well defined with s“* " #£ 0 and «¥*V # 0. Foranyj < i
__g[i+1)TH(i+ ”y”’ _gli+1)T5[j)

i+ DT el) — = =
S Gs¥ = ol = P =0

by (2.4.2). Hence (3.4.11) is true with i -+ 1 replacing i. Also by substitution in
(3.4.3), At Dyt L = 5040 and for any j<i, HU 2y =H Dy0 plus terms
multipiied by the scalars y* " V' HCT Dyl or g+ D790 Using (3.4.11) with
1 replaced by i+ 1, and (3.4.10), both scalars are zeto, and so HUP 2yt =
H* VyW = U for both j<i and j=1i+ 1. This is (3.4.10) with i replaced by
i+ 1, so the induction is complete. Since the vectors s, i=1,2,...,m, are
conjugate, so m < n follows by Theorem 2.4.1. I m = n, then (3.4.11) and 0@ #0
imply that the vectors 6. i=1,2, .., n, are independent, so that (3.4.10} implies
H®#*1 =G~ as proved in Theorem 3.2.1. [

The next theorem applies when H''' =1 and establishes both a precise value
for m and equivalence with the Fletcher—Reeves conjugate gradient method
{and hence with other conjugate gradient methods). The result of Theorem 4.1.1.
18 assumed. Quantities relevant to the conjugate gradient algorithm adre
subscripted CG.

Theorem 3.4.2

IFHY =T and x* = x{, then the Broyden method with exact line searches is
equivalent to the Fletcher— Reeves conjugate gradient method when applied to a
quadratic function, and m is the number of linearly independent vectors m the
sequence

g, Gg®, G2, (34.12)

Proof

Trivial for m =0. For m 2 1 the following are established inductively. For any
l=rsm

{g'V, g,...,g"}1san orthogonal basis for a linear space, S;say (3.4 13)

(s, s, .. st} is a linearly independent basis for S, (3.4.14)
(g™, Ggh,...,G" g is a linearly independent basis for §;  (3.4.15)
H%=u VueSi={v.v'w=0 YweSs, (3.4.16)
st o 50, xlH L= it glitt) = gt} (34.17)

These conditions are readily established when i = 1. Assume they are true for
any ;1 <i<m Now (41.5), (24.2), and (3.4.14) imply that gi*VeS;. Since
gl oL 0 g0 (3.4.13) is true for i + 1 replacing i, and also iteration i + 1 of both
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algorithms is well defined with 2% 1 20, Since by (4.1.3), st& " has a non-zero
component of gt 4, it follows that (3.4.14} is true with i + 1 replacing i. Now
consider 6 expanded in terms of the basis (3.4.15). Since §9¢85; and ¢5,_, 1t
follows that the component of G~ !g!"? is non-zero. Then by (3.2.8), gé+ ' =
G6% + g implies that G'g'VeS,;,, and has a non-zero component of g+,
Thus (3.4.15) is established with i+ | replacing i. Next. let ueS),; so that
H%* Uy = H%y plus terms multiplied by the scalars 8w and " H%u, Clearly
6Pe8., . Also HOp® = HOgt+ D 4 ¢ — gti+ 1) o ¢ by (3 4.16) since g" " MeS],
so H9¥WeS, .| Since ueS;,,, both scalars are zero. Hence H " Yu = H%u =u
by (34.16}, so {3.4.16) is cstablished with i+ ! replacing i. Then by (3.49),
s¥F Vo v which is a linear combination of 8¢ and H®y", As above, % and
H@yltes, | sos+Ues, | Since sifYeS, it follows [rom (3.4.17) and the
conjugacy conditions (3.4.11) for s®*" that s*"Vecslt". By assumption
s“* V30, so by the exact line search and (3.4.17) it follows that x¢* 2 = x{it?
and so (3.4.17) is established with i + | replacing i, completing the mduction,
Finally by definition of m, g* " = G&"™ + g = 0 so it follows that the set
(g, Gg'"),..., G"g™M! is linearly dependent. But by {3.4.15) with : = m, the set
{g', Gg'V, ..., G™ gV} is linearly mndependent. Hence (3.4.12) follows. [}

Corollary
If H'Y is any positive definite matrix then the property
gHWgW =0, j=1,2,...,i—1 (3.4.18)

holds for all i=1,2,.. ,m, and m is number of independeni vectors in the
sequence

gV, GHgl} (GHM)2g(V), (3.4.19)

Proof

These resulits are obtained by making a transformation of vanables from
HY =H" to HV =T by writing H" =A7*A"". Then the results (3.4.13)
and (3.4.12) 1 the y-variables, and the invariance result of Theorem 3.3.1 and
its corollary, imply that (3.4.18) and (3.4.19) hold. O

In fact the independence of the Broyden method to changes in ¢ goes far
beyond quadratic functiens, as a surprising theorem due to Dixon (1972) shows.
Tt is stated in the following form (Powell. 1972a) which also illustrates a special
property of the BFGS formula.

Theorem 3.4.3

W hen applied to any C' function, a Broyder method with exact line searches has
the property that for all k =1

x** D and MESY are independent of ¢t p@, ., o 1) (3.4.20)
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assuming thar multiple local minima in the fine seavch are resolved consistently,
degenerate values of ¢ are avoided, and the algovithm is well-defined. [ By HE&LY
is meant the result of applying the BFGS formula to H®, whereas H** 1) implies
using a Broyden family update with parameter $*.]

Proof

The result is clearly true for & = 1. By induction, let 1t be true for any k= 1.
Then by (3.4.9) the direction of s** 1 does not depend on ¢®. Also since
st o — Hikt Do+ 1 4t follows that the direction of s** 1 does not depend
on ' P . p* U by (3.4.20). Thus by the exact line search, x*** (and
hence 8% "1 and y*+ V) are independent of ¢, pP.. ., H*™. Now

(k+ 1}, dk+1)T (k+1)eclk+1)T

HE 2 — 28 T N 6T
¥ - T T

5(ﬁ+1} y(k-Fl) y(k+l] 5(k+1)

6(k+1)6(k+ nT
+ 5'(}?_1'}"1';6? 1
and
HE+ 1 = H}f;(;g + ((b(kl - |)‘,(k)‘,(k)T.

Since (I — §* Dyt DT gl DY &1y yppihilates 8% and hence v® (by
(3.4.9)), it follows that Hi X can be defined in terms of HiY, 6%*Y,
and y** % alone, and so is independent of ¢, ¢, ..., 6™ by (3.4.20) and the
definition of H¥'X. This completes the induction. [J

This result is important not only in 1ts own right, but as a means of extending
convergence and order of convergence resulls for any one formula to cover the
whole Broyden family. One such result due to Powell (1971, 1972b} is that if
[ (x}is convex, then the DFP method with exact line searches converges globally,
with supcrlinear convergence if G* 1s positive definite. As a consequence, for
general functions there usually exists a neighbourhood of the solution x* in
which f(x) 1s locally convex, and in which the above result 1s applicable. What
happens outside this neighbourhood is an open question, although for n=2
Powell {1972b) has proved global convergence of the DFP method. Theorem
3.4.3 extends these results to any Broyden method, in the general function/exact
line search case.

All these results are idealized mn that an exact line scarch cannot be achieved
in practice for general functions, so it is important to consider what results are
common to all Broyden methods when inexact line scarches are used. For
quadratic functions Theorem 3.2.1 shows that the rank one method will
terminate. However, for all other formulae, including DFP and BFGS,
termination does not generally occur, since the exact line search condition (2.3.3)
is needed in the proof. However, Powell (1972¢) has somc termination results
for Broyden methods when some searches are exact and some are not, the nub
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of which is that an inexact scarch cannot delay termination for more than one
iteration. This 1s important since in practice inexact search algonthms will carry
out an interpolation (and hence give an exact line minimum for a quadratic) if the
reduction in f is not satisfactory. Thus aithough it may be possible to suggest
modified algorithms which retain termination (see Section 3.6), it may be that
the lack of a termination proof 1s not disadvantageous.

All the results so far emphasize the umity of the Broyden family. whereas
what is required 1n practice is to know which particular ¢* to use on any
iteration. Of course 1t is preferable to choose p® > ¢® so that positive definite
™ matrices, and hence the descent property, are preserved; but some more
specific indications are required. For quadratic functions Fletcher (1970a) shows
that the eigenvalues of G2 H® G2 tend monotonically to 1 (but not strictly)
if and only if the ¢™ Tie in [0, 1] (the convex class of formulae). This suggests
that stable updating formulae are confined to the convex class, the extreme
elements of which are the DFP and BFGS formulae. Fletcher aiso suggests
switching between the DFP or BFGS formulae according to a test which has
some 1nteresting interpretations. The Hoshino (1972) formula 15 also i the
convex class since ¢ = 8" y/(67y + y"Hy). For general functions a proof of
superhnear convergence for the DFP and BFGS method has been given by
Broyden, Dennis and Moré (1973) when the choice 2% =1 is made at each
iteration Stoer (19735) gives similar results for the convex class when an inexact
search is used which satisfies (2.5.5). Thus it seems likely that the practical choice
of an updating formula should be from the convex class.

There are however some indications that the BF'GS formula alone may be
preferable. For general functions and exact line searches Theorem 3.4.3 shows
the umque feature of the BFGS formula, that Hiyoy is independent of ¢V,
¢, .., % Y 50 that an application ol this formula cancels out the effcct of
any previous ‘bad’ cheices of @. For inexact scarches subject to conditions
(2.5.3yand (2.5.5), Powell (1576) proves global convergence for a convex objective
function. He also shows that the order of convergence is superlinear if G* is
positive defimite. As yct this global convergence result has not been demonstrated
for other formulae. Another pointer to the use of the BFGS formula is given
by Powell (1985d) who shows that the worst case behaviour of the DFP method
on ¢ertain simple quadratic functions is significantly inferior.

All these theoretical pointers are nonetheless tentative, and the question of
global convergence of any Broyden method for general functions is as yet open.
The best practical choice of method therefore depends strongly on experi-
mentation, and this is taken up in the next section.

35 NUMERICAL EXPERIMENTS
One of the most important aspects of algorithmic design is to try oul algorithms

on well chosen test problems In this section some such experiments are described
and, even though they are not very extensive, they give a good guide in answering
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such questions as which updating formula to use, or how accurate a line search
to take, and so on. The results also show some of the difficuities of assessing
numerical evidence. Three test functions have been used which are well known
and are not atypical of real applications. Rosenbrock’s function (1 2.2) has only
two variables but is difficuft to minimize on account of a steep sided curving
valley. The other functions are the Chebyquad lunction (Fletcher, 1963), which
arises from an application to Chcbyshev quadrature, and the trigonometric
{unction (Fletcher and Powell, 1963). These latter probiems have the feature
that the dimension n of the problem can be altered at will. In particular this
feature has been used with the trigonometric function to explore the performance
of methods on relatively large problems,

To avoid testing all possible combinations of updating formula and line
search, a standard method has been taken and the effect of changing this in
different ways is examined. In the standard method the BFGS formula 15 used,
together with the line search of {2.6.2) and (2 6.4). Cubic (where possible) or
quadratic interpolating polynomials are used as described in Section 2.6 to
choosc points in the allowed intervals. The parameter valucs arc thosc given
in Section 2.6 except that t, = 0.05 is used. The convergence test (2.3.7) is used
with & = 107® The initial estimate «, is determined by {2.6.8).

First of all, some explanation of the tables is in order. Each entry consists
of three integers which give the numbers of (iterations, f evaluations, g
evaluations) required to solve the problem. Also 1l the accuracy f— f* < 1078
15 not achieved a code letter is attached: a if f— f*e(1078,107%], b if
f—f*e(107%,107*], and so on. A bar (for example d)indicates that the ileration
has been terminated by having reached the maximum permitted number of hine
scarches. The prescnce of 4 Ictter thus indicates either a low accuracy solution
(a), or complete failure (), or something in between. The three integers represent
some measure of the effort required to obtain the solution. Each iteration
requires two matrix multiplications and a matrix update, so the number of
iterations { x n?) is a measure of the housekeeping operations required by the
minimization subroutine. The numbers of f and g evaluations are a measure
of the effort taken in the user subroutines. How these figures are assessed is of
course open to debate, but it is usual to discount the housekeeping costs since
these are not usually dominant, and to weight the g figure more heavily than
that for f. The more simple measure of comparative computer times is not
usually used, since lest functions are oflen alypical in being easy to evaluate,
and this distorts the comparison in favour of the housekeeping costs.

Table 3.5.1 summarizes different experiments in which a {airly accurate line
scarch is used (o = 0.1). Here the BFGS and DF P methods are shown to perform
very similarly and the same is also truc (not shown) if other formulae are used.
This supports the predictions of Dixon’s result (Theorem 3.4.3) that the iterative
sequence {x™} is the same in the limit. It also shows that the cost of finding
the ling minima does not vary significantly {rom method to method. In the other
experiment in Table 3.5.1 the Wolfe- Powell conditions are used in which the
two sided test (2.5.6) is replaced by the weaker one-sided test (2.5 4). There is
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Table 3.5.1 Results with fairly accuratc line ssarch (o0 = 0.1)

Problem BFGS + Wolfe-
n BFGS DFP Powell conditions
Rosenbrock
2 21 56 50 21 59 54 21 41 37
Chebyquad
2 3 6 5 3 6 3 5 7 7
4 7 13 11 3 14 12 7 13 11
6 g 20 18 16 19 17 12 21 17
8 18 42 32 | 17 37 33 17 3l 26
Trigonometric
2 5 9 8 5 g 8 [} 8 7
4 11 22 18 11 21 18 11 21 17
& 14 29 2 | 14 28 25 14 29 24
8 14 29 23 14 26 24 21 37 31
10 18 37 30 17 34 28 20 32 29
20 29 58 47 | 30 61 50 43 70 64
30 45 89 81 45 03 85 73 124 114
40 56 112 102 | 57 128 118 65 112 102
50 6l 115 108 | 6l 117 110 112 187 177
Table 3.5.2 Inexact line search resuits (¢ = 0.9)
Problem Fletcher
A BFGS DFP switch Hoshmo
Rosenbrock
2 36 45 40100 118 112d | 39 45 41| 38 44 40
Chebyquad ’
2 3 6 53 6 3 3 6 3 3 6 5
4 w0 13 11 1 13 11 0 13 11|10 13 11
b 18 22 19 22 25 23 I8 21 1919 22 20
3 19 29 22 34 39 135 25 30 26|20 26 23
Trigonometric
2 6 8 7 6 8 7 0 8 7 6 8 7
4 14 19 16| 18 23 20 4 19 15,15 20 17
6 16 22 19; 17 22 19 16 21 18| 16 21 18
8 25 31 260 25 33 29 26 32 28| 27 33 28
10 22 30 26| 24 31 28 2 20 26| 22 30 27
20 44 57 49109 121 114 46 58 51| 48 60 53
30 B0 93 86300 311 304 ! 8 99 Ol 85 67 90
40 91 109 99| 81 104 Bed [151 165 156 | 9t 102 94
50 120 130 124 | 482 491 486a (205 214 209 122 133 127
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then some indication that the method performs less well. The main conrclusion
is that for ¢ = 0.1 the standard method is as good as but not sigmficantly better
than most other options.

Table 3.5.2 summarizes experiments with an inexact line search (¢ = 0.9), the
conditions of which are almost always satisfied whenever f is reduced. Therefore
the change from {2.5.6) from {2.5.4) is not examined since it would have negligible
effect. The main factor here lies in the choice of the updating formula. In
particular, for large or difficult problems the DFP formula is shown to requite
considerable extra effort, and may even fail to solve the problem. This is the
feature that has caused the BFGS formula to be preferred as the standard. The
Fletcher switch strategy, whilst it solves all problems to the required accuracy,
also exhibits poorer performance on the # =40 and n = 50 problems. Only the
Hoshino formula is comparable to the BFGS formula;, perhaps this is an
indication that the former deserves more study. An explanation of these results
is not easy to come by, since methods which use inexact line searches have not
received much theoretical attention. However, the conclusion that the BFGS
formula is preferable is currently well accepted.

Another well-accepted hypothesis is that inexact line searches are generally
more efficient than near exact line searches with the BFGS method. The rationale
for this is that more frequent changes are made to the H¥ matrices, so that a
better approximation to G ™! is obtained. It can indeed be observed from the
tables that fewer f and g calls per iteration are required when ¢ = 0.9, although
on the other hand more iterations are required. However for the BFGS method,
the total number of f and g calls in the ¢ = 0.1 and o = 0.9 cases are very similar.
It may be that these results are atypical, or it may be that recent advances in
line search design have reduced the cost of calculating near exact line searches.
As far as I know however the BFGS results for ¢ = 0.1 given here are as good
as can be obtained by any other implementation. If these resuits are typical,
then the ¢ = 0.1 line search is to be preferred in that it cuts down the housekeeping
costs without affecting the number of f and g calls. My computer times for the
above experiments show a 10 per cent improvement for the ¢ =0.1 run.

Finally there is some interest to know whether the performance of the DFP

Table 3.5.3 Degradation of DFP method with weaker line searches

Problem

n c=0.1 a=0.5 =059
Rosenbrock

2 21 39 54 27 55 49 100 118 1123
Trigonometric

20 30 61 50 43 72 66 109 121 114
30 45 93 83 80 140 134 300 311 304z
40 57 128 118 84 144 128 81 104 86d
50 61 117 110 168 198 190a | 482 491 4863
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method worsens gradually or suddenly as o 1s increased from 0.1 to 09. A
sudden deterioration might suggest the breakdown of the algonthm, for example
because H* becomes numerically singular. Three different values are tried in
Table 3.5.3, and the results rather suggest that th# onset is gradual. T cannot
offer an explanation for this.

36 OTHER FORMULAE

The literature on quasi-Newton formulae is extensive and impossible to cover
thoroughly within one chapter, This final section points out some other
promising lines of research. One recurrent theme has been the aim of preserving
a termination property when inexact line searches are used. The rank one
formula (3.2.7) has already been mentioned in this respect but causes other
difficulties. Hestenes (1969) suggests using the projection formula (4.1.10), but
from any positive definite H'". This generates conjugate directions of search.
Furthermore the fact that

r gt

2 gEm=6" (3.6.1)

for a quadratic function shows that if H®* 1 1s re-set to the left-hand side of
(3.6.1), then termination on iteration n + 1 can be achieved. Another method is
due to Dixon (1973} who defines a search direction by

s = — H®gk 4 wik), (3.6.2)

Initially w* = 0 and w™ is chosen so that s™ is conjugate to s', @, .. &1,
This is achieved by the update

) 5T gk + 1)
wh T D = wib 4 2 ;%ﬁfm (3.6.3)
Dixon shows for a quadratic function that H** ¥ =G ™" so that termination
follows. The vector w"*' is reset to zero. Dixon reports that practical
performance is comparable to the BFGS method. Both these methods are cyclic
methods in which a fresh start is made every n iterations. This is not elegant
and can be disadvantageous, for instance when symmetry considerations dictate
that m « »n iterations would be appropriate (see Theorem 3.4.2 in the quadratic
case). Another simple method for retaimng termination with mexact line searches
18 given by Sinclair (1979). This 1s not a cyclic methed, and Sinclair reports
good practical results, especially for farge n.

An idea that commanded more attention for a while is given by Daviden
(1975). He suggests a family of formulae

zz'  Hyy™ z Hy z Hy \T
HA O o+ 22 O vty Y Y B
Yoy Ty T T ey v
(3.6.4)
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(cf. (3.4.3)) in which z and y are no longer & and y. The quasi-Newton condition
H®*" Yy =§ determines y once z has heen selected. The vector z is chosen so
that in the quadratic case the hereditary property (3.4.10) is maintained for
inexact line searches. One choice for z leads to the rank one formula (3.2 7).
However, Davidon gives another choice for z which does not degenerate in this
way, and it is then always possible to choose ¢ so that H** 9 is positive definite.
Also the formula is invariant in the sense of Section 3.3. A good description of
the details of how z is choscn is given by Bredlic (1977). In soimnc cases it may
be that z =0 would be chosen. in which case an alternative selection for z must
be made. Powell (1977a) shows that this does not delay termination for more
than one iteration. Davidon’s paper contains other features of interest, one of
which is that ¢ is chosen so thal H** 1 is oplimally condilioned in a certain
limited sense. In view of the additional complexity of Davidon's method, it will
be necessary Lo show sirong practical reasons why it should displace the BFGS
method. Current experience is limited, although encouraging enough to merit
further research. Little is known about convergence or order of convergence, A
more recent contribution of Davidon {1980) is the use of comc funciions and
this is explored in Question 3,20,

Another interesting line of research has been the development of updating
formulae H**Y = H® 4+ E® in which the correction E¥ is minimal in some
sense, subject to the quasi-Newton condition being satisfied. Greenstadt (1970)
first introduced this idea and suggests a rank two formula in which the Euclidean
norm of the correction \f’(ZijEfj) is minimized. Powcll (1970a} suggests the
formula
néT+én"  n'e

' 8782

B¢+ —R + 687 (3.6.5)
where g=v — B§, and which is dual to Greenstadt’s formula. It can be shown
by following Greenstadt’s approach that the formula (3.6.5) minimizes the
Euclidean norm of the correction B**" — B®: an outline of how this is done
is set out in Question 3.16. The Greenstadt and Powell formulae are notinvariant
in the sense of Section 3.3, nor do they retain positive definite matrices, and
practical performance has been disappointing although the Powell formula does
possess some theorelical stability propertics. Another interesting observation
described in more detail in Section 3.3 is that it is possible to interpret the DFP
and BFGS formulae as having mimimal correclion in a weighled Euclidean
norm (Goldfarb, 1970). Another polentlially valuable application of minimum
norm corrections 1§ to problems with sparse Hessian matrices (Toint, 1977). He
shows that if in addition the sparsity conditions (By; =0 for ccrtamn indiccs i, )
are imposed, then a minimum norm correction can readily be determined. One
disadvantage of the algorithm is that positive definite matrices B* are not
maintained. Nonetheless the ided could be valuable in practice. Mote recently
the applicalion of sparse updates to partially separable optimization has
allowed some very large structured problems to be tackled successfully (see
Griewank and Toint (1984) who give lurther references).
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Finally another interesting development has been the idea of self-scaiing
variable metric methods (see Oren, 1974, for example). These methods use a
formula in the two-parameter (g, 7} family
HnyH) 887

T + i + ot (3.696)

H(k+l):'u(H_

where v 18 defined in {3.4.3). This can be regarded us being derived from the
matrix H¥*? miven by the symmetric Huang formula (Section 3.4) by multi-
plication by g = 1/p. Thus on each iteration the multiplier ¢ has the effect of
prescaling the matrix H¥, followed by a Broyden family update. The formulae
are invariant under linear transformations provided that £ and T are constructed
from invariant scalars. Other properties, such as termination and conjugate
gradients, are also preserved. Likewise positive definite matrices are preserved
for 4 >0 and sufficiently large t. The main disparity scems to be that the
property H" "1 = (G 7! for quadratics is not preserved. In general this appears
to be disadvantageous, although if H' is a poor approximation to G, then
pre-scaling might be useful. Numerical evidence for self-scaling 1s inconclusive,
especially in comparison with the BFGS method in which the initial matrix
H'" is pre-scaled (Shanno and Phua, 1978).

QUESTIONS FOR CHAPTER 3

3.1. Verify that bothx' =0 and x" ={ — \/7/1_2, /7/12)T are stationary points
of the function
JR =0 + 2P + Q0+ x3 - D4
and identify the type of stationary point in each case. Show that Newton’s
method can be applied from x*) = (. /7/6,0)", and verify that x*® lies along
the line which passes through x" and x”. (Do not carry out a line search.)
3.2. Consider the function f(x) in Question 2.5, and find the largest open ball
about x* = 0 in which G(x) 1s positive definite. For what vatues of xV in this

ball does Newton’s method converge, assuming that x{!! = x4'?
3.3, Deriveexpressionsfor all first and second partial derivatives of the function

fxy=5(x? + xPexp(x] — x3)

and verify that x* = 0 is a local mimmizer of this function. Evaluate all the
derivatives at x' =(1, 1} and show that the Hessian matrix G’ is not
positive definite. Show that v = 3 15 the smallest positive integer for which
G’ + vl 1s positive definite, and use the resulting matrix o carry out one
iteration of Newton’s method, starting from x’. (Do not carry out a line
search.)

34. Apply Newton’s method to the function

S(xX)=g75x° — 355 x* + 3x7
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3.5

36

37

38.

39.

3.10.

from x'* = 1.01. Verily that G is always positive definite and that " is
monotonic decreasing. Show nonetheless that x* = + 1 are the accumul-
ation points of the sequence {x™}, and that g™ 5 0. Verily that for any fixed
positive p, however small, inequality (2.5.3) is violated for all & sufficiently
large (except when round-off errors dominale).

Consider Newton’s method for the unconstrained minimization of a C2
function f(x). If the Hessian G 1s indefinite a search direction p can be
defined alternatively by

p=os/s|, (a}
where s solves

L's=a, whereaq,=1, ifd <0
a =0, ifd>0

and where o= + 1 is chosen so that pTg < 0. You may assume that G
always has factors G =LDLY, where L. is unit lower triangular, and
D = diag 4;. Show that p has negative curvature and is downbhill.

Let x{) be a continuous trajectory defined by a parameter 0, in the
neighbourhood of 8 = @, and assume that G{x(6)) 1s positive definite for
6 < 8 and has one negative eigenvalue for > @. If ¢ < @ let u direction
ps be defined by p=s/{s|,, where s= — G 'y, and f 84, let p, be
defined by method (a). Show that p, is continuous at 8. You may assume
that the factors are such that d, < 4, for all i £ », and that Lu = — g{x(0})
has a solution for which u, # 0. Illustrate your answer in regard {o the

function (1.2.2) and the trajectory x(f) = f . What is the value 7

2
For the function in Question 2.2, if x** = 0 why is it that Newton’s method
cannot be applied satisfactorily? If the search direction s = — G !g is
used at x*V, show that neither +s is downhill, and that f cannot be
reduced. If 2 modified Newton method uses the matrix G + vI, what range
of v makes G ++I positive definite? What step is obtained by using v=1?
{Do not carry out a line search.)
Verily that Hie{y = 8, Hiep' v = 8, Bifegdd = 1: and BirggHi Gy =1,
where B=H™!,
Apply the DFP method with exact line searches to the problem in Question
211 using HY =1, Verify the properties of quadratic termination in n line
searches, H**1 = G, and equivalence to the conjugate gradient method.
Apply the BFGS aigorithm to the problem in Question 2.7, choosing
x1 = 0 and HY =I. Show that the line x = x!* + 2s® passes through x*,
thus guaranteeing termination in two steps.
Let H be a positive delinite symmetric matrix. Show that
H—-Hyy "H/y"Hy is singular and positive semi-definite. (You may use
H=1LL" and Cauchy’s inequality z"zy"y >(y"z)*.) Hence show that
HELY is positive definite if and only if 8Ty > 0. Now let H be symmetric
positive semi-definite and singular, so that there exists u#0 such that
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312

313

3.14,

3.15.

3.16.
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Hu = 0. Show that H{% is singular. If HPu =0 show that the DFP
method cannot locate any solution x* uniess x* — x!) is orthogonal to u.
Consider the BFGS method. If the ith row and column of H'" is zeroed,
show that the property is preserved in all matrices H® and that x{® = x{!)
for all k> 1. Tt then follows that the objective function 15 mimmized
subject to the constramnt x; = xi*).

Show that the rank one formula is in the Broyden family, and that its value
of ¢ is not in [0, 1], assuming that §¥y >0 and H is positive definite.
The modification of an n x n matrix A by a change of rank m (< ») can
be written generally as A’ = A + RSTT where R and T are n x m and 8
is m x m. Verify that A" is modified by (A) "' =A™' —A T 'RUT'T'A™ Y,
where U=S8""+T!A7'R (the Sherman—Morrison formula). Use this
formula with m = 2 and R = T to obtain an expression for B! in terms of
B{=H™1Y), y, and &, and verify that it is dual to the formula for Hig:Y.
A general formula in the Broyden family can be written

H(k+l) H(k+])+¢w

where
é Hy
IH 1/2
7 (5T7 ?THY)

Verify that the corresponding expression for B! has the form
BY D = BEGY + OwwT =BELD + (0 Dww”

where

Bs
Tpainf ¥
w=43"Bs (5T 5TBJ)'

Show that = (¢ — 1)/(¢p — 1 — pu) where u=yTHy8™B8/87y? Find the
value of ¢ for which Hy "4 is singular. If H is positive definite, show
using Cauchy’s mequahty that ¢ is negative. Show also that the formulae
generated by ¢ = 8"y/(6Ty + yTHy) are self-dual.

Show that the steepest descent method is invariant under an orthogomnal
transformation of variables.

Consider a quasi-Newton lformula in which B approximates the Hessian
matrix, and 1s updated by Bt = B 4 E. Find the symmetric correction
E which satisfies B*"V8=y and which has least Euclidean norm.
(Minimize 337, F}, with respect to E, subject to E;; = Ej; for all 1>}, and
(B+E)é=7y. Solve by introducing Lagrange multipliers A;; and p,
respectively. Obtain an expression for E in terms of A and A, and eliminate
the constraint equations.) Show that the resulting formula is given by
(3.6.5) and that this formula is not in the Broyden family. Show that when
applied to a quadratic function with Hessian G, then

587 567
(+1) _ (3 — i ‘
B G ( 5T6)(B G)( 5T5)’ (a)
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3.17.

3.18.

3.19.

3.20.

21 1 1
Show aiso that ifB=|:l 1} 6=(0) and y=(1), then = — & and

11 . L .
hence B¥* ! = [i 1:|. What implications does (a) and the result following
it have for the use of the formula in a quasi-Newton method? Verify that the
dual of (3.6.5) is the formula given by Greenstadt {1970).

Continue the analysis of Theorem 3.3.2 to [ind the minimum value of the
norm in (3.3.7). Show that it can be expressed as

5 yTHWHy

IEl%&= Ty gt —2a+1

where a = y"Hy/6y. Simplify this expression in the case that W = BiY,
Derive an updating formula by following Theorem 3.3.2 but without the
symmetry constraint, Show that the resulting formula is

H* D =H + (5 —Hy)8"/8Ty.

Ifs= — H'g is used to generate search directions, show that the resulting
quasi-Newton method with exact line searches generates hereditary
properties and conjugate directions and hence terminates when applied to
a quadratic function. (UJse Theorem 2.5.1.)

Consider a Newton-like method for unconstrained mirimization in which
an exact line search is used, and the search direction is calculated from

Bs® — — g
where B 15 a fixed matnx. The method is applied to the probilem
min3(x; +x3) xeR?

. n ) 1
from an initial pownt xV = (q, ta)'(a > 0,1 > Q) with B = [0

Find the value of ¢ such that |x¥| = ¢|x®| for all k. Analyse the type of
convergence shown by this example.
The use of the conic function

0
b}(o <h<1)

x"Gx a'x
=1
f(x)_“_ 2 (1 ”—CTX)Z +(1 _ch) + b’

where G is symmetric positive definite, has been proposed by Davidon
{1980) as a model function for unconstrained optimization. Clearly the
transformation y = y(x) =x/(! —¢'x) transforms f into the quadratic
function

g(y)=3y"Gy+aTy+b.

Obtain the inverse trunsformation X =x{y). Show that these transfor-
mations map any line x = x4+ o8 1n x-space nto 4 line y=y + fd in
y-space, and vice versa, and give the rclationship between s and d.
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Given G-conjugate search directions d'?), d'#,...,d"™ then an exact line
search methed in y-space terminates when applied to g(y). Hence write
down an equivalent line search method in x-space which terminates when
applied to f(x) (given 4, ..., d" and ¢).

Obtain the relationship between V_ and V (derivative operators in x-
space and y-space respectively) and hence say whether the steepest descent
methods for f(x)in x-space and for ¢(y) in y-space are equivalent in general.

(i) This question concerns the BFGS method and explores an interesting
idea of Powell (1985e} concerning how the approximate Hessian matrix B
shouid be represented. Consider the representation

7Z72"=B"" (a)

where Z is a non-singular n x » matrix. Show that the columns of Z can be
interpreted as a set of B-conjugate directions. Show that the BFGS formula
can be written in symmetric product form

A = (- 5p)HL— ps")

(omitting superscript k) for some vector p (see also Brodlie, Gourlay and
Greenstadt{1973) for a general treatment of product-form representations).
Hence write down a corresponding formula for updating the matrix Z in (a),

(i} Therepresentation (a)is not unique and the matrix Z can be replaced
by any matrix Z=Z7ZQ where Q is an orthogonal matrix, so that

27" =7271"=B"1,
Deduce a more general updating formula for Z. In particular consider the
case that the first column of Q satisfies

Qe, = L u/|ul, (b)

where n = ZTg, Show that the first column of the updated matrix Z** 1 ig
proportional to &, and use the B¥** V-conjugacy condition to determine the
normalizing constant. Hence show using B-conjugacy properties of the
columns of Z that the general updating formula can be written

8//6%r i=1
i?wn: SyT (c)
(IM;)ZE i=2,3,...n
Y

where z,, i=1,2,...,n are the columns of Z.
(1ii) Let Q be orthogonal and satisfy (b), and also be a lower Hessenberg
matnx with the property that

Q=21 i=12. .4

if u;=0,1=12,...,9. (This property is readily achicved using plane
rotation matrices.) Consider applying the BFGS method based on (a) and
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(¢} to minimize a positive definite quadratic function, using exact line
searches. By making use of the conditions y*' % = 0 and g™’ § = 0 for
alt i <k that apply in this case, show by induction that after iteration &,
the first k columns of Z** %} are multiples of the vectors 6%, ..., §9, §V)
respectively (note the reverse order).



Chapter 4
Conjugate Direction Methods

4.1 CONJUGATE GRADIENT METHODS

In view of Theorem 2.4.1, which equates conjugacy and exact line searches with
quadratic termination, il is attractive to try to associate conjugacy properties
with the steepest descent method in an attempt to achieve both efficicncy and
reliability. This is the aim of the conjugate gradient method. The method 1s
described first of all in an idealized way insofar as it applies to a quadratic
function. In this case the method is an exact line search method (2.3.2} in which

s = — g1l 4.1.1)
and for k=1

§®* D = component of — g** ! conjugate to s, 5P . §®
Since the conjugacy conditions (2.4.1) can be written as

sOTyD =0 j#i (412

using (3.2.8), it follows that the Gram—Schmidt process can be used to express
gErh = gkt 5 8.0 In fact for quadratic functions, ;=0 for all j <k,
and the expression simplifies to

sk = _ g+ 1 | plkgl 4.1.3)
with 89 =0, where
g{k + I]Tg(k + 1)

B = ——— (4.14)
g(k) g(k)
This is the basis of the conjugate gradient minimization method of Fletcher
and Reeves (1964), developed directiy from the conjugate gradient methoed of
Hestenes and Stiefel (1952) for solving linear systems.
An illustration of the Fletcher—Reeves method as applied to the quadratic
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Table 4.1.1 The Fletcher—Reeves method

k x(k] g(k) B(k -1 s(k] 0'.{IL)
15 2 -2
oy e
, -~k - " e
9 13 121 360 44
11 11 —1z1
0 0
3
0 0

function f{x)=10x? + x% is given in Table 4.1.1. The quantities are tabulated
in the order in which they are evaluated, and exact line searches are used. This
tabie also illustrates that the method terminates for quadratic functions. This
result, and the validity of the simpler expression (4.1.3), is justified by the
following theorem in which m is the largest integer for which g@ #0.

Theorem 4.1.1

The Fletcher— Reeves method with exact line searches terminates at a stationary
point X" after m < n iterations, and the following hold for all i, 1 <i<m,

TGS = Jm 121 (4.1.5)
g@Tgld = T (4.1.6)
$Tg® = g gtd), @.1.7)

(These are conjugate direction, orthogonal gradient, and descent conditions
respectively. Note that (4.1.7) implies that s #0.)

Proof
Trivial for m =0. For m = 1 an inductive proof is used. For i =1, (4.1.5} and
{4.1.6) are vacuous and (4.1.7) holds since s'"? = — g'"). Tet these equations hoid
for some i < m. Then by (1.2.15)
gt D o gl 4 oOGs™, (4.1.8)

and o' is then determined by (2.3.3), giving

—gTglh  glbTgld)
T TG T 0T G #0. (4.1.9)

oW
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Using (4.1.8) and then {4.1.3)

g(r'+ lngU'J = g(f)TgU? + a(i}s(i)TGgU)
— gTgl — (BTG — FU Vgl 1y,

When j =1, this is zero by (4.1.5) and (4.1.9), and when j < i, it is zero by (4.1.6)
and (4.1.5). Thus (4.1.6) is true with i + 1 replacing ;. Using (4.1.3) and then (4.1.8)

U DTGl = — ol + TGl 1 g7 Gl
. g{i+ 1}T(g(1) _ g(.r'+ 1))/0,:0) + ﬁ(iIS(E)TGSU}_

When j =1, this is zero by (4.1.6), (4.1.8), and (4.1.4), and when j <, it is zero
by (4.1.6) and {4.1.5). Thus (4.1.5) is true with / + 1 replacing {. Finally,
o g(i + I)TS(I' +1) — g(l' + 1)"g{i +1)y _ ﬂ(i)g(i+ J.)Ts(i)
=g+ I)Tg(H- 1)
by (4.1.3) and (2.3.3), so (4.1.7) is true with i + 1 replacing i, This completes the
induction. Termination with m < # then follows because when m 2z n, (4.1.6)
implies that g"* " = 0 (or equivalently from Theorem 2.51). O

Other properties of the method as it applies to quadratic functions are given
in Theorem 3.4.2. These include a specific value for m and cquivalence with
quasi-Newton methods. All these properties are illustrated by Table 4.1.1 and
Table 3.2.1. Note also that the gradient of the quadratic function (1.2.11) is
g(x) = Gx + b, which is also the residual of the linear system Gx = — b in which
G is positive definite. It is this problem which is solved by the method of
Hestenes and Stiefel {1952), the only difference being that «® is calculated directly
from (4.1.9) rather than being computed by a line search.

It is now appropriate to consider how the basic method (a line search method
with s* given by (4.1.3)) can be applicd to the minimization of non-quadratic
functions. A number of questions arise which are by no means easily resolved.
Immediately there is the question of what sort of line search to use, and how
accurate it should be. Since the method is expected to be a descent method the
ideas of Sections 2.5 and 2.6 are relevant, and since a fairly accurate search turns
out to work well, a scarch bascd on satisfying (2.5.1) and (2.5.6) with 0 =0.1 is
recommended.

Another question arises because the iteration no longer terminates for general
non-quadratic functions. There is then the possibility of either continuing to
use(4.1.3) for all k or of resetting s* periodically to the steepest descent direction.
For instance s% could be reset every n iterations by s©"*U = _ gl"* 1) where
¢=1,2,..., in which case a cyclic type of method is obtained. An apparent
advantage of ths latter strategy is that if the iterates progress from a
non-quadratic region into a neighbourhood of the solution in which f(x) is
closely approximated by a quadratic, then the reset method can be expected
to converge rapidly, whereas the non-reset method may not. In fact for some
large problems with certain types of symmetry it might be appropriate to reset
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more frequently than on every n iterations. This question is taken up again at
a later stage.

Yect another possibility is that of using different formulae {which would be
equivalent for quadratics} to replace (4.1.3) and (4.1.4) 1n the calculation of s,
For instance (4.1.1) can be implemented directly by using & symmetric projection
matrix P“*1 which annihilates vectors y',. .., ™, Initially P**' =1 and P¥®
is updated by

P“‘))f”‘}y(“TPU‘)

e+ 1) _ plk

P —Pp®_" yfk_)" Py - {4.1.10)
Then s™ is determined by s® = — P®g™ for all k= 1,2,..., n Since P*"* D =,
P "1 must be reset to I for all ¢ =1,2,.... However this projection method

is not a serious competitor since it loses a main advantage of the Fletcher—
Reeves method which 15 the simplicity of (4.1.3}, in which no matrix calculations
are required. It does however have the descent property that s* g% < 0. It is
possible to preserve the descent property and yet use the simple formula (4.1.3)
if f® is evaluated from

gl gt 1)
B“"z——gm,f—i)—- 4.1.11)
It then follows from (2.4.8) that a stronger descent property hoids, namely that
s¥7g® < if g® 0. This might be called the conjugate descent formula and is
clearly equivalent to (4.1.4} for quadratic functions by virtue of (4.1.7). As it
happens recent research has shown that there is no real need to use (4.1.11). It
15 easy to show that the Fletcher—Reeves formula (4.1.4) always gives descent
when the line searches are exact, and this result has been extended to an inexact
line search by Al-Baali (1985) under mild conditions (see Question 4.7}. In fact
there are many other rearrangements of (4.1.4) which are equivalent for quadratic
functions {but not in general) and the difficulty is to find good reasons for
preferrning any one in particuiar. However the alternative

(ght 1 — gnTglet 1)

p = ST (4.1.12)

due to Polak and Ribiere (Polak, 1971} which is equivalent to (4.1.4) for
quadratics by virtue of (4.1.6), does turn out t0o be important.

To test some of these alternatives, various numerical experiments are given
in Table 4.1.2 on the test problems of Scetion 3.5, The line search parameters
are the same as those used in Section 3.5 except that 1, =0.01 is found to be
slightly preferable. The convergence test (2.3.7) with £ = 107 ® is used, although
it could be argued that an additional test like (2.3.4) on || g|| might be desirable.
However, a restart along the steepest descent direction is always tried before
terminating from test (2.3.7), although my impression is that this restart is not
effective. The results are given 1n Table 4.1.2 and the conventions in use are
those described in Section 3.5.
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It can be seen that the relative performance of the different methoeds is erratic,
and also that in some cases problems are solved to low accuracy, or even not
solved at all. The methods in which s® is reset to the steepest descent direction
every n iterations happen to give very similar performance, so only the results
for the Polak—Ribiere formula are tabulated. Since the methods perform so
badly on the trigonometric problems, the higher dimensional problems have
not been attempted, and these results generally seem to indicate that resetting
is not too favourabie a strategy, contrary to what might have been expected.
When no resetting takes place the numerical results are inconclusive, although
there is perhaps a marginal preference for the Polak—Ribiere formula. All these
results use a fairly accurate line search with & = (0.1. The effect of a less accurate
line search (6 =0.9) is illustrated in the last column of Table 4.1.2; it is clear
that performance is degraded and the method fails to solve the trigonometric
problems in a reasonable time.

When compared with the results for quasi-Newton methods in Section 3.5
it is clear that conjugate gradient methods are both less efficient and less
robust, and therefore would not be preferred in normal circumstances. However
there is one particular advantage of conjugate gradient methods, namely the
particularly simple form of (4.1.3) which requires no matrix operations to form
s™. In fact the Fletcher—Reeves and conjugate descent methods require only
three n-vectors of storage for their implementation, and the Polak-Ribiere
formula requires four. Thus conjugate gradient methods may be the only
methods which are applicable to large problems, that is problems with hundreds
or thousands of variables. It is therefore of particular importance to bear this
in mind when examining any evidence relating to conjugate gradient methods.
For example the results of Table 4.1.2 are of diminished importance since they
do not relate to large problems.

In view of Table 4.1.2 it might seem surprising that conjugate gradient methods
can solve large problems effectively. Yet I have known problems in atomic
structures which typically might have 3000 variables, yet which are solved in
about 50 gradient evaluations. Also Reid (1971a) describes linear partial
differential equation problems in 4000 variables which are solved in 40 iterations.
In view of the quadratic termination requirement of up to # iterations, it is
clear that some symmetry must be present which renders the effective value of
m to be much smailler than n. The following analysis in the quadratic case
provides some explanation. It is possible to write

gt NP (G,  ism 4.1.13)

where P, is a polynomial of degree k for which P,(0) = 1. Now if the eigenvalues
and vectors of G are {4} and {&}, respectively, then g') can be expanded
amongst these eigenvectors as

g = _21 p;&;
i=
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and hence

8= Y, piPA)E 4.1.14)

Thus g™* 1 can be close to zero for m« n if either

(i) x* is such that p;~ 0 for many values of J, or

(ii) the eigenvalucs of G fall into mudtipie or close groups so that a good
approximation to zero can be obtaincd by a low order polynomial P, (1)
over the points {4;}.

Since the method uses the ‘best” polynomial in a certain sense, such a
polynomial can be expected to be chosen if it exists. Thus the possibility arises
of effectively converging in m <« n iterations. Unfortunately it is not usually
possible to test these criteria a priori, and the easiest way of finding if they
apply is to try out the method and see if it works well However it does provide
some explanation as to why the method gives good results on some large
problems.

The above discussion does suggest that on large problems for which the
conjugate gradient method is suitable, resetting s® to the steepest descent
direction every n iterations is an irrelevant consideration. What might be
preferable is to reset every m « n iterations where m is somehow determined by
the symmetry. Unfortunately it is not obvious how to choose such an m in the
algorithm. However Powell (1977b) makes the following observation. Let the
algorithm be making little progress, so that g®** ~g®, Then the Polak-
Ribiere formula (4.1.12) ieads to %' =~ 0 and hence s** VY & —g®* 1) 50 that in
these circumstances the algorithm tends o reset automatically to the steepest
descent direction. For the Fletcher—-Reeves method % = 1 so this interpretation
does not hold. Powell refers to a practical large-scale example in atomie
structures for which the Polak—Ribiere formula does give a staggering improve-
ment in performance. Thus it seems that this formula should be used when
solving large problems.

Another idea which is also potentially valuable for accelerating conjugate
gradient methods is that of preconditioning. The idea originated in partial
differential equation research, but is applicable more generally and conccrns
the possibility of an initial linear transformation of variables. In Section 3.3 1t
is shown that if factors G = LLY are available then a quadratic problem can
be reduced to one with a unit Hessian matrix, and the conjugate gradient
method will solve this in one step. Unfortunately calculating L from G when
G 1is sparse causes substantial fill-in in the sparsity pattern, so this approach is
not advantageous. However, it is possible to calculate incomplete (i.e. approxi-
mate) factors I of G which have the same sparsity pattern as G. A pre-
transformation using A = LT (see Section 3.3) then yields a system for which
the Hessian is much closer to 2 unit matrix. The reader is referred to Kershaw
(1978) for an example: in particular he shows numerically that the transformation
has the property of grouping most of the eigenvalues of the transformed Hessian
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close to unity, and hence that the conjugate gradient method solves the reduced
system very rapidly.

There have been many other researches into conjugate gradient methods.
The reiationship of some other methods is discussed by Fletcher (1972a). There
are also some other theoretical results: for instance reset methods are convergent
(because the steepest descent direction is used regularily) and exhibit n-step
superlinear convergence

[[x®*? —x*| = of | x® — x*{}, k=cn+1, e=0,1,...

(McCormick and Pearson, 1969). However Lhese resulls are not really relevant
1o the practical solution of large problems. A more interesting possibility due
to Beale (1972) is that of restarting along directions other than the steepest
descent direction. At the expense of increasing the storage requirement, this has
been incorporated into an efficient algonthm by Powell (1977b). However the
most interesting of all recent theoretical research results about conjugate
gradient methods for minimization is that of Al-Baah (1985) who shows that
the non-reset Fletcher—Reeves method with an inexact line search is globally
convergent.

4.2 DIRECTION SET METHODS

In this section some other conjugate direction methods are described which
require no derivative information te be available. The methods are examples
of direction set methods in which a set of independent directions 'V, s
is maintained, and successive line searches are taken along the s® (see (2.3.2)
in a cyclical manner. The alternating variable method and other early ad hoc
methods are examples of direction set methods. In this section however the
additional property holds that the directions are chosen to be conjugate when
the method is applied to a quadratic function. [t is necessary to have some
property of quadratic functions which enables conjugate directions to be
determined in the absence of any explicit derivative information. Such a property
is the parailel subspace property which can be stated as follows.

Theorem 4.2.1

Consider two parallel subspaces 5, and S, generated by independent directions
stU 8@ 5™ where k < n, from the points v\ and v'? respectively. (That is
Sy={zlz=vV 4+ ¥ o5V Va,}, S, similarly, and S| #S,.) Denote the points
which minimize the quadratic function for xeS, and xeS, by 2V and z¥
respectively. Then % — 2V is conjugate to s, 82 .. ™,

Proof

The situation is illustrated 1n Figure 4.2, 1. Tt 1s easy to prove the result because, by
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y(1) 2[11 s

Figure 4.2.1 The paraltel subspace property (Re-
produced with permission from Murray (1972).
Copyright by Academic Press Inc. (London) Ltd)

definition of a minimum,

gz®)Tsl? = gz =0, i=12,. .k
and hence

yTs =0

where y = g(z'®) — g(z"). By virtue of equation (1.2.15), y= G(z® — "} from
which

@2 -G =0 i=1,2...k

follows, proving the theorem. [J

A method based on using this property to obtain conjugacy is suggested by
Smith (1962). It assumes that z line search subrountine is available which uscs
only function values, and that, in addition to the initial approximation x‘,
the user can supply independent directions d‘*),d®,...,d* and constants §,,
B2,- .., B, (B; > 0), chosen so that roughly speaking §,d") represents a moderate
change in the variables. The algorithm as it would apply to a quadratic function
can be stated as follows.

(i) Defines'V? =4 and let x? = x1)  «'Vs") be found by a line search along
sth,

(i} For i=2,3,...,n note that x¥ is the minimum point in the subspace
generated by x‘) and directions s‘U, s . s¢" 1 and carry out the
following operations (a}—(c} for ¢ach 1 in turn.

{(a) Displace x* to a point v = x® + ,d” which can be considered as an
arbitrary pont in a paralle] subspace.

{b) Displace v by making successive line searches along directions
s, 5@, sV in turn, giving a point z=v + X;21 ¢ s/ which is the
minimum point in the parallel subspace by virtue of Theorem 2.5.1.
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(¢) Define s =2z —x™ and calculate x“* 1 =x® 4. 4Ws® by a line search
along s®. Note that s is a new conjugate direction by virtue of Theorem
4.2.1, and hence that x“*1 is the minimum point in the subspace
generated by x' and the directions sV, s2, . s,

When step (ii) above has been completed, x"+! has essentially been found
by minimizing from x‘"? along a sequence of conjugate directions sV, s, ..., s®,
and hence Js the required minimum of the quadratic function. Notice that this
has been achieved by using Sa(n + 1) line searches.

Unfortunately difficulties anise when applying the method iteratively to
general functions of many variables. The obvious approach, as suggested by
Smith, is merely to repeat the whole cycle described above in an iterafive manmner.
Practical experience (Fletcher, 1965) suggests that unless # is smali (< 4say)
then this method is inferior to other methods, and the situation gets worse s
n increases. Various modifications have been tried, for instance replacing step
(ii(a)) by a line search along d“ so as to remove the need to choose f;, and
also orthogonalizing the s® after each cycle so as to provide new orthogonal
directions for the next cycle (Fletcher, 1965), but neither has improved
performance.

On examining the detailed progress of Smith’s method, it is clear that the
poor progress is caused by the fact that the directions of search receive unequal
treatment in the number of times which thcy are uscd. In particular 57 is used
n times per cycle, whereas s® is used once. For general functions, because x is
distant from the minimum in the direction d", because the function varies
non-quadratically along d™, and because a change in the direction 4% is not
made until the final step (ii) is carried out, many of the searches along s’ for
instance are of little value. PoweH (1964) makes a significant advance in
suggesting how searches can be incorporated into Smith’s method, so as to
treat all directions equailly, whilst retaining the property of quadratic
termination. In the context of Smith’s method as described above, the modifi-
cation consists of replacing step (1i, (a)}, which is an arbitrary displacement, by
asequence of line searches along d@,d** Y ..., d*?in turn, ail of which, excepting
d”, would not otherwise be introduced on that particular step (ii). Since the
displacement of step (i1, (a)) is arbitrary, it is seen that the quadratic termination
property, as proved for Smith’s method, is still valid. Furthermore it is possible
to rewrite the iteration in a very simple form by coalescing (ii, (a)) and (ii, (b)),
with the consequence that step (ii) permits of being continued, for i > #, if the
function is not quadratic, as follows.

(i) Given independent directions sV, s, .. ™, let x**) be the minimum
point along s™ by using a line search if necessary.
(i} Repeat (a)-(d) fori=1,2,...,¢c.
{a) Note that for i< n the last { directions s® "1 s™ have been
replaced by conjugate directions.
(b) Findz=x"+ X%_, a;s" by making optimum line searches along s'*,
g2 st
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() For j=1,2,...,n—1set s =gU™ Y,
(d) Define s® =z —x% as a new conjugate direction and let x** =
z + os™ be found by a line search along s™.

The iteration terminates in n?,+ O(n) line searches which is about twice as many
as for Smith’s method. However, the method now not only treats directions
equally, but allows an interpretation in terms of ‘pseudo-conjugate directions’
which are retained for general functions when i>n and are modified from
iteration to iteration. Later directions in this sequence correspond to information
which has been introduced more recently. Steps (c) and {(d) above correspond
to rejecting the oldest conjugate direction s'" and adding a new one as s™.

Unfortunately it is found on some problems that this basic algorithm is
unsatisfactory in that the set {s®} tends to become linearly dependent. When
this occurs certain directions 1n n-space are no longer represented, and so the
minimizer can no longer be reached by the algorithm. However, Powell also
proposes an ingenious solution to this problem, which depends on the following
theorem and lemma.

Theorem 4.2.2

If S is any matrix with columns sV, s'3,.. ., 8", scaled with respect to a positive
definite matrix G so that s"" Gs' = 1 for all i, then |det(S)| is maximized if and only
if the vectors {8} are G-conjugate.

Lemma

If M is any positive definite symmetric matrix such that m;=1 for all i, then
det{M) is maximized uniguely by M =1

Proof

The eigenvalues {A;} of M satisfy A4, >0, 3,4, = tr(M) = n, and [];4; = det(M).
The arithmetic/geometric mean inequality states that

n\/l_.[,ligz:li/n

with equality iff A, =1 for all i. Since M =1 Hf A, =1 for all i, the lemma follows.

Proof of the theorem

Let S and S be two sets of directions scaled as above, let S have G-conjugate
columnns, and let S be expressed as 8 = SU for some non-singular U. Since S 18
conjugate

STGS=U'S'GSU =U"U

and because § is scaled, so UTU satisfies the conditions of the lemma. Hence
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det(UTU)< 1, so that [det(U)| < 1, with equality iff UTU =1 Equivalently
|det(8)} < |det(S)! with equality Hf the columns of 8§ are conjugate. ]

The usefulness of this theorem lies in the fact that it gives through |det(S)|
some measure of the conjugacy of a set of directions, which does not require
explicit evaluation of G. This is because the terms 52" Gs® are availabie from
the line search along s, and so enable the scaling of the directions to be
performed readily. Also it is very simple to update an expression for det(S}
every time a change is made like (¢) and (d) in the Powell algorithm. Therefore
Poweli (1964) also proposes a modification of (¢) and (d) in which any direction
s'9 can be rejected (rather than just ™), where i is chosen to maximize the new
[det(S)| If no i exists for which |det(S}| increases, then no change is made to
the direction set. This strategy also solves the problem of maintaining indepen-
dence in the direction set.

This then is the method which Powell (1964) proposes, and it proved to be
far superior to Smith’s method, and also better than the available ad hoc methods,
and was for some time thought to be the best method for no-derivative problems.
However, the method does seem less effective if n is at all large (> 15say), and
this has been ascribed to the fact that no changes to the direction set are being
made. Thus other modifications to the basic algorithm have also been tried.
One method due to Brent (1973a) carries out a basic cycle of Powell’s method,
after whreh (for a quadratic) STGS = D where D is diagonal. Then an expression
for the Hessian matrix is G =S~ TDS L. In the non-guadratic case the method
calculates the eigenvectors of G which are used as the initial direction set to
carry out another cycle of the Powell procedure. The eigenvalues of G provide
curvature information in the hne search. Because of the orthogonality of the
eigenvectors, difficuities due to dependent directions are avoided. A disadvantage
however is that housekeeping costs are rather lgh.

Some other modifications are based on the following theorem due to Powell
(1972d).

Theorem 4.2.3

Let 8 be a matrix of scaled directions as in Theorem 4.2.2, and let 8 be derived
from 8 by

S=SQD"'7?,

where Q is an orthogonal matrix, and D is a positive diagonal matrix chosen so
that the columns of S are scaled (that is 59"Gs® =1 for all i) Then
\det(S)] = |det(S)|.

Proof
Because Q is orthogonal and S is scaled
tr(QTSTGSQ) = tr(STG8) =n
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S0
T Q'S"GSQ) =n.

But since post-multiplication by D~ Y2 scales SQ, so 4, =(Q"STGSQ);; and
hence

det(D) =[] (Q"STGSQ),,.
i

The arithmetic/geometric mean inequality (see Theorem 4.2.2) applied to
the d; gives det(D)<1 and hence det(D Y2z 1. Thus |det(S)|=
|det ()| [det (D~ 1?)| = |det(S)]. [

This theorem suggests that algorithms which repeatedly make orthogonal
transformations to the dircction set (possibly using elementary orthogonal
matrices such as plane rotations), followed by scaling, can make |det(S)| increase,
so that the direction set continues to become ‘more conjugate’. Such algorithms
have been investigated by Rhead {1974) and Brodlie (1975). Aiso Coope (1976)
gives algorithms of this type in which the orthogonal matrices are chosen in
such a way as to maintain a termination property. Coope describes numerical
experiments which show that one of these algorithms is comparable with those
of Brent, Rhead, and Brodlie, and better than that of Powell (1964). However
a quasi-Newton method with difference approximations to derivatives (Gill,
Murray and Pitfield, 1972) is also shown to perform better still, which supports
the current preference for such algorithms. However the difference is not that
great (a factor of less than 2) so future developments may change matters.

Yet another similar development due to Powell {1975a) regards the scaled
direction set as determining an approximation B =(SST)~! to the Hessian
matrix G. Then line searches along the directions give new curvature information
which is used to update B, choosing any other freedom so as to minimize the
norm of the correction (see aiso Section 3.6). Powell uses the Euclidean norm
but Coope (1976) shows that it is preferable to use a weighted norm. This
ensures positive definite B matrices and gives better numerical performance,
Coope’s results show that this approach 1s comparable with the better direction
set methods referred to above.

QUESTIONS FOR CHAPTER 4

(Other questions about conjugate directions are given at the end of Chapter 2.)

4.1. Minimize the quadratic function in Question 2.7 by the Fletcher—Reeves
method starting from x = 0. Verify that conditions (4.1.5), (4.1.6), and
{(4.1.7) hold, and that the method is equivalent to the BFGS method (see
Question 3.9).

4.2, Find aninitial point x** in Question 2.7 so that the Fletcher—Reeves method
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4.3.

4.4.

4.5.

(and hence the steepest descent method) converges in ong iteration. Verify
that there is only one independent vector in the sequence (3.4.12}.
Consider the quadratic function 4xTGx + b"x in four variables where G is
the tridiagonal matrix given in Question 2.18, and b is the vector
(—1,0,2,/5)". Apply the conjugate gradient method to this problem from
x‘U == § and show that it converges in two iterations, Verify that there are
just two independent vectors in the sequence (3.4.12),

Let the Fletcher—Reeves method be applied to a quadratic function for
which the Hessian matrix G is positive definite. Using ||| to denote ||| 5,
and writing

‘_g(l) __g(2J Wg(kJ]
Rk: yana
L1g 1 1g® ) g™
- gth g2 stk :|
S, = ,
Ll g0 e
- 1
-1
o
_31!2 1 1 B
e -8 D=
. T —1
0.4
L 7/3!3{-21 1 *

establish the equations

GS, D" = R,B, +g* Vei/ g
and

SRBI =R,

where e, is the kth coordinate vector. Using the fact that the vectors {g®}
are mutually orthogonal, show that

RIGRk = Tk

where T, 1s a tridiagonal matrix. Show also that the eigenvalues of T, are
those of G, assuming that » iterations of the method can be taken.
Establish the bound

% —x" D < |G [ g™

By also assuming that the extreme eigenvalues of T, and T, are in good
agreement, show that a practical test for stopping the algonthm can be
determined when the user requests a tolerance g on the 2-norm of the error
in x®, State how the eigenvalues which you require can be calculated, and
how much extra computer storage is required to implement the test.

Consider finding the stationary point x* of a given quadratic function g(x),
of which the Hessian matrix G is nonsingular and has only one negative
eigenvalue, Let s be a given direction of negative curvature sTGs < (). Let xt%
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4.6.

4.1,

Conjugate Direction Methods

be a given point, and let x® maximize g(x!"’ + as) over «. If Z is a given
n x (n— 1) matrix with independent columns, such that ZTGs =0, write
down the set of points X such that x — x'? is G-conjugate to s. It can be
shown that the matrix 8 = [s: Z] is non-singular and by Sylvester’s Law that
STGS has just one negative eigenvalue. Use these results (without proving
them) to show that ZTGZ is positive definite and consequently that g(x) has
a unique minimizing point

x* =x® - LZTGZ) 1ZTg?

for xeX, where g'? = Vg(x'?). By showing that STg* = 0, verify that x* is
also the saddle point of g(x) in R". Show that a suitable Z matrix
can be obtained from an elementary Houscholder orthogonal matrix
Q =T1-2wwT, where w is a unit vector such that Qy = + || ¥|iz¢,, where
y = Gs and e, is the first column of I. Hence suggest a Newton algorithm
for finding the saddle point of a general function f(x) given that G* is
non-singular with only one negative eigenvalue, and that a negative
curvature direction s is available. To what extent is the method assured
of convergence?

Briefly discuss the possibilities for quasi-Newton and conjugate gradient
methods for solving this problem (se¢ Sinclair and Fletcher, 1974).
Apply Smith’s method to mmimize the quadratic function in Question 2.8
from x* = 0, choosing d*) = e,and 8, = 1. Verify that three line searches are
required to solve the problem.

The Fletcher—Reeves conjugate gradient method may be used with an
inexact line search which satisfies the condition

g Vs < — og™'s®  (ae(0.3]).

Assuming that s")= — gtV show by induction that
kil . T g k) k—1
- YT —5< -2+ ) ¢,
=0 g™ 3 j=o
and that the method has a descent property for all k. (Use the form of the
method in which s® is not reset to — g® for any k> 1)



Chapter 5
Restricted Step Methods

5.1 A PROTOTYPE ALGORITHM

One motivation for the ideas of this chapter is to circumvent the difficulty
caused by non-positive definite Hessian matrices in Newton’s method. In this
case the underlying quadratic function ¢™(8), obtained by trunicating the Taylor
series for f(x™ + &) in {3.1.1), does not have a unique minimizer and the method
is not defined. Another way of regarding this fact is that the region about x®
in which the Taylor series is adequate, does not include a minimizing point of
g™(#). A more realistic approach therefore is to assume that some neighbour-
hood Q% of x® is defined in which ¢®(8) agrees with f(x® + &) in some sense.
Then it would be appropriate to choose x** 4 = x® | §®_ where the correction
4% minimizes g®(8) for all x® + 4 in Q. Such a method may be called a
restricted step method. the step is restricted by the region of validity of the
Taylor series. It will be shown that these methods retain the rapid rate of
convergence of Newton’s method, but are also generally applicable and globally
convergent. The term trust region is sometimes used to refer to the neighbour-
hood Q®,

Various problems of implementation arise. Clearly it is not likely that Q® can
be defined in too general a manner. The information to do this is not readily
available and it would be difficult to organize, in particular because the
subproblem would be intractable. Thus it is convenient to consider the case in
which

QW =Ix:| x —x®| < 45} (5.1.1)
and to seek the solution 8* of the resulting subproblem

minimize g®(8) subject to || & <h® (5.1.2)
4§

which can readily be solved for certain types of norm. Immediately there is the
problem of how the radius 2 of the neighbourhood (5.1.1) shall be chosen.
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To prevent undue restriction of the step, A* should be as large as possible
subject to a certain measure of agreement existing between g™(8*) and
F(x% + 6™). This can be quantified by defining the actual reduction in f on the
kth step as

Af® = F0 _ fxth) 4 g0 (5.1.3)
and the corresponding predicted reduction as

Ag® = q(k)(o) —gW(E®) = f® — q(k)(a(kl)_ {5.1.4)
Then the ratio

P = A f R /A q® (5.1.5)

measures the accuracy to which ¢®(6®) approximates f(x® + 6%), in the sense
that the closer r® is to unity, the better is the agreement. A prototype algorithm
can be stated which changes 7™ adaptively and attempts to maintain a certain
degree of agreement as measured by »®, whilst keeping A% as large as possible.
The kth iteration takes the following form:

() given x® and A"™, calculate g% and G™,;
(i) solve (5.1.2) for 6,
(i) evaluate f(x* + 6*) and hence r™®; (5.1.6)
(V) if r% < 025 set A&+ D = || 6 /4,
il r® > 0.75 and || 8% | = h™® set A%+ 1 =24
otherwise set A* T 1) = p&k
W) il F® < 0 set x®+ 1 = x® glse x*+D — &) | 50

The constants 0.25, 0.75, etc. are arbitrary and the algorithm is quite insensitive
to their change. In practice a more sophisticated iteration has becn used in
which if r® < (.25, then A%*1 is chosen in an interval (0.1,0.5)]| 6% | on the
basis of a polynomial interpelation. Other possible changes could include a
more sophisticated extrapolation strategy or the use of a line search, although
I would expect any improvement to be marginal. However none of these changes
affects the validity of the proofs which follow.

A particular advantage of restricted step methods 1s in the very strong global
convergence proofs which hold, with no significant restriction on the class of
problem to which they apply.

Theorem 5.1.1 (Global convergence)

For algorithm (5.1.6), if X¥cB <« R*Vk, where B is bounded, and if feC? on B,
then 3 an accumulation point X which satisfies the first and second order necessary
conditions (2.1.3) and (2.1.4).

Proof

By considering whether or not infh® =0 in the algorithm, 3 a convergent
subsequence x® — x® ke for which either
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(1) ¥ <0.25 h** 50 and hence |6% | -0, or
(i) ¥* =025 and inf A% > 0.

In either case the necessary conditions are shown to hold. In case (i} let 3 a
descent direction s ([fs|| = 1} at x*, so that

§Tge = —4d d>0. (5.1.7)
A Taylor series for f(x) about x™® gives

f(x® 4 8%) = g®(6®) + o(| 5¥%)
and hence

AF® = Ag® 1 o] 6% |2). (5.1.8)
For ke consider a step of length e® = || %] along s. Optimality of §* in
{5.1.2) and continuity yield

Ag™ 2 g®(0) — g¥(eMs) = — eWsTg® 4 o(®)

= £¥d + o(c%)

from (5.1.7). It follows [rom £® =0 and (5.1.8) that »® =1 +o0(1) which

contradicts #% < 0.25, Hence (5.1.7) is contradicted and so g® = 0.
Now let 3 a second order descent direction s (|8 = 1) at x*, so that

sTG®s=—d  d>0 (5.1.9)

For ke consider a step of length ¢® along gs, 6 = + 1, choosing ¢ so that
asTg® < 0. Then by (5.1.2) and continuity

Aq("' > q[k)(o) _ q“"(s(k)o‘s) = %stk)stGms & %s“‘)zd + o(a"‘”).

Again it foliows from (5.1.8) that #* =1 4 o(1), which contradicts r* < 0.25.
Thus (5.1.9) is contradicted showing that G* is positive semi-definite. Thus
both first and second order necessary conditions are shown to hold when
infh® =0,

For a subsequence % arising from case (i), ) — f° =3, Af*®, and it
therefore follows from r® = 0.25 that Ag® — 0. Define g®(8)=/* + 67g° +
1867G*4. Let h satisfy 0 < h <infh® and let & minimize ¢*(8) on | &|| <h.
Define x = x® + 8. Observe that for sufficiently large &,

1% —x® < [|6] + %% —x*| = | &] + o) <h +o(1) <A®
so that & — x™ is feasible in the subproblem. Thus
gPE — x%) 2 g®(E®) = F8 _ Ag®).

In thelimit f® - 7= g® g% G®, G®, Ag® - 0and x — x® - § so it follows
that ¢®(&) > f= =¢®(0). Thus & =0 also minimizes 4°(§) on ||| <k, and
since the latter constraint is not active, the first and second order necessary
conditions g* = 0 and G® is positive semi-definite are implied. [
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Notice that the existence of a bounded region B which the theorem requires
is implied il any level set {x: f{x) < f*} is bounded. Also the theorem assumes
that the sequence {x®} is infinite: if for some k it happens that Ag® = 0, then
the iteration terminates, and first and second order conditions are satisfied at
x®_ Similar results can be obtained if the Hessian G*% is replaced by an
approximate Hessian B%. If B® is bounded then the same proofl 15 valid,
although weaker conditions on B™® can be used, along the lines of Fletcher
(1972d) and Powell (1975b). With an additional stronger assumption the
following result is valid.

Theorem 5.1.2

If the accumulation point x© of Theorem 5.1.1 also satisfies the (second order
sufficient) conditions for Theorem 3.1.1, then for the main sequence r®—1,
x® 5 x® inlh™ > 0, and the bound || 8|, < h*™ is inactive for sufficiently large
k. Also the convergence is second order.

Proof

Consider k% where % is the subsequence that exists in Theorem 5.1.1. Since
G® is positive definite, the vector s% = — G®~ Lg% exists for k sufficiently large.
Consider choosing « so that the step os® minimizes g% {us®) subject to
[as® || < A*. TIf ||s® | < h® then ¢ =1 and 6% =s%® is the step that solves
(5.1.2). In this case

13
Ag® = 1 G gk > L | 5% % = %,u“‘)cz [} &% |2

where 4® > 0 is the least eigenvalue of G* and ¢ > 0 15 a constant that depends
on the norm. If ||s®|| > h® then & = h*/|{s® || < 1. For any quadratic it follows
that

ale) = q0) + 30(¢'(0) + g'()) < (V) + 3247(0)
when oq'(#) < 0. Hence
Aqlk) ;%azs(kl"clk)s(k) = %#(k)huqz I ) H%/” g !!2 > %#(k}czh(k)z
ES T

so this result holds whatever the length of s®. It foliows from (5.1.8) that r* — 1
ke&. Thus x® cannot arise from case (i) but only from case (ii). Then il & 15
sufficiently large that |x® — x| <$infh* and x® is in the neighbourhood
of x® for which Theorem 3.1.1 holds, then x®*1'=x% _ G® =10 gatisfies
[x¥*FD — x| < || x*% — x®| and is feasible in Q® Thus in the main sequence
x® 5 x® and for this sequence both #* =1 (as above) and hence inf % > Q.
Second order convergence follows from Theorem 3.1.1. [

Excluding pathological cases when no level set is bounded, Theorem 5.1.1
shows the very strong result that there always exists a subsequence which
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converges to a point which satisfies both first and second order necessary
conditions. The gap between these and the sufficient conditions of Theorem
3.1.1 1s small, and if the latter hold then the main sequcnce 18 convergent and
the restricted step method is seen to behave in a very desirable way. The heuristic
of restricting the step by || 6 || < 7™ ensures that significant reductions in f(x)
are made until x* is closc to a local solution. At this stage the restriction
becomes inactive and the iteration then reduces to the basic Newton method
with its rapid rate of convergence.

On the other hand it is wise not to become too enthusiastic about these
theorems, even though restricted step methods usuaily do work well in practice.
There are some difficulties, one of which 1s that slow progress can arise if the
scaling of the norm is not chosen to reflect that of the problem. Ideally one
would like to select a ‘natural metric’ norm (see Section 3.3 and Fletcher, 1978),
although in practice the lesser aim of scaling the variables well is likely to be
adequate. Another potential difficulty is that in certain cases it may not be
convenient to caleulate the global solutions of subproblem (5.1.2) which the
convergence proof for algorithm (5.1.6) requires. However, I know of no practical
examples in which the calculation of local solutions to (5.1.2) has led to
non-convergence.

Most practical implementations of restricted step methods have used the L,
norm in (5.1.2), and this very important case is treated in detail in the next
section. In fact however it is perhaps even more simple to use the L norm
{for example, Fletcher, 1972b). Mcthods of this kind are sometimes referred to
as hypercube or boxstep methods. These methods can casily be modificd to
allow an implicit pre-scaling of variables. The subproblem (5.1.2) is a quadratic
program with just simple bounds, and good algorithms exist for finding a local
solution (sce for example Gill and Murray, 1978a or Section 10.5 of this book).
Unfortunately a global solution is more difficult to guarantee, since although
this is a finite calculation it may be very expensive. For example if G 15
negative definite, and g™ is small, then all the vertices of the hypercube
| & || o = H® are local solutions, and the problem of finding the best one is a
combinatorial one. Tt should however be adequate in practice to calculate local
solutions, if it is ensured that the local solution satisfies Ag® > Q (e.g. by using
pseudoconstraints: see Section 8.4). Further discussion of the nmature of the
hypercube trajectory, along with some illustrative numerical examples, is given
in Questions 5.2-5.4 at the end of this chapter.

So far it has been assumed that the Hessian matrix G® is available to the
algorithm. Some attempts have been made to derive restricted step types of
method which avoid the direct evaluation of second derivatives. One obvious
possibility when first derivatives are available is to set up fimite difference
approximations to G% (see Section 3.1), and then proceed along similar lines.
However, the disadvantage is that a lot of gradient calls are required, and the
methods are unlikely to be as efficient as quasi-Newton methods. Although the
restricted step method would have a guarantee of convergence, whereas this
question is open for quasi-Newton methods, there is currently no practical
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evidence that quasi-Newton methods are likely to fail. The idea of updating
G® in conjunction with a restricted step method can be pursued, but is less
attractive because the solution of (5.1.2) for % requires ~ n® housekeeping
operations, whereas s® in the guasi-Newton method is calculated in ~ n?
operations. It is possible with hypercube methods to consider updating a reduced
inverse Hessian approximation so as to avoid the »n? calculation. This idea is
investigated by Fletcher (1972b) but gains in efficiency are no better than
marginal. An alternative idea, which does enable updating formula to be used,
is 1o approximate the trajectory &() in such a way as to avoid the use of #?
housekeeping operations. A suitable way of doing this is the Poweil dog-leg
trajectory described at the end of Section 5.2. This can be useful in some
circumstances, but for general minimization using a quasi-Newton method there
is no evidence that such a modification is needed.

Finally when no derivatives are available, finite difference approximations to
both G* and g® can be made, in conjunction with the use of a restricted step
method. This is very expensive in function values, however. An alternative
possibility is to attempt to re-use function values and to estimate G® say from
the most recent n{n + 1) values. Winfield (1973) describes an approach of this
type which can be successful, but the housekeeping costs are high (to determine
G™ requires ~ n® operations), so it is only practicable for problems with small
n for which function calculations are very expensive. In general T would expect
a no-derivative quasi-Newton method (see the end of Section 3.2) to be more
efficient in most cases.

5.2 LEVENBERG-MARQUARDT METHODS

The most important type of restricted step method occurs when (5.1.2) is defined
in terms of the L, norm. It will be shown that these methods are characterized
by solving a system

(GP 4+ )dW = —g® y20 (5.2.1)

at some stage, in order to determine the correction ™. Such methods were
first suggested by Levenberg (1944) and by Marquardt (1963) in the context of
nonlinear least squares (see Chapter 6), when G™ is approximated using (6.1.8).
The application to general mimmization s given by Goldfeld, Quandt and
Trotter (1966). This section will discuss the general case, which is more difficult
because of the possibility that G* can have negative eigenvalues. However, the
same development applies equally to the least squares case.

The solution of (5.1.2) using the L, norm is therefore considered in more
detail. This problem can be expressed as

minignize d™8) L 16TGMS + g7 S

) (5.2.2)
subject to 818 < h**
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and it is assumed that #*'>0. A very comprehensive result can be given,
following the previous edition and Moré and Sorensen (1982), regarding
optimality conditions for (5.2.2).

Theorem 5.2.1

The correction 8% is a global solution of (5.2.2) if and only if there exists v 20
such that (5.2.1) holds,

v(h”"z _ 5(k)T5(rd) -0 (5.2.3)

and G*® + vl is positive semi-definite. In addition if G® +vI is positive definite
then 8% is the unique solution of (5.2.2).

Proof

Let % and v satisfy the conditions of the theorem. From (5.2.1) g® is in the
range of G® + vI and since this matrix is positive semi-definite, 8% therefore
minimizes the quadratic function

4(8) = 36T(G® + vI)5 + g5,
Thus 4(8) = §(6") for all § which implies that
g®(8) = g™(%) + (8P T% — 675).

It foliows from v 3 0 and (5.2.3) that if 676 < %" then ¢®(8) = ¢®(6™), so that
&% solves (5.2.2). Moreover if G* + vl is positive definite and 8 §™® then
8) > 4(6*) and it follows similarly that * is a unique solution to (5.2.2).
Conversely, let 6% solve (5.2.2). If 8%76® < h®” then 6™ is an unconstrained
minimizer and the conditions of the theorem hold with v =90, Otherwise the
constraint can be assumed to be active. In this case, at % the normal vector
fot the constraint is the vector 26" which is linearly independent since h* > 0.
This implies that Lemma 9.2.2 holds and hence the optimality conditions of
Theorems 9.1.1 and 9.3.1 are valid. Thus there exists a Lagrange multiplier v > 0
such that V,2(6®, v) = 0 where

L8, v) = q®(8) + 1v(5T5 — h™?) (5.2.4)

1s a suitable Lagrangian function, and this condition is just (5.2.1). The
complementarity condition of Theorem 9,1.1 gives (5.2.3), For second-order
conditions, Theorem 9.3.1 gives that

sT(GYW +vI)s 20 Vs:isTé™ =0. (5.2.5)

Furthermore, consider any vector v such that v7é%™ # 0. It is then possible to
construct a feasible point 8" =% + fv, 850, on the constraint boundary, as
in Figure 5.2.1. Using (5.2.1) to eliminate the term g8 from (5.2.4) gives

_?(6’, V) L q(k}(s(kj) + %(6’ _ 6(k))T(G(k] + Vl)(ﬁ’ _ 5(!:)).
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pa

Figure 3.2.1 Construction of the vector &'

Now 8T8 = h%" implies that Z(&',v} = ¢™(8") = ¢™(8*) so it follows that
¥vI(G™ 4+ vIjy 2 0. This together with (5.2.5) shows that G™ + vl is positive
semi-definite and completes the result. [

Corollary
The same results apply to the equality problem
minimize ¢®(&) subject to 876 = h'’ {(5.2.6)
in place of (5.2.2} if the conditions v = 0 and (5.2.3) are not required to hold.

Proof

The same proof applies with obvious minor changes. [J

Most of the content of this theorem can be obtained directly from the
optimality conditions of Chapter 9, but not all. Important extra features are
that Theorem 5.2.1 is concerned with glebal solutions, and that the conditions
are both necessary and sufficient, so there is not the gap that exists say between
Theorems 9.3.1 and 9.3.2.

All Levenberg—Marquardt algorithms therefore find a value v > 0 such that
G™ 4 v is positive definite and solve (5.2.1) to determine 6. There are many
variations on this theme and in some (earlicr) methods the precise restriction
|8 |, < A% on the length of & is not imposed., Instead v is used as the controlling
parameter in the iteration and the length of 8% is determined by whatever
value v happens to take. (Conversely, in the prototype algorithm, A% is given
and one particular v must be determined so that || & ||, <A™ is satisfied.) Since
it happens that increases in v cause || & ||, to decrease, and vice versa (see below),
it is possible to have a similar algorithm to (5.1.6) except that changes to h%®
in step (iv) are replaced by inverse changes to v*. The kth iteration can thus
be written

(i) given x* and v®, calculate g* and G,
{ii) factorize G® + v™I. if not positive definite, reset v¥* == 4y and repeat;
(iii) solve (5.2.1) to give 6%;
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(iv) evaluate f(x* + ™) and hence r';

(V) if P9 < 025 set v+ D = 4,0 (5.2.7)
if F930.75 set v+ = 072
otherwise set v+ 1 = v,

(vi) if r* 0 set x¥ D = x™ ¢lge x* TV = x® 4 R

Initially ¥'* > 0 is chosen arbitrarily. This algorithm is in the same spirit as that
which Marquardt (1963) proposed, although there are some differences. The
parameters 0.25, 0.75, etc. are arbitrary and the algorithm is again not sensitive
to their change. More sophisticated strategies have been proposed for increasing
or reducing v'* in step (v), and it can be advantageous to allow v = 0 to occur
(see Fletcher, 1971a, for example). An alternative type of algorithm is one in
which ¢ach iteration makes a search along the trajectory &(v) for v =0 (the
Levenberg—Marquardt trajectory), to optimize f{x + §(v)) (Levenberg, 1944).

However algorithm (5.2.7) does have disadvantages, not only when v is
close to zero, but also close to ocrtain degenerate situations (see case (iii) below),
in which &(v} is badly determined by v. Therefore more recent Levenberg—
Marquardt type methods (Hebden, 1973; Moré, 1978) follow the model
algorithm (5.1.6) much more closely, and control the iteration using the radins
2™ In this case equation (5.2.1) is regarded as defining a trajectory &(v), and
the precise value of v which makes || 8(v)||, = A is sought. In fact it is possible
to state the global solution to (5.2.2) in a quite general way, although there
may still be some computational difficulties. To show this, it is necessary to
analyse the Levenberg—Marquardt trajectory d(v). Let the eigenvalues of G* be
A=Ay = - = A, with orthogonal eigenvectors v, v,,...,v, (]| v;l = 1), and let
g® =3 av,, where a; = vJg®, Then (5.2.1) gives

o(v) =2 B (5.2.8)
where
Bi= — /(A + ). (5.2.9)

Assuming that «; #0 for some ielA{i:d =4}, then |80}, =08)"?
increases monotonically from 0 to oo as v decreases from oo to — 4,. Therefore
it is possible to find a unique value of v in this interval for which | §(v) ||, = A%,
The vector 8% = &(v) satisfies (5.2.3), and aiso (5.2.1) by virtue of (5.2.8). Also
vz —J, shows that G® ++vI is positive semi-definite so &(v) satisfies the
conditions of Theorem 5.2.1 and its corollary. Thus &(v} is a solution of the
equality problem (5.2.6), and also the solution of (5.2.2) if vz 0. Values of
v < — 1, need not be examined because this implies that G* + vl is not positive
semi-definite so that the solutions to (5.2.1) are not global solutions to (5.2.2)
or (5.2.6) (but they could be local solutions: see Question 5.7). However, if v < 0
ora; = 0 Viel then other features comc into play. In general there are three cases.

{i) 4,>0. Valucs of §(v) as defined by (5.2.8) for ve[ — 4,, o0) correspond
to solutions of (5.2.6), and for v 0 these are also solutions of (5.2.2).
Now &(0) is just the Newton step — G* g® and this exists because
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An > 0 implies that G is positive definite. Therefore for v <0, | 6(v)|, =
| ()]s, and because the Newton step is the unconstrained minimizer
of g™(8) it follows that §(0) solves (5.2.2) and A% = | 8(0},.

(i) A,<0and o, # 0 for some icl. For G* + I to be positive semi-definite
requires v 2 — 4, 2 0 which therefore implies that the constraint in (5.2.2)
is active. Thus &(v) as defined by (5.2.8) solves both (5.2.2} and (5.2.6).

(i) 4,<0 and o; =0 Viel. As v decreases from oo to — 4, then [ d(v),
increases {rom 0 to h, say, where h= || 8 ||,, and 8§ = Y < .Bi¥, where mé¢f
is the greatest index for which «; #0. Thus for ve(— A, o0) the vector
3(v} defined by (5.2.8) solves both (5.2.2) and (5.2.6) and A* < h. For
h™® 2 k the solution of (5.2.2) or (5.2.6) must have v = — 4, for G® 4+ 41
ta be positive semi-definite. In this case G* + vl is singular and a solution
is readily seen to be any vector of the form 6 = 8+ ¥, ut;v; which satisfies
the constraint of (5.2.2) or {5.2.6), as appropriate.

The three cases are Hlustrated in Figure 5.2.2. Numerical examples of the
three cases are discussed in Questions 5.6-5.9 at the end of the chapter. Another
example of case (iii) arises when x* is a saddle-point, and this corresponds to
h=0and §=0. Then v= — 4, and 6% is a multiple of v, of length A®.

Excluding case (i} when v =0 or case (iii) when A® = A, then to calculate the
global solution of (5.2.2) it is necessary to find the value of v for which G® + vI
is positive definite and which solves the nonlinear equation | & (v) ||, = A%, where
& =48(v) is defined by solving the system (5.2.1). Since a nonlincar equation
cannot in general be solved exactly, it is convement to accept any solution for
which ||| &, — h™| < k™, where ¢ is some tolerance, typically e=0.1. Tt is
straightforward to show that Theorems 5.1.1 and 5.1.2 still apply. Case (i) with
v=0 is no problem since the Newton step &(0) is the solution to (5.2.2), but
case (iii) with = h is more difficult. Immediately there is the problem of
recognizing numerically that o, =0 for all iel. Solving the above nonlinear
equation is not possible since solutions for all A% 2 h correspond to v= — 4,
Use of 6= 6 + 3., 4;¥; requires an eigenvector calculation which is undesirable.
One possibility is just to perturb g arbitrarily so that «, # 0 for some il so
that v > -- 4, can be used. However there are also difficulties when the a,,icl,
are small, due to round-off errors being magnified by ill-conditioning. A
modification of the prototype algorithm (5.1.6) which allows approximate
solutions of (5.2.2) to be calculated and avoids the difficuities with case (iii)
situations for which A® 2 h, has been given by Moré and Sorensen (1982).

The solution of the nonlinear equation 676 =h%*" where = (v} can be
carried out with any standard method, but Hebden (1973) states a very efficient
method using the explicit structure of (5.2.9) (sec also Question 5.15). The method
gives an iterative scquence ¥V, v'®), .. and at a general value v, the function
[ 6(v}||; is modelied by the function A{v) = §/(1 + v) by analogy with (5.2.9). The
parameters f§ and A are chosen so that AW ={8("|, and AN =
[ 6(+*) ||, where a prime indicates a derivative with respect to v. This gives
A==V — |50,/ 87}, and B = (A +v7) || 6(+7)||,. The next iterate is
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chosen so that A ™) = 4", which gives the iteration formula
WL = oy (1 — | SO [/ B | 8O 2/ 1 80 2. (5.2.10}

For any v, LLT factors of G 4 v*I are calculated, so that (5.2.1) can be
solved for (") by forward and backward substitution. Also [&(v)|;=
378"/ 8(v)|| 2, where &' satisfies (G® + vI)§' = — §, 50 876" = — wiw, where w
solves LTw = &. Thus all the terms in {5.2.10) can be determined. In somc cases
LLT factors may not exist, which is an indication that ¥*' must be increased.

A numerical example which illustrates the use of (5.2.10) and the rapid rate
of convergence is given in Question 5.13. Moré (1978) reports that {5.2.10)
converges on daverage in under two iterations (for £ =0.1) and this fits in with
my own experience, except in the ill-conditioned situations arising when case
(ili) above is almost satisfied. To guaraniee convergence, (5.2.10) must be adjoined
to some simple sectioning technique, which reduces a bracket on the solution
uniformiy to zero (see Moré, 1978). A lower bound for this is given by v=0
and an upper bound by v= | g®|,/h"™ — u_, where u, < 4, can be obtained by
using Gershgorin discs (see Question 5.11). There is no difficulty in modifying
the algorithm so that the variables are pre-scaled (imphcitly}, and this can be
advantageous {see Section 3.3). The matrix T in (5.2.1) is then replaced by a
suitable diagonal matrix. Moré (1978} states (5.2.10) in a form suitable for this
modification.

A FORTRAN subroutine has been written to implement the prototype
algorithm (5.1.6), and the Hebden iteration based on (5.2.10) is used to solve
the subprablem (5.2.2). However case (iii) situations with 4% >k have been

Table 5.2.1 Comparison of second derivative methods

Restricted step method Modified Newton method of

Problem n of Hebden—Moré type Gill, Murray, and Picken
Rosenbrock

2 21 24 21 24 24 23
Chebyqyad

2 4 5 4 5 5 5

4 7 8 7 9 9 7

6 7 9 7 14 14 12

8 9 10 9 22 2 17
Trigonometric

2 4 5 4 4 4 4

4 5 7 5 11 11 10

6 6 7 6 8 8 8

8 7 g 7 B 8 8

10 8 9 8 9 9 9
20 11 1z 11 33 38 38
30 1z 11 23 23 2
40 12 14 12 59 59 59

50 12 13 12 50 50 350
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accounted for in a crude and rather unsatisfactory way, albeil one which would
only fail outright if g* = 0. (It is interesting to note that case (iii) situations do
arise in practice: for instance in the Chebyquad n =2 problem — see Question
5.9.) The factorization used to solve {5.2.1) is an LLT factorization, although it
can be more efficient to use a QTQT factorization (Q orthogonal, T tridiagonal)
so that(5.2.1) can be solved repeatedly for many values of v without re-computing
the factorization. The results are tabulated in Table 5.2.1 for the standard set
of test problems alongside those for a modified Newton method from the NAG
subroutine library (Gill, Murray and Picken, 1972). The latter method computes
a factorization of a matrix G* + D, where D is diagonal and d;; > 0 is chosen
if the factorization would otherwise break down. An advantage of this approach
is that the factorization can be computed in one pass through the matrix.
Unfortunately the resuits for this method seem to be somewhat inferior to those
for the restricted step method, especially for larpe problems. It seems appropriate
to conclude thercfore that the use of an (essentially) arbitrary modification
matrix D slows down the practical rate of convergence, when compared with
the systematic choice v¥I which is made in restricted step method.

Finally, another idea related indirectly to the use of (5.2.1)is worth mentioning,
In case (i) situations 8(0) is the Newton step and as v— oo 80 8(v) - —g*/v, an
incremental steepest descent step (see Figure 5.2.2()). In the general case &(v)
can be interpreted as interpolating these extreme cases. It is therefore possibie
to approximate &(v) by a dog-leg trajectory (Powell, 1970b) of the type illustrated
in Figure 5.2.3. If B® approximates G%, then the trajectory is made up of two
line segments, one joining & =0 to the estimated optimum correction &, along
the steepest descent direction, and the other joining §, to the Newton-like
correction 8y. (6, and 8y are defined by & = —g® | g®|3/g® B®e® and
8y = —B® 'g® respectively.) The resulting trajectory is used in an algorithm
similar to (5.1.6), but the computation of &(v) from (5.2.1) is replaced by using
the point & of length #™ on the dog-leg trajectory. If A% = || 8y |, then &y is
chosen (as in case (i}). Use of this trajectory enables convergence to a stationary
point to be established. It is applicable to any Newton-like method (see
Section 6.3) for which non-convergence is otherwise possible and for which a
simple computational scheme, avoiding the solution of {5.2.1), is required.

(4] (4}
_g \" x +8
A

.
)
A}

(#) J
x +85

AN (3=0)

Figure 5.2.3 Powell’s dog-leg trajectory
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QUESTIONS FOR CHAPTER 5

Show that il algorithm (5.1.6) is applied to a posilive definite guadratic
function, then ™ =1 and A**Y=2i1"™ for all k, and the algorithm
terminates at the solution in a finite number of steps.

The hypercube trajectory is the set of solutions &(h} to (5.1.2) for h>0
when the L, normis used. By considering what happens when a fixed set of
bounds 8;,<h or —h< —J§; ar¢ active, show that the trajectory is
composed of straight line segments. If g{® =0 for all i, show that for
small h the trajectory is along the line x® } as, where s, = — sign g{*'.
Find the hypercube trajectory for the function f(x) =4(x} — x%) at xV =
1 — 1)T. Show that the trajectory has two parts: the line segment joining
x' to the point (11,0) for h <1, and the half line (1%,0)" +(h — 1)e,
for hz= 1. Also show that for h >4 there is an additional trajectory of
local minima which is piecewise linear.

Examine the hypercube trajectories for the function f(x) = x;x, at xV' =
(3,1)*. Show that the trajectory of global solutions is discontinuous at
h=4.

For the function in Question 2.2 at xX =8, find the range of v values for
which G +vI is positive definite. Evaluate the resulting correction in
(5.2.1) for v=1 and verify that f(x) is reduced. Verify that the range of
values of » for which f(x} is reduced is vz 0.9, and that the optimum
reduction occurs at v = 1.2 (approximately). Find the corresponding value
of 1’ in equation (5.1.5). (See also Question 3.3.)

Find the Levenberg—Marquardt trajectory for the quadratic function
defined in Question 2.8 at X'V = 0. Show that a case (i) situation exists and
that the trajectory can be expressed as

M =(—v2+W/G?+3v+2) (a)

for v decreasing in (w0, 0). Sketch the trajectory and verify that the initial
direction is the steepest descent direction and that || & |, is a monotonically
increasing function of v. For what values of & is the constraint |||, < h
inactive? How can solutions of (a) be interpreted for ve(\/S — 3,0
ve(—3—./5, /5 3}, and v < — 3 — /5, respectively?

Find the Levenberg-Marquardt trajectory for f(x) = x,x, at x*** = (1, )",
Show that a case (ii) situation exists and that the trajectory can be expressed
as

S =H2—v,1-2»T/(»2 -1} (b)

for v decreasing in (0o, 1). Find the value of v for which A= |8, =1
Show that there exists an additional trajectory of local but not global
minima given by (b) for v increasing in (0.350667, 1) where 0.350667 is
the only root of 5v3 — 12v? 4+ 15v — 4. Find such a local selution for which
h=1. What is the largest value of & below which no such local solutions
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5.8.

5.9.

5.10.

5.11.

512,

5.13.

5.14.

5.15.

exist? How can solutions of (b) be interpreted for ve(0,0.350667),
ve(— 1,0), and ve{— oo, — 1), respectively?

Find the Levenberg-Marquardt trajectory for f(x}= x,x, at x*'' = (1, 1)l
Show that a case (iii) situation exists with {8 |, =\/2/2 and express &
in terms of v for h</2/2. For h>,/2/2 show that the trajectory is
expressed by =6+ (2h2 — )&, — L7,

The Chebyquad n=2 problem is to minimize f(x)=(x, +x, —1)*+
(2x, = 1P +(2x; -1 ~%? from x=(},%" Show that the
Levenberg—Marquardt trajectory derived from a quadratic model exhibits
a case (iii) situation with 6=(8, —8)T/21 and a critical value of
v=— A, =28/9.

Investigate the conjecture that if the trajectory of global solutions 8(k) to
(5.1.2) in any fixed norm is uniquely defined for all & > 0, then the trajectory
is a continuous function of h.

Show using the triangle inequality that if the solution of (5.2.1} has
61, =h", and if u, < A, <0 where 4, is the smallest eigenvalue of G*®,
then v < [|g®)|,/h* — u,.

Show that if «; # 0 for one index i only, then the Hebden iteration (5.2.10)
terminates.

Apply the Hebden iteration (5.2.10) to the problem described in Question
5.6 above with h=1 and v\* =3, Verify that the method converges
rapidly with v® = 1.8908, v¥ =1.9967, and ||6%|,=0.3187, 0.5405,
0.5010 for k= 1,2,3, respectively.

By considering the angle between the two line segments of the Powell dog-
leg trajectory, show using Cauchy’s inequality that if B® is positive definite
then |8 ||, is monotonically increasing along the entire trajectory, and
hence that the value of || 8 ||, = h® < | 8y ]|, is well defined.

Show that the Hebden iteration (5.2.10) can be derived by writing down the
Newton-Raphson method for v to solve the equation

4l
[EIOIPN e

This resuit is due to Reinsch (see Moré and Sorensen, 1982).




Chapter 6

Sums of Squares and Nonlinear
Equations

6.1 OVER-DETERMINED SYSTEMS

This chapter is devoted to problems in which the objective function is a sum
of m squared terms

J00= ¥ [nx =re (6.1.1)

where r=r(x), because special methods exist which use this structure
advantageously. This is the so-called nonlinear least squares problem. An
alternative way of viewing such problems is that they arise from an attempt to
solve the system of m equations

n0=0, i=12..,m (6.1.2)

In this case the functions r;(X) can be interpreted as the residuals of the equations.
When m > n the system is referred o as being over-determined, and it is usually
not possible to obtain an exact solution. Thercfore one possibility is to seek a
feast squares solution (o (6.1.2), which is obtained by minimizing the function
Jfx)in (6.1.1). Problems in which the functions r,(x} are all linear are relatively
straightforward, so this section concentrates on the more difficult case of finding
least squares solutions to nonlinear over-determined systems of equations. One
area in which such problems arise is in data fitting, in which m is often much
larger than n. A different situation arises when m = n, in which case the system
of equations is said to be well-determined, and an exact solution of (6.1.2) can
be expected. Special purpose methods have been devised for such problems and
these are considered in the next section. However, it is also often convenient
to attack these problems by attempting to minimize the sum of squares function
(6.1.1). The basic methods for both types of problem require derivative
information about the components r;(x), and in some applications this may not
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be convenient to obtain. Thus no-denvative methods also form an important
area of study, which is taken up in Section 6.3.

One last general point concerns the choice of the least squares function (6.1.1)
as the criterion for a best solution. In data fitting problems this has some
statistical relevance, which is described below, but on some occasions it can be
advantageous to choose different criteria. One approach 1s to find solutions
which minimize the function

Jx) =[x, (6.1.3)

in particular using either the L, or L, norms. Unfortunately the resulting
functions are ron-smooth and not within the scope of methods that have been
considered in Part 1. Nonetheless such functions do have valuable properties.
For mstance the L; and L_ norms have a statistical interpretation, although
perhaps not as relevant as that arising from (6.1.1). Also the L; norm has an
advantage in being able to disregard the effects of bias caused by wid points
in data fitting problems. There are also certain advantages in using the L; norm
to solve well-determined problems, and this is described in more detail in
Sections 12.3 and 14.3 as a special case of nonlinear constrained optimization.

Perhaps the most frequently solved of all optimization problems are data
fitring problems. Typically m data values d,,d,,...,d, are given, which have
been sampled for values ¢,,t,,...,1, of some independent variable ¢. It is then
desired to fit a function ¢, x) which has n adjustable parameters x, to be chosen
so that the function best fits the data, Therefore the residuals are given by

rx)=olt,x)—d, i=1,2...,m, (6.1.4)

and a least squares solution is sought by minimizing f(x}in (6.1.1}. An example
in which decay rates are being calculated is to fit ¢(z, x} = x;e 74" + x4 7% to
measured data, so as to determine the amplitudes (x,, x;) and time constants
(x, x,) of the two separate species which are producing the decay. A more
complicated situation arises when ¢ (¢, x) is defined indirectly as the solution of
a given ordinary differential equation, and this is explored in Question 6.11.

For a nonlinear least squares problem, derivatives of f{x) are given (see
Question 1.1} by

g(x)=2Ar (6.1.5)

and
G(x)=24AT+2 3 r V7, (6.1.6)
i=]

where r; = ri{x), etc, and where
AN)=[Vry, Vr,y,...,Vr ] 6.1.7)

is the n x m Jacobian matrix, the columns of which are the first derivative vectors
Vr; of the components of r (4;; = dr;/dx;). It is possible to use these formulae in
a conventional way, that is either (6.1.5) in conjunction with a quasi-Newton
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method, or both (6.1.5) and (6.1.6) with a modified Newton method. However,
in the latter case if is necessary to have expressions for the Hessian matrices
Vir, for all the functions r,(x), i=1,2,...,m, and this can be disadvantageous.

Since r(x) is being minimized in the least squares sense, it 1s often the case
that the components r; are small. This suggests that a good approximation to
G(x) might be obtained by n#glecting the final term in (6.1.6) to give

Gx) = 2AAT. (6.1.8)

This is equivalent to making a linear approximation to the residuals r(x). Tt is
in this way that the structure of (6.1.1) can be taken into account to improve
the performance of first derivative methods. The important feature is that using
only the information (r and A) required to determine the first derivative vector
g(x), it is possible to approximate the second derivative matrix G(x). Whereas
a quasi-Newton method might take n iterations to estimate G satisfactorily,
here the approximation is immediately available. Thus there is the possibility
of more rapid convergence.

There are also some interpretations of (6.1.8) which are useful from a statistical
point of view. In a linear model the function ¢{t, x) which arises in (6.1.4) can
be expressed as

dex)= Y. x40
J=
Then the hypothesis is made that the data values d, behave according to
d=ATx+e¢

where A, = &r,/0x; =y (). The vector e represents the errors ¢, in d; which are
assumed to be mdependent and normally distributed with mean 0 and constant
variance ¢2, and x is some fixed ‘underlying’ solution. Then the least squates
solution of (6.1.2) and (6.1.4} (X say} is a maximum likelihood solution and has
cxpectation value £(X) = x. The inverse of the matnx (6.1.8) is a multiple of the
variance—covariance matrix V, which can be shown to satisfy

V=2~E((% —x}{x —x)") =(AAT) 162

The diagonal elements of V give the variances of the elements X,i=1,2,...,n in
the maximum likelihood solution, and the off-diagonal elements glve the
covariances between %, ancl X, Tt can also be shown that &( f =({m—-n)e? so
that an estimator for ¢ is f/ m-—n), where f is the maximum likelihood sum
of squares obtained by minimizing f(x) in (6.1.1). This fact, and the use of the
matrix (6.1.8), thus enables V to be determined and gives useful statistical
information about the distribution of the least squares solution.

The main aim of this section however is to discuss numerical methods for
solving (6.1.1) which make use of the cstimate (6.1.8) of the Hessian matrix.
These metheds can be viewed as modifications of the second derivative methods
of Sections 3.1 and 5.2. Thus the basic Newton’s method (3.1.2) becomes the
basic Gauss—Newton method (01 generalized least squares method) when (6.1.8)
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Table 6.1.1 Gauss—Newton method for a simple problem

k 1 2 3 4 5 6
x® 1 0131148 0.013635 0001369 0000137  0.000014

is used to approximate G®. Using the derivative expressions (6.1.5) and (6.1.6)
the kth iteration of the basic Gauss-Newton method is thercfore

{a) solve AWAN §= — AW®  for § = 6%

(b) set x**1 =x® 1 §® (6.1.9)

Equation (6.1.9(a)) is analogous to the nermal equations of linear least squares.
A simple example is to apply the method to the problem (due to Powell) with
two equations (m = 2) and one variable (n = 1) given by

rx)=x+1

6.1.10
ry(x)=Ax*+x—1 ( )

and for which x* = 0. If A =0.1 is chosen, then the progress of iteration is that
given in Table 6.1.1; this illustrates that if the degree of non-linearity in r{x) is
small, then the method can work well. Another feature which this example
makes clear is that the order ol convergence is usually hnear, and in this case
the errors satisfy A* TV 2 0.14%,

In fact it is possible to be much more precise about how the errors behave.
If B® = 2A®A ™" i5 the approximation to G, then it is possible by following
a proof very similar to Theorem 3.1.1 to show that

IR0 < 20B*HEA V2N FRO Y+ O(I1h® |12) (6.1.11)

This suggests that the order of convergence, if it occurs, is no worse than linear.
However when the matrix Xr#V?r¥ =0 (for example when r* =0 holds as in
well-determined problems) then (6.1.11) shows that the convergence is second
order. As in Theorem 3.1.1 it then follows that x® —x* if some iterate is
sufficiently close to x*. For nonlinear data fitting problems however it is more
usual that the matrix ZrfV23r# is non-zero, in which case the order of
convergence is usually no better than linear, and indeed il the matrix Zr*V2r¥
is sufficiently large (in that 2B*~1Zr*V?r* has eigenvalues greater in modulus
than unity) then the iteration does not generally converge. This is true however
close x'V is to x*. An example of this fact is provided by problem (6.1.10), for
it can be shown that

xR+ = oy O, (6.1.12)

and it follows that the basic Gauss—Newton method fails to converge to x*
when {A] > 1. Thus (6.1.9) is valuabie only when both xV is close to x* and the
matrix Zr¥V2r¥ is small, either because the r¥ are small or because the degree
of non-linearity is small.

In view of these observations, modification of the Gauss—Newton method to
incorporate a line search is therefore particularly desirable and subsequently
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*Gauss—Newton method’ wiil be taken to imply the use of a line search. In this
case the search direction s™ is found by solving the linear system

AW ART) — ATl {6.1.13)

and the algorithm determines x** 1 by using any suitable line search strategy,
for instance that described in Section 2.6. Before going on to consider the
properties of the Gauss—Newton method with line search, a general observation
is first made about line search methods for nonlinear least squares. In a line
search it is usual to make interpolations or extrapolations based on a polynomial
model. For nonlinear least squares it is advantageous to make polynomial
approximations to each individual function r (x) rather than directly to f(x) itself.
For example if r(x* + as*®)) has been evaluated at e =0 and a =1, and AW ig
known, then a quadratic model (o) =7{0)+ {0 + 2*(r (1) — r{0) — #(0))
can be used where #(0) =a®"s® The corresponding approximation to f(x)
is then found by summing the squares of these model polynomiais. For example
when the r(x) are modelled by quadratic functions, the corresponding
approximation to f(x) is a quartic. Although this is more difficult to handie
than the cubic or quadratic approximations used in Section 2.6, a better fit
usually results which can result in a worthwhile saving of function and denivative
evaluations. For example, it can be seen by comparing the Rosenbrock and
Chebyquad 6, 8 results for the BFGS method in Table 6.1.2 with those in Table
3.5.1 that a significant saving of Jacobian evaluations is obtained.

Returning to the properties of the Gauss—Newton method, Tabie 6.1.2 gives
some 1dea of how the method compares with the BFGS quasi-Newton method
of Chapter 3, on some standard zero or small residual test problems. Apart
from the Chebyquad » = 8,9 and 10 cases (see below) the Gauss—Newton method

Table 6.1.2 Line search methods for nonlinear least squares: zero and small
residual test problems

Problem ] m Gauss—Newton BFGS FX hybrid
Rosenbrock 2 2 16 24 16* 15 26 16 16 27 16
Chebyquad 6 ] 5 16 7 8 20 0| 35 16 7
8 8 fails 10 24 13 | 13 36 17
9 9 fails 12 22 15 6 11 8
10 10 fatls 4 29 17 |12 26 12
Watson 6 31 5 7 7 15 26 15 5 7 6
9 3 5 6 5 18 28 18 5 6 5
12 3 5 & 7 21 41 22 5 8 7
20 31 5 7 6 fails 5 7 6
Kowalik 4 11 6 20 Io 0 23 13 6 16 8
Osborne 1 5 33 6 ia 9 29 55 37 10 17 12
Osborne 2 11 65 9 19 10 24 43 26 ! 9 19 10

* Figures are numbers of iteratioms. residual {r] evaluations and Jacobian (A} evaluations
respectively.
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is markedly better overall. This can be ascribed to the suitability of the
approximate Hessian (¢.1.8), [or the reasons given. The satisfactory results on
the Watson, Kowalik and Osborne problems are typical of how the method
performs 1n general. A feature which appears to contribute to the reliability of
the Gauss—Newton method is that the matrix 2AA7 is positive semi-definite and
usually positive definite, so that there is no need to worry about indefinite G®
matrices such as may arise in Newton's method with hine search. Tn fact, if the
condition number x(2AAT) is uniformly bounded away from zero then the
Gauss—Newton method is globally convergent by virtue of Theorem 2.5.1 and
the subsequent remarks of Section 2.5. Since A will usually be bounded above,
this essentially requires only that A has full rank at a hmit point. Nonetheless
examples do occur which 1llustrate that rank deficiency can cause the method
to fail. Powell (1970b) gives an cxamplc using cxact arithmetic in which the
iterates converge to 4 non-stationary limit point at which A 1¢ rank dcficient.
Also in practice if x* is stationary but A* is rank deficient, the search directions
s* can become numerically orthogonal to g at some distance from the solution
and no progress can be made in the line search. Thus a very poor estimate of
the solution is obtained. Test problems illustrating rank deficiency in A* are
Chebyquad 8 and 10 (9 is near deficient), Freudenstein and Roth, and Jennrich.
Rank deficiency is more common in well-determined systems (singularity in A¥)
than in overdetermined systems arising from data fitting, which explains why
the Gauss—Newton method generally has a good reputation for being reliable,
despite these remarks.

Another negative aspect of the Gauss- Newton method oceurs for those
nonlinear problems in which r* is relatively large at the solution (so-called large
residual problems). This feature is significant mmsofar as 1t imphes that the term
Tr*V2r¥ in G is substantial. Because the actual step in the method is
8% = 4®s®  the effective Hessian approximation is B% = g®~12AWA®T),
Thus much as 1z {6.1.11), the extent to which B* approximates G* determines
the rate of convergence {the order of convergence being linear). Because there
15 a limit to how well G* can be satisfactorily approximated mercly by scaling
A*A*" it thercfore follows that the rate of convergence of the Gauss—Newton
method with line search may be poor when applied to some large residual
problems. To gauge the extent to which this factor nught be sigmificant, the
practical performance of the method on some large residual problems is shown
in Table 61 3. This table also shows the performance of the BFGS methed
(with the same line search strategy), starting from an imtial matrix
B =2AMAMNT yhich 1s often recommended as a more reliable method for
solving large residual problems when only first derivatives are available.
Compared with the BFGS method, the Gauss-Newton method is spectacularly
poor for the Brown problem and marginally worse for the Trigonomctric
problems (in addition to failing for the rank deficient problems). However, the
BFGS method is worse for the other problems in this set. Overall one might
conclude for large residual problems that the Gauss—Newton method with line
search is seriously inadequate only on a few occasions.
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Table 6.1.3  Line search methods for nonlinear least squares: large residual test

problems
Problem noom Gauss-Newton BFGS . FX Hybrid
Freudenstein 2 2 fails [ 9 0 6 10 o6
Meyer J 18 8 28 11 &4 154 67 7 28 10
Jennrich 2 10 fails 9 16 9 6 15 7
Brown 4 20 | 254 627 256 10 19 ¢ |10 24 10
Signomial O 18 a0 59 3 20 56 28116 33 17
6 30 23 33 27 34 79 37 16 33 17
§ 24 19 44 19 45 935 47 |13 22 13
8 40 81 138 83 56 130 6l 1 26 35 27
10 30 17 37 17 38 193 93 13 26 13
10 30 53 113 58 100 227 107 119 41 21
Trigonometric 6 18 37 95 38 19 32 20 |12 22 12
6 30 21 54 22 25 59 25 110 27 12
I8 24 | 26 73 27 27 57 27 111 28 14
L8 40 | 31 71 32 31 64 31 |15 31 15
10 30 33 91 37 34 83 35 | 14 35 16
10 50 47 167 49 33 91 37 118 52 21

Nonetheless because the Gauss—Newton method can fail or can converge
slowly, it is desirable to seck other methods. A method which does converge
globally is the restricted step algorithm (5.1.6), using the L, in norm (5.1.2), and
it is possible to use this method 11 conjunction with approximation (6.1.8). From
(5.2.1), methods of this type determine the correction 8* by solving the system

(AWART L yNeM = — ARLR 50, (6.1.14)

Such methods were suggested at an early datec by Levenberg (1944) and
Marquardt (1963) and have already been discussed in Section 5.2 in a wider
context. Many different algonthms ol this type have been suggested; some
control the iteration using v*® directly as in algorithm (5.2.7); others (Mor¢,
1978) control the iteration as in algorithm (5.1.6) by using the radius B* of
(5.1.1), and choosc v¥ so that | 8% ||, = 4™ by an ianer itcration such as (5.2.10).
Convergence to a statonary peint is assured as inp Theorem 5.1.1 because the
proof that g = 0 only requires the Taylor expansion A f® = Ag® + o( | % ,),
which is true even if the second derivative approximation 18 not exact. In general
(if the matrix T,;7°V2r® is not zero) then the results relating to second order
conditions and second order convergence do not hold. Because of these
considerations the Levenberg—Marquardt methods for nonlinear least squares
problems are robust and often work well. However, the lack of a superlinear
convergence property, and the bias of 8* towards the steepest descent direction
which (6.1.14) provides, can have the effect ol inducing a slow rate of convergence,
much as for the Gauss—Newton method. Thus although a Levenberg-
Marquardt method 1s often considered to be a good mcthed for nonlinear least
squares problems, it is by no means entirely satisfactory.
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More recent research into methods for nonlinear least squares has concen-
trated on trying to improve on the exteni to which the matrnix 2AAT approximates
G, in the hope of getting something akin to superlinear convergence Gill and
Murray (1976a) make finite difference estimates of the curvature in a subspace
toimprove those parts of AAT which most significantly affect the search direction
s. Brown and Dennis (1971) approximate the matrices V?r, by making
quasi-Newton updates, and Dennis, Gay and Welsch (1981) describe an update
scheme for the composite matrix Zr,¥?r,. In both cases an estimate of G in
(6.1.6} is then constructed for use in a restricted step method. However, Dennis,
Gay and Welsch also find that they need to allow for the possibility of taking
Gauss—Newton steps, for the method to be fully practicable, which leads to a
rather cumbersome method, albeit one which has performed well on a range
of test problems. My current preference for nonlincar Icast squarcs is for a
hybrid method between the Gauss—Newton and BFGS method (Al-Baali and
Fletcher, 1985; Fletcher and Xu, 1986). This type of method is a line search
descent method using positive definite approximate Hessian matrices B,
Depending upon the outcome of a certain test, the method chooses B® to be
either the Gauss—Newton matrix (6.1.8) or the result of applying the BFGS
formula to B*~ Y, Initially B is the Gauss—Newton matrix. A line search
suitable for nonlinear least squares is used. One small difference from the normal
BFGS method is that the difference vector

y(k) = ZA(k+1)AU¢+ l}T(s(kJ +(A(k+])_A{k))r(k+1] (6115)

is usually used in place of (3.2.3) as it seems to give better results in practice.
However, it is necessary to safeguard this choice if B** ! would otherwise not
be positive definite. In the Fletcher—Xu hybnid method the simple test

f[k)_f(k+11>,cf(k] (6.].]6)

is used as the indication to take a Gauss—Newton step, where 1e(0, 1) is a preset
constant (r = 0.2 is recommended). The motivation for this test 15 that if r* #0
so that f* %0, then (f® — f&+ 1y £% 50 and therefore the test forces BFGS
steps to be taken ultimately. This enables superlinear convergence for large
residual problems to be obtained. Conversely if r* =0 then both methods
converge superlincarly, so that f%*1 =o(f%*), which implies that (f®—
fFEEDY @ 1 Under these circumstances the Gauss—Newton step is taken
ultimately, with the advantages of second-order convergence and numerical
stability. Somc numerical resuits for this hybrid method are also given in
Tables 6.1.2 and 6.1.3. The method matches (almost) or improves on the better
of the Gauss—Newton and BFGS methods for every test problem and therefore
gives a reliable, superlinearly convergent method that contains the best features
of both the Gauss—Newton and BFGS methods.

Another way in which it might be possible to improve reliability or efficiency
when solving ceriain data fitting problems arises when some of the variables
X, ocour flinearly in the approximating function ¢(z, x). Then for any given valucs
of the nonlinear variables, the linear variables can be determined by the solution
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to a finite linear least squares problem. This solution can be used to climinate
the linear variables from the problem and gives nise to a nonlinear problem in
fewer variables. References and more details of this are given by Dennis (1977}
However whilst this approach is well worth trying in any particular case, there
is no guarantee that it will yield superior results in general. An illustrative
example is given in Question 6.3.

Some numerical aspects of these methods are also worthy of comment. In
the Gauss—Newton method the search direction 5% is found by solving (6.1.13),
and this 1s most conveniently done if LLT factors of A®A®T are available,
where L is lower triangular. Tt is important to realize that substantial loss of
precision can occur in the numerical computation, if this is done by first ‘squaring’
A to give AAT {omitting superscript (k)) and then factorizing AAT directly. To

see this, consider the solution of the square system Bs = — g when errors 6B
in B induce errors &8s in s. It is straightforward to show that
i sl 6B,
< k(B)
Is+asl, 1B,

where «(B) is the spectral condition number of B, and this bound is realistic in
practice when the errors 8B can be attributed to round-off. The magnitude of
the relative errors in B is ~ &, the relative precision of the computation, and
the resulting vector s is seen to contain relative errors which have been magnilied
by a factor k(B). An allernative formulation of (6.1.13} uscs the QR factors

a-qy e

where @ is an m x m orthogonal matrix and L is n x n lower triangular. Then
AAT=LLT follows and the system

LLTs= —4g= —Ar
simplifies to give
L's = - Qlr. 6.1.17)

It can be shown that x(L)= «(B)*? and therefore the magmfication of errors
that is obtained by using (6.1.17) 1s much less. (For example if x(B) = 10°, then
k(L) = 10* and only 3 significant figures are likely to be lost by using (6 1 17},
as against 6 significant figures by using B=LL") It is an advantage of the
Gauss—Newton method that (6.1.13) permits the use of QR factors so as to be
able to solve for s from (6.1.17). Conversely in the BFGS method, s is computed
from LL"s = — g {the Choleski factors are updated on each iteration so LT 1s
not the QR factor) and so this ability to improve the conditioning 1s not present.
In fact, the Watson 20 test probiem in Table 6.1 2 is an exampie in which x(B}
1s sufficiently large tbat all significance 1s lost in single precision, so the BFGS
method fails, whereas the Gauss—~Newton method is able to solve the problem
in single precision. The ability to take Gauss—Newton steps is therefore an
important attribute of the hybnd methods referred to above.
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The most well known technique for calculating QR factors is the use of
Householder elementary matrices and is quite practicable. Tt requires
n*(m —4n)+ O(mn} muitiplications. However, there is also an alternative
orthogonal reduction technique due to Gentleman (1973), which can be thought
of as a square root free Given's method (see Wilkinson, 1977). This operates
on a column of A at a time, and can be more convenient in data fitiing
apphcations since cach column corresponds to one observation which can be
processed and then ignored, without storing the entire matrix A. Asympftoticaily
the housekeeping requirements of these iwo methods are the same. For the
Levenberg—Marquardt type of method using (6.1.14), addition of the term i
mproves the condition number of AA" so the effects of rounding errors may
not be as severe. However, since small or zero values of v can be used, it is still
advisable not to form AA" + 41 directly. The stable alternative is to apply the
Houscholder or Gentleman technique to the matrix [A:v!2I]. Another
possibility for Marquardt-Levenberg methods is to factorize A = QBPT {B
bi-diagonal, Q,P orthogonal) Then repeated solution of (6.1.14} can be
undertaken for different v without re-computing the factors. A final possibility
with thc same feature 15 to compute the singular valuc decomposition of A (as
in Moré, 1978) but this is considerably more expensive.

6.2 WELL-DETERMINED SYSTEMS

Although a well-determined system of nonlinear equations
rix)=0, 1=1,2,. .,n (6.2.1)

{thatis (6 1 2) with = = ») can be treated by the methods of the previous section,
it is an important problem in 1ts own right, and there arc some simplifications
which arise and some further possibilities for methods which merit attention.
The obvious approach is to hincarize (6.2.1) giving

19(8) = +a®T6=0,  [=12...n (6.22)

and to solve this linear systern to obtain a correction 6%, This is the Newton—
Raphson method i which the kth 1teration can be written

(a) solve A% 6= — 1™ for §=46%

{b) set x*kTD—x® 4 gt {6.2.3)

Step (a) mvolves the solution of a non-symmetrnic linear system of ¢quations,
which is best solved by making an LU decomposition of A% with partial
pivoting. This requires 4n* + Q(n*) multiplications. (The terminology Newton—
Raphson is standard when n= [, and it seems beneficial to extend this 1o all
n so as to avoid confusion with the Newton method (3.1.2) applied to the
function r(x)Tr(x), which gives a different method requiring higher derivatives
(V?,).) In fact the Newton—Raphson method 15 equivalent to the basic Gauss—
Newton method (6.1.9) in the special case that m = n. This follows by multiplying



120 Sums of Squarcs and Nonlivear Equations

Table 6.2.1 An application of the Newton—Raphson methed

k 1 2 3 4 3
xP 6 2612245 4826283 4998717 5

xP 5 4.244898 4.020244 4.000156 4

P —17 —5271248 —0.379029 —0.002841 —~0.17,4-6
ri 57 $.692322 0.681847 0.005262 0.32,,-6
hP 1 — 2387755 —0.173717 —0.001283 —0.768,,—7

[l 1 0.244898 0020244 0.000156 0.93,,-8

the equation in (6.1.9(a)) by A®™ ™! which gives equation (6.2.3(a)) directly. The

only difference is the possibility of using the more efficient LU factorization to

solve (6.2.3(a)). If a QR factorization is used for this, the methods are identical.
An application of the Newton-Raphson method to the system

rq(X) = x, — x3 + 5x3 — 2x, — 13

6.2.4
ra(x) =x, +x3+x3 —14x, — 29 (6.24)

{due to Freudenstein and Roth) from x*? =(6,5)" and working to about ten
significant digits is given in Table 6.2.1. In this tabic the error h* is defined as
in (2.3.1). The rapid convergence of % -0 when x'" is close to x* is typical
of a Newton method (see Table 3.1.1) and can be established rigorously.

Theorem 6.2.1

IfreCt, if A* s non-singular and its elements satisfy o Lipschitz condition, and
i x® s sufficiently close to xX* for some k, then the Newton—Raphson method is
well defined for all k and converges at second order.

Proof

As for Theorem 3.1.1 with A®7 replacing G* and r'® replacing g®. O

An illustration of the second order convergence is also provided by Table 6.2.1,
in that successive values of |hW** 1|,/ h® |2 for k= 2,3,4 arec 0.0304, 0.0423,
0.0463 which indicates a constant ¢ = 0.05 in (3.1.4). As in Section 3.1, variations
of the Newton—Raphson method exist in which factors of previous A matrices
can be used to replace A®, and similar comments apply.

The development so far closely parallels that in Section 3.1 for Newton’s
method for minimization, and it is likewise true that the resulting method is
not suitable for a general purpose algorithm. For example with x'" = (15, — 2)*
in (6.2.4), the Newton—Raphson method shows no sign of converging after 50
iterations, Again some sort of Line search is required, but since r{x) is not in
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general the gradient of a function f(x), 1t 18 ncoessary to construct some scalar
measure of how close r{x) 1s to zero. The most obvious choice therefore is to
use a line search based on mimmzing r(x)"r(x). This possibility 1s discussed in
the previous section, and it is pomnted out there that if A™ loses rank in the
limit ther convergence to 2 non-stationary point can occur (Powell 1970b). The
gituation may therefore be more severe than with Newton's method for
minimization, for which no such example (with x® —x’, ¢’ #0, {G®} positive
definite and G’ singular) has been developed to my knowledge. Thus the
Newton—Raphson method with Ime search on v does not provide a suitable
general purpose algorthm, The currently accepted remedy is to use Levenberg—
Marquardt or hybrid methods etc. as described in Section 6.1, However whilst
I concur with this to some extent, I think that better methods will uitimately
be developed, with more rapid convergence. In particular developments using
[r(x}||, as a measure offer exciting possibilities, especially for ill-conditioned
problems since the squaring of r is avoided, and also for large problems since
the sparsity of A can more readily be used to advantage. It is currentiy an open
question of somc intcrest as to whether the L, or least squares functions are
most effective as ment {functions in this context.

Another disadvantage associated with minnmizing a scalar measure of r(x} is
that local minima might be intreduced which do sot correspond to solutions of
r(x) = 0. This is 1llustrated by (6 2.4) for which r'r, ||r|,, and |||, all have local
minima at x = (53 —4,/22, 2 —./22)'/3. This situation must be regarded as
inevitable; for cxample, if #(x} is delined as in Figure 6.2 I, 1t is hard fo construct
any mcasurc of how closc r is to zere which avoids introducing a local solution
at x. The problem of moving from x' to x* 1s then a global mintmization
problem which 1s mentioned in Section 1.1, and is very difficult. In fact if r(x) = Q
has no real solution, as indicated by the brokcen linc 1n Figure 6.2.1, then clearly
situations like x are the best that can be achieved. A morc realistic atutudc
therefore is to accept that local solutions to ¥'r (or |r|,, ctc) can cxist, and
ensure that the algorithms are able to locate them effectively. In this situation
however another disadvantage of the Newton-Raphson method with line search
becomes apparent. This arises because if X" satisfies g’ = (b and v’ # 0, it follows
from (6.1.5) that A’ is singular. In fact the Newton—Raphson method is unstable
near such a point and only the line search ensures that the method does not

Figure 6.2.1 Local mmima in [|rj
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diverge. In practice the rate of convergence can be very siow. An exampie of
this can he found when solving (6.2.4) from x"'=(15 —2)*. The Newton—
Raphson methad with line search fails to make any further progress at a point
xM=(13.54, — 0.8968)" at which 7 —f*x 9 However the restricted step
Newton mimmization method obtains an estimate of x* after seven iterations
which gives f* to the full computer precision (7 8 digits). Another example is
provided by the Chebyquad n = 8 problem in which the equations r(x) =0 have
no real solution, and the best value of r(x)'r(x) 15 0.3516873,,-2. It is shown
in Tahle 5.2.1 that the restricted step Newton method finds this solution without
difficulty, whereas the Newton—Raphson method (that is the Gauss—Newton
method) fails to make any further progress from a point at which r(x)"r(x) & 0.03.
Although Newton methods 1n some form or another give rise to the most
suitable methods for general use, there are other techniques which are applicable
1 certain special situations. If the system r(x) = 0 is rearranged in the form

x = ¢(x) (6.2.5)
then x* is a solution of r(x) =0 if and anly if
x* = (x¥) 6.2.6)

The successive substitution method 18 an iterative method based on (6.2.5) which
uses

X&) = b (xB) 6.2.7)

to generate the sequence {x*'} from a given initial point x'*. Equation {6.2.6)
expresses the fact that x* is a so-called fixed point of the ueration formula
(6.2.7). The rearrangement 1n (6.2.5) can he done in many ways and this 15
exempilified by the one variable equation

rx)=14+x—-e2=0 (6.2.8)
which might be arranged as

x=e**—1 (6.2.9)
or as

x=Xlog{l + x). (6.2.10)

Furthermore the Newton—Raphson iteration formula is always a valid rear-
rangement, albeit one with rather special properties, and in this case il reduces Lo

x = (¥ - 2xe™ — 1)/(1 - 2e¥). 6.211)

Unfortunately (especially for systems of equations) any arhitrary rearrangement
will usually give either a divergent iteration or one which converges rather
slowly. Thus successive substitution methods are only advisable when it is
possible to identify some strongly dominant {erms in the system r(x} = 0 and to
rearrange these to give x on the lcft of (6.2.5). A well-known cxample 1s the
linear system r{x)=Ax—b =0, with A=D+ L+ U, where D is a dommant
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diagonal matrix and L and U are strictly lower and upper triangular. Then

x=D"'b—Lx—Ux) (6.212)
and
x = (D + L)~ (b — Ux) (6.2.13)

are two suitable rearrangements which correspond to the Jacobi and the Gauss—
Seidel iterative methods.

Nonetheless successive substitution methods are often used when this ideal
situation does not apply, and the resulling iteration may converge quite slowly,
or not at all. In my experience users do not always apprecate the fact that
there is the alternative possibility of using a Newton-like method, with a
potentiaily much more rapid rate of convergence. These possibilities are
illustrated for the simple problem (6.2.8) in Table 6.2.2, from x{" =1.

Table 6.2.2 Solution of (6.2.8) by method of successive substitution from x*' =1

k 2 3 4 5 ] 7

ik (6.2.10) 034657 0.14878 006935 0.03353 001649 0.00818

error { 6.29) 6.389 3.5,05  fails
(6211) 060887 030141 010331 001681 000054 ~ 1077

using

There. is some theoretical analysis for successive substitution methods which
nicely backs up these practical considerations. ¥t would be expected from
practical experience {e.g. (6.2.10) in Table 6.2.2) that the order of convergence
is usually linear and that the rate depends upon how nearly ¢(x) 15 constant
relative to x. This latter property is quantified by considering how small is the
matrx

U(x)=VeT(x) {6.2.14)

relative to the unit matrix. The smaller (in modulus) the eigenvalues of U, the
more rapid is the rate of convergence. The case in which U(x) has extreme
eigenvalues around + | corresponds to an iteration which neither diverges nor
converges. Larger values of U correspond to divergent iterations. This is
expressed by the following result.

Theorem 6.2.2

If ¢peC! and | U*| = < 1 then there exists a newghbourhood of X* in which
iteration (6.2.7) converges, and the order 1s at worst linear.

Proof
By (6.2.7) and a Taylor expansion for ¢ about x* il follows that
xE D — ¢(k) . ¢* 4+ Ure® 4 o(ﬂ h¥® H)
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where the error h* = x® — x* Thus from (6.2.6),

hi& 1) — G*pt o] K% I
and hence

IR < HU* | RS + o(1 8™ )
= pu Y +o(Ih™).

Since p<:1 it follows for sufficiently small h* that both local convergence
occurs and the order is linear. [

In fact when ¢{x) is linear in x then convergence only requires the weaker
result that the spectral radius of U is less than 1 (Varga, 1962). However thus
does not carry over 1o nonlinear situations because the error in this case may
not contract uniformly (as in Theorem 6.2.2). However, this analysis does show
that the error h* is usually dominated by the component along the eigenvector
which has the largest modulus eigenvalue, and that this eigenvalue is the
asymptotic constant g in [[h* ") a2 ||| which determines the rate of
convergence. These features are also illustrated by Table 6.2.2. For iteration
(6.2.9), U* =[2], so this iteration can never converge to x* = 0. For iteration
(6.2.10), U* = [§] and 1t can be verified that the order of convergence is linear
with rate constant u=%. Finally for the Newton-Raphson iteration (6.2.11)
U¥* = [0], which implies superlinear, and in this case quadratic, convergence.
An example of the use of a substitution method to solve large systems of
nonlinear equations is given by Concus (1967}, and some analysis of this type
of method 1s provided by Sherman {1978). Arising from this theory it might be
possible to aceelerate the linear rate of convergence by selecting from a family
of possible rearrangements that one which minimizes some measure of the
matrix U Well-known examples of this idea for linear systems are the SOR
mcthod and the Chebyshev semi-iteration method (Varga, 1962).

Another way of presenting the theory 1s to replace || U* || < 1 by the assumption
that there exists a constant g < 1 such that

lé(x}— ¢y} <plix—yi (6.2.15)

for all x and y in some domain which includes the solution. In this casc ¢ 1s
said to be a conrraction mapping Then the error can be shown to contract
uniformty on the domain (Rail, 1969). However {6.2.15) is a stronger assumption
than ||U*| < 1 and is lcss easily verified in general.

The observation that the Newton—Raphson method can be regarded as a
limiting case of a successive substitution method as || U} —0 is reinforced by
another remarkable result due to Dennis and Morc (1974). Consider any method
at all for solving a nonlinear system 1n whuch a convergent iterative scquence
{x™) is generated, and let 6™ =x%*Y —x® Then the sequence converges
superiinearly if and only if % 15 asymptoticaily equal to the Newion-Raphson
step, 8% say, that would be calculated by equation (6.2.3(a)) at x*. In practice
those methods which work really well are mvariably those which have the
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properiy of superlinear convergence, This result tells us that we must only look
at those methods which are asymptotically equivalent to the Newton--Raphson
method if this desirable property is to be attained. Such methods include
Newton’s method, quasi-Newton methods and {inite difference Newton methods
but excludc arbitrary successive substitution methods with U* 20, The resuit
1s applicable to nonlinear systems arising in a variety ol oplimization problems.
These include unconstramncd optimization (the stationary peint condition
g{x) =0, Newton’s method), constrained optimization (the KT conditions,
Lagrange—Newton-SQP mecthod), non-smooth optimization (structure
functions, SNQP method) and many others. Before statng the result, a
preliminary iemma in required.

Lemma 6.2.1

Ifh% 5.0 gnd 8% = h** VY — h® then the following are all equivalent definitions of
superlinear convergence.
(i) h** P = o(fh™) (i) 6™ = —h™ + o(| W)
(i) W40 = o(§80])  (iv) 69 = — b+ of| 5P})

Proof

The defintion |h* 2 /|h™ ] -0 of superlinear convergence is equivalent to
(i) by delinition of o{-) and to (i1} by definition of §*. It follows from (ii) that
8%/ h* ) > 1 from which (1ii) and (tv) then follow. Conversely (iii)<>{iv)=-
[ 89/ 1h¥ | = 1=(i)=@1). O

Theorem 6.2.3 (Dennis—Moré Characterization Theorem)

Let v(x)eC? and let x™ —x* where r* =0 and A* is non-singular. Then the
sequence converges superlinearly iff 8W(=x%**1 — x®y satisfies

5% = 5% +o( | 68k1) (6.2.16)
where 8% = — AW 1),
Proof

As in Lemma 6.2.1, (6.2.16) is equivalent to
8% = 58 4+ o(| 6@ ). {6.2.17)

Because A* is non-singular and by continuity of A,A® ™% is bounded in a
neighbourhood of x*, so (6.2.17) is equivalent to

19 4 AW 0 o] 55 {6.2.18)
and hence by a Taylor series about x™ to

r* 0 — o | 59)), (6.2.19)
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Another Taylor series about x**1 gives % 1 = AT UTRETD 4 o(| h* 1y
which can be used as above to deduce either r**Y=0(|h** D)) or
h* D = 0(||r** 1 |). Using these, (6.2.19) is equivalent to h** ' = o( | §*||) and
hence finally to h**Y = o(|h"™||) by Lemma 6.2.1. []

Corollary

For a Newton-like method in which 8" satisfies an equation a WB® §# = — ¢
for all k, then (6.2.16) is equivaient to

|| (a(kJB(kJ _ A*)Té‘(h] l

i 6.2.20
” 169 (6220
Proof
Substitute 1™ = — ®B® 5% in (6.2.18) and use the equivalences in the main
prool. [
For a unit step method (™ = 1), (6.2.20) becomes
thy _ AmT g
tim 1BE AT (6.2.21)
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which is the way in which the Dennis—Moré result is often expressed. Note
that it is not necessary to make an assumption that the matrices B® are
non-singular for these results to hold. Another interesting resull about Newton-
like line search methods fellowing from (62.20), is that if B® —A* then
superlinear convergence occurs iff a® — 1.

Another interesting idea of a completely different type is the Davidenko path
method or continuation method. This method aims to extend the domain of
convergence of Newton-like methods for solving systems of nonlinear equations,
It can be regarded most simply as a way of converting the original problem
into a sequence of problems, for each of which a good initial approximation of
the solution is available. Then the Newton-like mcthod can be expected to solve
gach of these preblems rapidly. An auxiliary system h(x, ) is constructed,
depending on an additional scalar paramcter 8, and which satisfics

hix, 0) = r{x) (6.1.22)
and
h(x? 1)=0 (6.2.23)

where x'V is given. Tt is not difficult to construct functions of this type, the
most simple being

h(x, 0) = r(x) — Or'D. (6.2.24)
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Tf x(f) solves the system
h{x, 8} =0 (6.2.25)

then x(0) can be regarded as a trajectory parameterized by 6, which satisfies
x(1) = xY, x(0) = x*, and is known as the Davidenko path. The method assumes
that x(ff) is continuous for & in [0, 1], and attempts to locate the trajectory for
certain discrete values of # in turn, say 8 =09, 0.8,...,0.1,0. The solution of
h(x'Y, 1) =0 (which is x'" by (6.2.23)) is used as the initial estimate for the
itcration to solve h(x,0.9)=0. Then the solution of this system is used as the
initial estimate for the iteration to solve h(x,0.8) =0, and so on. The solution
of hi(x,0) =0 is the solution to the original system r{x) =0 by (6.2.22). Provided
the increment in 6 is sufficiently small, and the Jacobian does not become
singular, then the initial approximation for any auxiliary problem can be made
arbitrarily good, so convergence is guaranteed by virtue of Theorem 6.2 1.

This simple-minded approach to the use of the Davidenko path can work,
especially when the Jacobian determinant has the same sign at x(0) for ali
#<{0, 1] However, the standard Newton—Raphson method with line search 1s
also adequate when the Jacobian matrix is non-singular in a neighbourhood
of the solution which includes x*V, and it is not clear that much is gained by
going to the increased complexity of the Davidenko path method.

It seems clear then that if this method is to be valuable it must be able to
solve problems in which the determinant of the Jacobian matrix changes sign.
To obtain some mrtwition in such cases the Davidenko paths and contours of
| 7|, have been illustrated in Figure 6.2.2 for the Freudenstein and Roth problem
{6.2.4). In this case the Jacobian determinant is zero at x, =(2 + ,/22)/3 = - 0.90
or + 2.23. Yet lhe Davidenko trajeclories pass smoolhly through these surfaces
and in this example it 15 always possible to follow such a path te the global
solution. For instance from x'V = (15, — 2)T, r'M = (34, 10)7, it is possible to solve
{(6.2.25) in terms of x, to give

f=(8+6x,+ 2x3 —x3)/12
Xy =108 — x3 — x% + 14x, + 29.

Thus the trajectory x{@) has # (and hence r [rom (6.2.24)) decreasing until
x3=(2—/22)/3, when 8 =041 Then & and r increase until x, = (2 + ,/22)/3
when 0 = 1.69, and finally # and r decrease to zero at the global solution x, = 5
This example :llustrates the main difficulty associated with these trajectories in
that although a path to the global sotution exists, it may be nceessary to incredse
f along parts of the trajectory and this corresponds to allowing an increasc in
|'rfi. Thus descent methods of solution are immediately excluded. Furihermore
the direction in which the trajectory should be followed is not defined. For
instance a trajectory starting at x**! = 0 must initially be followed for increasing
8 to arrive at the selution. Thus any numerical method bascd on thesc ideas
must be able to abandon a trajectory when it is judged that it is not likely to
be converging to a solution. In general the situation is even more complicated
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than this cxample suggests; it is possible to have trajectories which do not pass
through the point of attraction at a global solution and either go from oo to
oo, of form closed loops. Thus in no way does the method provide a guarantee
of finding a global solution.

Nonetheless Figure 6.2.2 does show that it is possible to solve some problems
in which a descent method would locate only a local solution. (Indced, the
trajectory which joins the local solution to the giobal selution in Figure 6.2.2
also passes through the saddle-point at (23.92, 2.23)", and hence minimizes the
amount by which || r|| must be increased. although this is not true in general)
It is well worth considering therefore how it might be possible to follow
Davidenko paths in practice. Differentiating with respect to @ in {6.2.24) and
{(6.2.25) and using the chain rule, it follows that

dx
AT — =y
dé
L;1 Contour of || r il2
i Davidenko _ _
50 irojectory
50}t
301
20 My
10F
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) I ; i 1 i 1 Ly
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Figure 6.2.2 Davidenko paths and contours for Freudenstein and Roth’s problem
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and hence from (6.2.24) that

i—; =07 A Tr| (6.2.26)
Thus the Davidenko path lies along the Newton—Raphson direction (cf. (6.2.3})
and following the trajectory is the problem of solving the system of ordinary
differential equations defined by (6.2.26) with the initial conditions (6.2.23). When
a point on the trajectory is reached at which A becomes singular, then it is
necessary to reverse the direction in which @) changes, as described above, 1n
order to continue to follow the trajectory. This is pointed out by Branin and
Hoo (1972) who also suggest a different parameterization in which 0 =e™, so0
that the system of differential equations (6.2.26) becomes

dx_

5 -~ A7 | . (6.2.27)

x{ei
This 1s an example of an auteromous system. The precise advantage of (6.2.27)
as against (6.2.26) 15 not clear to me, although 1t may be more convenient to
integrate through the singularty using (6.2.27), even though the direction in
which ¢ changes must also be reversed as above. Branin and Hoo {1972)
essentially use an LFuler method plus a corrector siep to follow the trajectory.
It should be clear the Davidenko paths are in the nature of a global
optimization technigue since they do not feature the descent property and since,
for sums of squares problems, a non-global minimizer doecs not act as a point
of attraction for the trajectories. A similar technique can alse be used for glohal
minimization of general differentiable functions, although 1 this case both local
and global mimmzers act as points of attraction and the aim 1s to follow a
Davidenko path from one such point to another. Just as for sums of squarcs
problems, it is necessary to change the direction in which ¢ or ¢ is integrated
when G becomes singular. Branin and Hoo (1972) discuss possible sirategies
in more detail.

6.3 NO-DERIVATIVE METHODS

It is also important to study modifications of nonlinear ieast squares algorithms
which avoid computing the first dertvatives Vr, since in practice these derivatives
may not be conveniently available. The most straightforward idea is just to
estimate derivatives by forward differences. Then the ith column of A™" is
replaced by (r(x"™ + he,) — r')/h and 15 used in a Gauss—Newton or Newton—
Raphson type of method (see the first paragraph of Section 3.1). Unfortunately
this method can be expensive because it requires the residual vector r to he
evaluated many times, although the option of re-using factors of previous
approximate A matrices can be advantageous. However for sparse syscems the
number of evaluations of r can be reduced (see Curtis et al., 1974}, and the
method is most useful in these circumstances.
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Another similar idea is to find a linear function I{x){(le R™) which coliocates
x) at n+1 points xV, x@, x®*D (pot coplanar), and then to take a
Gauss—Newton step which minimizes 17l. For systems in which m=n this 15
the secant method of Wolle (1959). Methods of this type can be rearranged into
the foliowing form (the generalized secant method} which is equivalent but more
convenient. Let differences

y® = et 1) _ g (6.3.1)
(where r® = r(x*)) and
§# — xk+1) _ W (6.3.2)

be defined, for k = 1,2,...,n Ther a matrix J** 1’ which approximates A can be
calculated, which satisfies

Jor 1T 50 _ gtk k=1,2....n (6.3.3)
by using the updating formula due to Barnes (1963)

W (yk) _ JOI* g

h+1) _ T
JER=0P+ W G

(6.3.4)

where w® is any vector which is orthogonal to 80, 83,...,8% Y. This result
is readily established by induction. Formula (6.3.4) is closely analogous to the
updating formula in quasi-Newton methods (Section 3.2), and the equation
JE 1500 — v corresponds to the quasi-Newton condition. This choice of w®
ensures that the updated matrix satisfies a hereditary property. When r(x) is a
linear system, and the 8® are independent, it follows that J" ™1 = A so that
the resulting Gauss—Newton step solves the problem exactly. Thus a termination
resuit hoids. All these results are closely related to those for the rank one
formula (3.2.7) for minimization. An illustrative numerical example is given in
Question 6.9.

An advantage of secant methods over the basic finite difference method is
that they enable the iteration to proceed beyond the n+ Ith step without
re-calculating all the information in A, and this is considerably more efficient.
On iteration n+ 1 the resulting difference pair y* "V, 6" yields too much
information to determine A. However using (6.3.4) and making w” * 1! orthogonal
to 6@, 83,..., 6™ ensures that J* 259 =y9 for j=2,3,...,n + 1. Essentially
therefore the difference pair vy, is dropped out and replaced by y®*1,
6%, Thus for any k > n an approximate matrix J** ' can be calculated which
satisfies J® V7§50 =y for the most recent n difference pairs. The resuiting
matrix can then be used to replace the true Jacobian matrix A in the Newton—
Raphson method (6.2.3). This approach requires of order mm computer
operations to update J® on each iteration.

It is also worthwhile to consider alternative representations of J® which
enable the Gauss—Newton or Newton—Raphson steps (that is {6.1.9(a)) or
(6.2.3(a)) with A® approximated by J*) to be computed efficiently. Direct use
of (6.1.9(a}) requires at least in® + fmn? + O(mn) multiplications, whereas it
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is possible to use the fact that J® is modified by the rank one update (6.3.4)
to reduce this figure to order mn. One possibility is 1o define matrices [y]*
and [6]% whose columns contain the most recent # {or k if k < ) difference
pairs (6.3.1) and (6.3.2). If these matrices have full rank (min(k, n)), and
suppressing superscript (k), then the representation

J' = [y)[87* (63.5)

satisfies (6.3.3) and in fact corresponds to the use of (6.3.4) when w™ is the
component of §* orthogonal to 6V, 82, ..., 8% Y (if k < n). The matrix [6]*
denotes the full rank generalized inverse ([6]7[6])~ 1 [8]7. It can then be verified
from the Penrose conditions that

KT =[81[y]" (6.3.6)

is a representation of J*T, and that the Gauss—Newton search direction can
be written as

s = _ KRk {6.3.7)

In practice therefore the generalized secant method uses this formuia in a line
search algorithm, and some representation of K* is updated to correspond
with {6.3.4). An algorithm along these lines is suggested by Powell (1965) which
uses the representation (6.3.6) for K, and updates the matrix ([y]"[y¥])~! which
appears in the definition of [y]*. However this approach is likely to lose
precision because of the ‘squaring’ effect referred to in Section 6.1, and this can
easily be avoided by updating the matrix [y]* directly, using the formulae given
by Fletcher (1969). A morc stable although more cumbersome alternative is to
update factors 7 = QR, where Q is orthogonal and R is upper triangular (for
example, Gill and Murray, 1978a), and to use the representation KT =R™'QT
in (6.3.7.). More recently, however, a stable method for updating LU factors of
J with partial pivoting has been developed by Fletcher and Matthews (1985)
and this now appearts to be the most satisfactory way of maintaining an invertible
representation of J.

Some other practical points concerning generalized secant methods include
the following. An initial choice K**» =0 means that (6.3.7) cannot be used for
k =1, so some thought must be given to initializing the algorithm. The most
simple possibility is to make searches along coordinate directions for the first
n steps and to use (6.3.7) thereafter, although other strategies spring to mind.
Another point concerns the stability of the algorithm which can break down
when the columns of [6]™ are close to being dependent. This can arise {Powell
1972¢) and so some modification is desirable. Powell (1965) modifies the rule
for rejecting the oldest column of [6]% in favour of the new vector &+ 1. and
in fact allows any column to be rejected, using the resulting freedom to maintain
independence. Finally it might be thought desirable to include a Levenberg—
Marquardt modification so as to ensure a convergence proof. However this
obviates the possibility of updating representations of K efficiently. In this case
a Powell dog-leg modification (Section 5.2) can be used, although since the
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gradient vector g is only estimated by 2JPr*® a convergence result does not
follow directiy.

An alternative to generalized secant methods is given by Broyden (1965) who
uses the updating formula (6.3.4), but with w® = §%. For linear systems this
generally destroys the hereditary property (6.3.3) and hence the result J®* 1 = A
which implies termination. Also certain invariance properties possessed by (6.3.4)
are lost. However, this updating formula does have the nice property that

SMEET

so that the error in the first derivative approximation is usually reduced, because
it 1s multiplied by a symmetric projection matrix. This updating formula also
has the advantage that the denominator of the correction in (6.3.4) 15 §® g%
so the correction itself cannot become arbitrarily large, which can happen with
the Barnes secant method. It has also been shown (Gay, 1979; Gerber and Luk,
1980) that methods based on using Broyden’s formula terminate 1n at most 2x
iterations—a surprising result when it was first discovered. Broyden reports
good performance with this type of update and it has since been used successfully
in a number of methods. A modification of Broyden’s update suitable for sparse
matrix applications is given by Schubert (1970} and is described in Question 6.10.

Another interesting finite difference approach is the Brown—Brent type of
method (Brent, 1973b). This introduces an inner iteration in which the
elimination steps implicit in the LU factorization of A® are carried out
successively rather than simultaneously. Specifically at x® Y =x® the first
equation r,(x) only is considered, and the linearization

ale VT (x — xf ) £ e =0 (6.3.8)

defines a hyperplane. A new point x*% 2 which satisfies (6.3.8) is chosen, and
{(6.3.8) is used implicity to eliminate one variable [rom the problem. Then the
reduced problem inn — 1 equations and n — 1 variablesis treated 10 an analogous
manner from x*2), and so on. The method has no advantages when derivatives
are availabie, but for a no-derivative method at x*? the resulling reduced
problem has only n— !+ 1 equations and variables and therefore it is possible
to estimate the reduced normal vector a%" by making only # — I + 1 difference
calculations. Thus to solve a linear system requires 4+n” + O(n) evaluations of
ri{x} rather than #?, and the method is correspondingly more efficient than the
basic finite difference method. Any linear equations should be taken first, so
that the elimination which they imply need not be repeated for different k. The
method is implemented by finding elementary matrices, the first of which causes
M,a; =u;,e,;, and which correspond to the reduction M,_---M,M;A=1.
Different methods are possible because a different choice of M, determines a
different point x* which solves (6.3.1), and so on. The most stable choice is
to use clementary Householder orthogonal matrices, as suggested by Brent
(1973b), where more details can be found. In practice I would expect the method
not to be as efficient as the generalized secant or Broyden methods, because the
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feature of preserving information in A ts not present. However, I know of no
comparative study which confirms this observation.

6.1.

6.3.

6.4

QUESTIONS FOR CHAPTER 6

Consider fitting the function ¢ft,X) =x,e” " at points t, =~ 1,0, 1, 2 to
data values d, = 2.7, 1, 0 4, 0.1 which represent the true values rounded to
one decimal place. Carry out one iteration of the Gauss—Newton method
from x = {1,1)7, and also calculate approximately the correction for the
second iteration using the factors of A/VA™, Verify that the linear rate of
convergence is rapid. Estimate the standard deviation of errors in the data
values and show that it is consistent with how the errors are generated.
Calculate the variance—covariance malrix and the standard deviation of
the variables x, and x,, and verily that the first ileration gives a solution
whosc crror is insignificant. Calculate approximately the matrices V2, and
the matrix 2B~ 'Zr,V?r,, and hencc verily that the lincar rate of conver-
gence is consistent with (6.1.11).

. Find the solution to the following data fitting problem (Walsh, 1975) in

which
¢(£9 X) = (I - X, [/xz)(lffxlc)J—l
where ¢ = 96.05, and the darta values are
i,

; 2000 5000 10000 20000 30000 50000
d; 09427 08616 0.7384 05362 03739 0309

Mimmize the sum of squares of the residuals r{x) defined by (6.1.4). Use
a computer subroutine which implements the Gauss—Newton method
with line search. Find the standard deviations of the data d; and the
variables x, and x,.

Consider the data fitting problem 1n Question 6.1. Show that if x, is fixed
then the linear least squares solution for x, 15 x; = Zd,e *"/Ze 2*2 with
best sum of squares f = Zd2 — x,Zd,e**". Hence solve the data-ftting
problem by regarding x, and { as functions of x, and by carrying out aline
seatch on x,. Verify that the solution is the same as that obtained in
Question 6.1.

Carry out three iterations of the Newton—Raphson method applied to the
Chebyquad n =2 equations

rx)=x,+x,—1=0
Fo(X)=(2x, — 1P +(2x, — 12 —3=0

from x¥'=(4,4)". Show that the corrections are consistent with a
quadratic order of convergence and hence estimate the error in x**. Show
that if x!* is any vector which satisfies r,{x}=0 and x, < x,, then the
Newton-Raphson method will converge.
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6.5.

6.6.

6.7.

6.8.

Soms of Squares and Nonlinear Equations
Consider the system of equations

Fx)=x3~x,~1=0
ra{xX}=x3—x,=0

Show that f(x) = r(x)"r({x) has a global minimizer at x = (1.46557,2.14790)"
which solves the above system, and a local minimizer at x=(0, —4)T
which does not. Show that there is also a saddle point at x = (%, — #)".
Show that the Newton-Raphson method converges rapidly from x' =
(1.5,2.25)T and verify that the order of convergence is quadratic. If x*? 1s
chosen close to the local minimizer, observe that the Newton—Raphson
method behaves wildly, but ultimately converges to the global solution.
Verify that the equation r,(x) =0 in Question 6.4 can be rearranged as

Xy —x, =3{3—22x, — )(2x, — }'2

Hence, using 7,(x) =0, obtain a successive substitution 1teration formula
and show that it converges from x*! = (1,4)T. Verify that the errors are
consistent with a linear order of convergence and estimate thc ratc
constant. Evaluate the matrix U* and check that the rate of convergence is
consistent with Theorem 6.2.2.

For the system in Question 6.5, and from x = (0.67, —0.13)7, consider
computing the LLT factorization of AAT in three different ways.

(1) Compute A and find the orthogonal matrix

cos @ sin 8
o-| |

sinf@ —cosH

for which AQ = L, working to high precision.

(i1) Repeat case (i) but round-off the resull of every arithmetic operation
to four significant decimal digits.

(iii) Compute A, AAT, and then faclorize the resulling matrix to give LLT,
working again to four digits.

Obscrve that the element /,, 1n (iii} has no significance, whereas that in
case (ii) has 1-2 significant figures remaining Hence show that the
correction 4 1n casc (i1) has similar accuracy (computed from L'é = — Qr),
whereas that in case (1) is incorrect by a factor of 100 (computed from
LLT6 = — Ar}. This example 1llustrates the loss of precision caused by
the ‘squaring’ elfect in case (iii).

Consider solving the system of cquations in Question 6.5 by the Davidenko
path mcthod. Verify that the Jacobian matrix is singular for all x such that
x; =0o0r x; =% Take x* =(~1,1)" and show that thc trajectory x(8)
which solves (6.2.25) and (6.2.24) exists for all x;, and that x; and 8 arc given
by x, = x{ and 0 = (1 + x{ — x7)/3. Verily that the Dawidenko path leads
to the solution but that # {fand hence {r ]} is not a decreasing function along
the whole path. Verify also that there exists a Davidenko path between the
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6.9.

6.10.

6.11.

local and global minimizers of || |3 which passes through the saddle-point
(see Question 6.5).
Consider applymg a secant method to solve the system in Question 6.4. Let
x M= (L0, x*® =(4,0)T, and x* = (1,2)", and evaluate r'.r'¥, and r'?,
Find the linear function i{x) which collocates these values and find the
point x* which solves I(x) =90

Also evaluate the differences in {6.3.1) and (6.3.2) and apply the Barnes
formula (6.3.4) for k=1 and 2. Verify that J™ is the Jacobian matnx of
1(x). Also apply formula (6.2.3(a)) to ¥ (using J™ to approximate A'¥)
and venify that x¥ 4 8™ is the above point x*. Also use the Broyden
formula ((6.3.4) with w® = §™)) to calculate J* and verify that a different
matrix 15 obtained.
Consider updating the approximate Jacobian matrix J® for a sparse
system of equations, and let j{ denote the ith column of J®. Let a, be the ith
column of the true Jacobian matrix. Show that if ¥ is updated by

ST _ sk
JETY =% 4w,

then d; must have a zero element whenever the corresponding element of
a;1s any known constant (including zero), assuming that the corresponding
element of j* takes this constant value. Hence show that the quasi-Newton
condition J** V7§ = y 15 satisfied by the update
d(y,—aTj,

jEr D=}, +[(y[6"fd?”’ i=12,....m
{(suppressing superscript (k}). In practice Schubert (1970) suggests choosing
d, by zeroing the appropriate compeonents of §, which reduces to the
Broyden formula ((6.3.4) with w'* = §®%) when no constant values are
known. Notice that in general the resuiting correction.to J* is not a matrix
of rank one.
it 15 required to fit a function y(;,x) (' x R" > R') to given data values
Vis¥a2.-- + ¥m Which eorrespond to given data points t,t3,...,£,. The
parameter vector X is unknown and must be determined so that y(z, x) best
fits the data n the least squarcs sense. In this case, however, y(t, x) 1§
not known directly but is defined for all z and fixed x by solving the ordinary
differential equation

y=ftxy  y(0)=hx).

The functions f and h are given, and [ is such that the differential equation

must be solved numericaily. What further information is required to enable

the Gauss—Newton method to be used to solve the dala fitting problem?

Show that this jnformation can be obtained by solving a ceriain initial

value system of first-order differential cquations, defined in terms ol a

vector 2{t, x) (zeR"* ') where z, = y above, and z, ,, = 8y/dx,i=1,2,...,n.
As an example, consider the differential equation

V= oxpfx Yy y0)=1x,
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Sums of Squarcs apd Nonlinear Equations
and the data vaiues

yi 2444 1944 1556 1056 9.07 0.85 4.07 1.67
t; 0 236 451 745 800 1000 12335 1473

Write a computer program to obtain a best least squares fit in the above
way (subroutines for the (Gauss-Newton method and the solution of a
system of ordinary differential equations are required). Attempt to obtain
the sum of squares correct to five decimal places. An initial estimate for
the unknown parameter vector is x = (0.22, 3.27, 24.44)7. Comment on
the accuracy obtained in this vector and the extent to which the
Gauss—Newton method is successful in solving the problem. Estimate the
effect of truncation error in the initial value problem by repeating the
calculation with a smalier step length.
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CONSTRAINED OPTIMIZATION



Chapter 7

Introduction

7.1 PREVIEW

The motivation for studying constrained minimization has been discussed at
some length in Chapter t of this book. The mathematical background given
there, and indeed many of the concepts which arise in unconstrained optimiza-
tion, are important in the study of constrained optimization. In Part 2, the
selection of material from the extensive literature which exists has again begn
done with the main theme of practicality in mind. Thus topics such as reliability
and effectiveness are uppermost; to some extent these are mcasurcd by
convergence and order of convergence results. Thesc aspects arc therefore studicd
in some detail, and together with the subject of optimality conditions they
provide good material for an academic course. However, the use of experimenta-
tion to validate the propertics of an algorithm 1s still of paramount importance.
In fact the study of constrained optimization is by no means as well advanced
as for the unconstrained case. The writing of software 15 a much more complex
task, and so comparative experimental results are much less widely available.
Often there is even a lack of suitable test problems. Also many more special
cases arise and the problem of assessing numerical evidence 15 more difficult.
For all these reasons Part 2 departs from the feature in Part 1 of presenting
detailed numerical evidence. Nonetheless important experimental results do
exist in the literature and the selection of material is guided by such results.
This lack of certainty also shows up in that the decision as to precisely what
algorithm to recommend in any one case is often not clear. For this reason the
availability of good well-documented library software is often poor. Thus 1
appreciate the fact that many algorithms are necessarily used which are not
ideal and I have tried to make users aware of defects in these aigerithms and
to enable them to mitigate their worst effects.

The structure of most constrained optimization problems is essentially
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contained in the following;

minimize  f(x) xeR”*
subject to  ¢(x)=0, ickE (7.1.1)
e(x) =0, iel

As in Part 1, f(x) is the objective function, but there are additional consiraint
Junctions ei(x),1=1,2,...,p. E is the index set of equations or equality constraints
in the problem, I is the sct of inequality constraints, and both these sets are
finite. More general constraints can usually be put into this form: for example
e{x) < b becomes b —¢,(x) 2 0. If any point x’ satisfies all the constraints in
{7.1.1) it is said to be a feasible point and the set of all such points 1s referred
to as the feasible region R. As in Part 1, maximization problems are easily
handled by the transformation max f{x) = — min — f{x). Also, a local minimizer
or solution (referred to by x*) is looked for, rather than a global minimizer,
the computation of which can be difficult. The definition of a constrained local
minimizer x* is that f(x*}<f(x) for all feasible x sufficiently close to x*
Definitions of strict or isolated local minimizers can be made in a similar way
to Section 2.1

It is possible to illustrate the effect of the constraints when n = 2 by drawing
the zero contour of cach censtraint function. For an equality constraint, the
line itself is the set of feasible points; for an inequality constraint the line marks
the boundary of the feasible region and the infeasible side is conventionally
shaded. This is shown in Figure 7.1.1. Case (i) has constraints x, = xi, x 20,
which can be written ¢,(x)=x, — x}, ¢,(x)=x;, ¢5(x})=x, and E={l},
I=1{2,3} Case (i) has constraints x, = x?, x] + x3 <1 which can be written
as ¢,(X)=x; — x?, c;(x)=1-—x? - x}, I={1,2}, and E empty. Formulation
(7.1.1) covers most types of problem; however the condition that some variables
x; take only discrete values 15 not included. This type of condition is covered
in integer programming which is largely beyond the scope of this book. However,
a useful general purpose algorithm is the branch and bound method which
enables the problem to be reduced to a sequence of smooth problems and hence
solved by other techniques given in this book, This is described in Section 13.1,
Another type of condition which is not included in (7.1.1) 1s a constraint of the

*a

LR AT LY TR e B - Tt 23
Case {1} ) ¢
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Figure 7.1.1 Examples of feasible regions
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form ¢;(x) > 0; something more is said about this case in Section 7.2. In fact
there is often some choice in how best to pose the problem in the first instance
and a number of possibilities of this type are discussed in Section 7.2

It 1s assumed in (7.1.1) that the functions ¢;(x) are continuous which implies
that R is closed. It is also assumed that f(x) is continuous for all xeR and
preferably for all xeR". H in addition the feasibie region is non-empty and
bounded (3¢ > 0 such that [ x| <a Vx=R), then it follows that a solution x*
exists. If not then the problem may be unbounded (f (x) - — oo, xeR) or may not
have a minimizing point. The problem also has no solution when R is empty,
that 15 when the constraints are inconsistent. In fact most practical methods
require the stronger assumption that the objective and constraint functions are
also smooth in that their first and often second continuous derivatives exist
(f,c;eC! or C?). The notation Vf{= g} and V2f(= G) for the gradient vector
and Hessian matrix of f is described in Chapter 1. The notation Ve; and V¢,
is used to denote the corresponding first and second derivatives of any constraint
function ¢,. The vector Ve, is also denoted by a; and is referred to as the normal
vector of the constraint ¢;. Note that a; refers to the ith vector 1n a sct and not
to the ith component of a. These vectors are sometimes collected into columns
of the Jacobian matrix A (although this rule is contradicted in the simplex
method (Chapter 8) in which the normal vectors are the rows of A). The vector
a; (that is a,(x) evaluated at x = x’) is the direction of greatest increase of ¢,(x)
at x, and if ¢;=0 and i€l then the direction is on the feasible side of the
constraint (see Figure 7.1.2) and is at right angles to the zero contour. Most of
what follows assumes the existence of these derivatives which can be used, for
example, to characterize optimality conditions, as described in Chapter 9, which
generalize the resuits for unconstrained minimization given in Section 2.1. This
is not to say ncccssarily that uscr supplied formulae for these derivatives are
required in any method. Mostly, howevcr, formulac for first derivatives are
required, and in some cases formulae for second derivatives also. Methods which
require no derivative information have not been studied to any great extent
and the obvious advice is to estimate these derivatives by finite differences (see
(2.3.8)), although the resulting algorithm is ikely to be less robust and effective
when this is done. A different situation arises when the functions f and ¢; do
not have continuous derivatives, which is referred to as non-smooth or

c{x]>0

c{x):0

Figure 7.1.2 The normal vector
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non-differentiable optimization. In this case methods for smooth problems are
not appropriate and special attention must be given to the surfaces of
non-differentiability. These behave somewhat like the boundary of & constraint
in(7.1.1) and it is thercfore appropriate to discuss the problem under the heading
of constrained optimization. This 15 done for unconstrained non-smooth
optimization in Chapter 14. These ideas are also generalized to allow non-
smooth constraint functions.

Another important concept is that of an active or binding constramnt. Active
constraints at any point x" are defined by the index set

o = o (x) = {i: ci(x) =0} (7.1.2)

so that any constraint is active at X’ if x" 15 on the boundary of its feasibie region.
If x' is feasible then &' = E clearly follows. In particular the set &/* of active
constraints at the solution of (7.1.1) is of some importance. If this set is known
then the remaining constraints can be i1gnored (locally) and the problem can
be treated as an equality constraint problem with E = ##/*, Also constraints with
i¢.o* ean be porturbed by small amounts without alfecting the local solution
whereas this is not usually true for an active constraint. An example is given
by the problem: minimize f(x)= — x, — x, subject to x, = x? and x? +x2< I
Clearly from Figure 7.1.3 the solution is achieved at x* =(1/./2, 1//2)" when
the contour of f(x) is a tangent to the unit circle. Thus the active set in the
notation of Figure 7.1.1(ii} is .&/* = {2}, and the circle constraint c;(x) is active.
Likewise the parabola constraint ¢,(x) is inactive and can be perturbed or
removed (rom the problem without changing x*. A further refinement of this
definition to include strongly aclive and weakly active constraints is given in
Figure 9.1.2.

Methods for the solution of (7.1.1) are usually iterative so that a sequence
x x@ x| say, is generated from a given point x'Y, hopefully converging
to x* I x* is a member of the sequence then the method ig said to terminate.
Some early methods for constrained optimization were developed in an ad hoc
way and are not strongly supported theoretically. Because of this these methods

Contours of 7 X2

*

Figure 7 1.3 Active and tnactive constraints
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are often unreliable and expensive for problems of any size and they are not
described here. However a review of what has been attempted is given by Swann
{1974). The subject of constrained optimization splits into two main parts, linear
constraint programming and nonlinear programming which have quite different
features. In hinear constraint programming each constraint is a linear function
c;(x) = a] x — h,. (More precisely an affine function: see the remarks in Section 1.2.)
The boundary of the feasible region for any one such constraint is a hyperplane,
and the normal vector V¢, is constant and is again the vector a;. Linear constraint
problems can be handled by a combination of an elimination method and an
active set method (see Section 7.2) and the iterates x'* are always feasible points.
The simplest cases are when the objective function is either linear or quadratic
(linear programming or quadratic programming—Chapters 8 and 10 respectively}
in both of which cases algorithms which terminate can be determined. The
application to a general objective function 1s given in Chapter 11, and in this
case many of the possibilities [or unconstrained optimization carry over directly.
For example there are analogues of Newton’s method, quasi-Newton methods,
the Gauss—Newton method, restricted step methods, and no-derivative methods
which use finite difference approximations. Simiiar considerations hold in regard
to using line searches and in regard to deciding what type of convergence test
to use to terminate the iteration. Special cases of a Linear constlraint are the
bounds x; = I; or x; <w, in which a; is +e;, the ith coordinate vector, and it is
particularly simple to handle such constraints. It is important that algorithms
should take this into account. A special type of lincarly constrained problem
8 a network program in which the constraints represent conservation of flow
n a network. Very efficient methods exist which can take advantage of the
network structure. The subject also has an elegant theoretical structure
associated with graph theory and is described in Section 13.3.

The most difficult type of smooth consirained minimization problem is
nonlincar programming (Chapter 12) in which there exist some nonlinear
constraint functions in the problem. In this ¢ase a completely satisfactory general
purpose method has yet to be agreed upon and the subject is one of intense
research activity. Of course if the nonlinear constraints can be rearraned so as
to be eliminated directly then this should be done, but is not usually possible.
Indirect ehmination by solving a system of equations numerically is possibie
{Sections 7.2 and 12.5) but is not usually efficient and other difficulties exist;
this 1dea is closely related to another approach known as a feasible direction
method. A different approach is to attempt to transform the problem to one of
unconstrained minimization by using penalty functions (Sections 12.1, 12.2,12.3
and 14.3). Efficiency depends on exactly how this is done, but it seems inevitable
that some sort of penalty function must be used to get good global convergence
propertics. In many algorithms the iteration is determined by modelling the
original problem in a suitable way. In particular a fincarization of the constraint
functions is often used. This 1s a first order Taylor series approximation about
the current iterate x®:

c(x® 4+ Sy = ISy = +a®"8 i=1,2....p (7.1.3)
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The linearized function I is defined in terms of the correction & {o x®, the
superscript k indicating that it is made on iteration k. This approximation
enables linear constraint subproblems to be solved on each iteration. As in
Part 1, it is also possible to make a quadratic model of the objective function.
However to take constraint eurvature correctly into account it is appropriate
to modify the quadratic term in a suitable way. Methods of this type are very
important, although to obtain good global properties they must be incorporated
with some typc of penalty function (Section 12.4). A special case of nonlinear
programming is geomerric programming in which the functions f and ¢; have a
polynomial type structure. Tt is possible to reduce this problem to a linear
constraint problem which is more readily solved (Section 13.2). Often linear
constraints and bounds arise in nonlinear programming problems: 1t 1s usually
possible to take advantage of this fact to make the algorithm more efficient.

These algorithms, in particular those for nonlinear programming, depend on
a study of optimality conditions for problem {7.1.1), and this theory is set out
in Chapter 9. In Part 1, I tried to write parts of the book in simple terms,
avoiding the use of too much theory. To some extent I have done this here,
for exampile in the presentation of linear and quadratic programming. However,
constrained minimization problems are much more complex than unconstrained
problems and it is important for the user to have some grasp of this
theory. This is especially true in regard to Lagrange multipliers and first order
conditions and I have tried to give a simple semi-rigorous introduction in Section
9.1 showing how these multipliers arise and can be interpreted. A more rigorous
presentation then follows. The same is true in regard to second order conditions
in Section 9.3. Some simple notions of convexity and duality for smooth problems
appear in Section 9.4 and 9.5. The subject of non-smooth optimization is arguably
the most difficult that T have tried to cover in this book. Some presentations
of this subject are extremely theoretical although I have tried to avoeid this as
much as possible. However, at the expense of introducing a little more theory
concerning optimality conditions for non-smooth convex functions (Section
14.2), a reasonably elegant and not too difficult treatment can be given. A
discussion of algorithms (Sections 144 and 14.5) is also given. The main thrust
of Chapter 14 is to show that a wider class of non-smooth problem, that is
composite non-smooth optimization, which includes many practical applications,
can be handled without significant extra complication. The generalization to
constrained compesite non-smooth optimization is also given.

7.2 ELIMINATION AND OTHER TRANSFORMATIONS

There is considerable scope for making transformations to a constrained
minimization problem which reduce it to a form that is more readily solved.
This can be advantageous and a number of such possibilities are discussed.
However, it is important to be aware from the outset that this procedure is not
entirely without risk and that solutions of the original and transformed problems
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may not correspond on 4 one-to-one basis or that methods may not perform
adequalely on the transformed probiem. A number of examples of this are given
in this section and elsewhere in the book, and the user should be on his guard.
The most simple possibility for equality constraints is to usc thc equations to
eliminate some of the variables in the problem (elimination). If there are just m
equations c(x) = 0 which can be rearranged directly to give

X, = ¢(x;) (.21)

where x, and x, are partitions of x in R™ and R"~", then the original objective
function f(x,, x,) is replaced by

Y(x2) =f(P(xy), X2) (7.2.2)

and #{x,) is minimized over X, without any constraints. A simple example is
given in Question 7.3. Derivatives of ¢ are readily obtained from those of f
and c (see Question 7.5). Some care has to be taken to avoid an ill-conditioned
rearrangement when forming (7.2.1), for instance with linear constraints it is
advisable to use some sort of pivoting on the variables. In some cases the
method may fail compietely, as shown in Question 7.4. In fact it is possible to
discuss ehimunation in more general terms, implicitly by first making a linear
transformation of variables; this is described in Section 10.1. In cases where no
direct rearrangement like (7.2.1) is available, it 1s possible to regard ¢{x, x,)=10
as a system of nonlinear equations which can be solved by the Newton—Raphson
method (Section 6.2). In doing this x, remains fixed and a vector x, is determined
which solves the equations. Thus x, depends on x, and so the process implicitly
defines a function x; = ¢(x,). This method is outlined in a more generai form
in Section 12.5; however the process is not always the most efficient and there
can be difficulties in getting the Newton—-Raphson method to converge. An
alternative transformation for the equality constraint problem is the method of
Lagrange multipliers (Section 9.1} in which the system of nonlinear equations
(9.1.5) is solved which arises from the first order necessary conditions. Except
in special cases this system must be solved numerically, which may cause
difficulties. The method can also fail, not only when the solution of (9.1.5)
corresponds to a constrained maximum point or saddle point, but also when
the reguiarity condition (9.2.4) dees not hold (see Question 9.14).

Elimination methods are not directly applicable to inequality constraint
problems unless the set of active constraints .« is known. However, it is possible
to use a trial and error sort of method in which a guess &/ is made at the set
of active constraints, and constraints in </ are then treated as equalities,
neglecting the remaining inequality constraints. The resulting equality constraint
problem is then soived by elimination or by the method of Lagrange multipliers,
giving a solution %. It is necessary to check that x is feasible with respect to
the censtraints which have been 1gnored. If not, one of these is added to the
active set and the above process is repeated. If £ is feasible then it is also
necessary to check that the first order conditions are satisfied. To do this requires
the calculation of the corresponding Lagrange multiplier vector 4. Since
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Ay = 0 f/0¢, to first order measures the effect of perturbations in the ¢; on f, it
is necessary for an inequality constraint ¢;(x) 2 0 that 4, 0 at the solution, for
otherwise a feasible perturbation would reduce f. Thus if there are any A; <0,
one such constraint must be rcmoved from the active set and the process
repeated again. On the other hand, if 2 0 then the required solution is located.
Methods of this type can be used 1n an informal way on small probiems.
However, they are most useful in soiving all types of linear constraint problem
when systematic procedures can be devised. Such methods include the simplex
method for linear programming and the active set method for all types of linear
constraint programming. So-called exchange algorithms for best inear L, and
L, data fitting are also examples of this type of procedure. Systematic procedures
using active set methods for nonlinear constraints based on solving the equality
constraint problems by implicit elimination can also be devised (Section 12.5)
but there are some difficuities which are not readily overcome. It is difficult to
handle constraints of the form ¢;(x) >0 in an active set method because the
feasible region is not closed and the constraint cannot be active at a solution,
However, it can be useful to include them in the problem wia the transformation
¢(x) > e>0, possibly solving a sequence of problems in which |0 if the
constraints happen to be active. The reason for doing this might be to prevent
or dissuade f{x) being evaluated at an infeasible point at which it is not defined
(for example the probilem: min x log,x subject to x > 0). It may not be satisfactory
just to ignore the constraints because the problem may then become unbounded
or have a global solution with ¢,(x} < 0, which 15 of no interest.

Some other transformations are worthy of note which relate equality and
inequality constraint problems. For example a constraint ¢,(x)=0 can bc
equivalentiy replaced by two opposite inequality constraints c;(x)=0 and
—¢,(x) = 0. Thisenables (7.1.1) to be reduced to an inequality constraint problem.
However, there are some practicai disadvantages due to degeneracy and other
recasons and the idca is best avoided, although it can occasionally be uscful for
theoretical purposes. The alternative possibility is to write ¢(x}0 as the
equality constraint min{e,(x),0}= 0. Unfortunately this function is not a C!
function and so is usually excluded on this count. Another possibility is to
replace a constraint c¢,(x) =0 by adding an extra variable, z say, giving an
equality constraint ¢;(x}=z and a bound z = 0. The variable z is referred to as
a slack variable since it measures the slack in the inequality constraint. This
transformation is most useful in the simplex method for linear programming
which requires all general inequality constraints to be handled in this way, but
is not nmecessary in active set methods which treat inequalities of any type
directly. Furthermore, following an idea introduced later in this section, it is
possible to do away with the need for the bound z = 0. This is done by adding
a guadratic slack variable y and replacing c¢{x} = 0 by the (nonlinear) equality
constraint ¢{x) = y?. This removes the need to treat nequality constramnts
directly. However this transformation does cause some distortiion as explained
below and in this case il may be somewhat dangerous, in particular because of
the following feature. Let for example c(x} = 0 be the only constraint and let x’
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be such that ¢ =0 and g’ =a’A’ where A’ < 0. Then X’ and A’ do not satisfy first
order conditions for a solution. Yet the vector X’ augmented by y' =0 does
satisfy first order conditions in the transformed equality constraint problem
with the same 4. Thus the transformation does not seem to be able to distinguish
whether or not constraints are active on the basis of first order information. [
have also heard bad reports of quadratic slacks in practice which might well
be accountable for in this way.

A similar transformation is useful, however, when f(x) is not defined for all
xeR" In this case it may be possible to add extra variables and equations 1o
give a problem which is more tractable. For cxample if f(x)={x]+ x3)"?
then by introducing a new variable x, and a ncw equation x5 = x3? + x3, f(x)
can be replaced by f(x) A x}. Thus it is only necessary for J to be defined on
x5 2 0 and it is usually straightforward to modify a method so that iterates are
feasible with respect to the simple bounds in the problem.

Many other useful transformations arise in constrained optimization and are
used in subsequent chapters. Perhaps the most well-known idea is the use of
penalty functions for nonlinear programming. The idea is to transform the
problem to one of unconstrained optimization by adding to the objective
function a penalty term which weights constraint violations. In sequential penalty
functions x* is found as the limit of the minimizing points of a sequence of
penalty functions, as some controlling parameter is changed. More recently the
value has been realized of an exact penalty function which has x* as its local
minimizer. These transformations are described in some detail in Sections 12,1,
12.2,12.3, 12.6 and 14.3. Other transformations of some importance are those
arising in duality (Section 9.5), integer programming (Section 13.1), and
geometric programming (Seclion 13.2), amongst others.

It is also possible to make transformations of variables in an attempt to
simplify the problem. For cxample the bound x; 22 0 can be removed by defining
a new variable y; which replaces x,, such that x;= y?. Then for any y; in
(— o0,00) it follows that x; =0 so the bound does not need to be explicitly
enforeced. Another similar transformation for I, €x, <u, Is to let y, satisfy
x; =1, + (u; — I)sin? y,. For strict constraints x, >0 it is possible o use x; = e*.
The advantape of these transformations is (hat they do extend the range of
problems which can bec handled by an unconstrained minimization routine.
This is not to say that minimization with simple bounds {; < x; € u; is at all
difficult; in fact the opposite is true and it is probably more efficient to treat
the problem directly. It is simply that subroutines which minimize functions
subject only to bounds are much less readily available to the user at present.
These ideas can also be used to transform inequality constraints to equalities
(see above in regard to quadratic slacks), although this possibility should be
viewed with some suspicion for the reason given above. These transformations
do cause some distortion which often may not be favonrable. For example the
problem minx? subject to x 20, after transforming x = y?, becomes min y*.
This has a singular Hessian at the solution which causes any standard
minimization method based on a quadratic model to converge slowly. Another
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example is the convex programming problem minéx — 1)* subject to x = 0.
Although the transformation is well behaved at the solution x* = 1, it induces
a stationary point with a non-positive-definite Hessian matrix at x = 0 and both
these features could possibly cause difficulties (see also Question 7.6). Thus
although such transformations can be useful, the user should be aware that
they are not entirely risk free.

Another transformation which enables |x;| functions to be handled is to
replace the variable x; by two non-negative variables, x;* and x; representing
the positive and negative parts of x; (that is max(x;, 0} and max(— x;,0}}. The
conditions x;" 20 and x,; =0 are explicitly included in the problem; also
whenever x; appears in the problem it is replaced by x} — x; and similarly
|x;| is replaced by x;" + x;” (see Question 8.12). This latter replacement is oniy
valid if one of x;}* or x; is zero, which can sometimes be guaranteed, for
example in otherwise linear problems when both x;" and x;” together cannot
be basic (Chapter 8). This transformation can also be used to handle unbounded
variables in a linear programming problem. An alternative techmique for
handling | x;| terms is described in Section 8.4. These ideas can be extended to
functions | ¢,(x)| by adding extra variables y; and the equality constraint ¢;(x) = y;
(see Question 8.11), thus enabling L, approximation problems to be handled
by smooth techniques. Similar ideas for minimizing max functions or L
functions can be tackled by introducing an extra variable v as described in
Section 14.1. However, all these techniques are really attempting to solve
non-differentiable optimization problems as smooth problems. In the current
state of the art this can be useful, but when software becomes readily available
for some of the better more direct methods deseribed in Sections 14.4 and 14.5,
these shouid be preferred.

Finally, the very important transformation of scaling cither the constraints
or the variables in the problem is discussed. Scaling of a constraint set is achieved
by multiplying each constraint function by a constant chosen so that the value
of each constraint function, evaluated for typical values of x, 1§ of the same
order of magnitude. This can be important in that this scales the Lagrange
multipliers (inversely) and so can make more reliable the test on the magnitude
of a multiplier which is used in some algorithms. A well-scaled matrix is also
important in some linear algebra routings when pivoting tests are made.
Moreover when using penalty functions which involve quantities like ¢e or
le| ;. it is important that constraints are scaled. In a similar way scaling of the
variables can sometimes be important. This again arises when pivoting tests on
the variables are made, or when implicitly using some norm of the variables,
for example in restricted step methods or methods with a bias towards steepest
descent (see Part 1). In practicc variables are usually scaled by multiplying each
one by a suilable constant. However, a nonlinear scaling which can be useful
for variables x; >0 is to use the transformation x;=e*. Then variables of
magnitudes 107¢, 1073, 10%, 10°,...,say, which typically can occur in kinetics
problems, are transformed into logarithmic variables with magnitudes which
are well scaled.
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7.1

7.2.

7.3.

7.4.

7.5.

7.6.

QUESTIONS FOR CHAPTER 7

Calculate the Jacobian matrix VIT of the linear system I{x)= ATx —b. If l is
obtained by linearizing a nonlinear system as in (7.1.3) show that both
systems have the same Jacobian matrix

Obtain the gradient vector and the Hessian matrix of the functions
Fx)+ hie(x)) and f(x) + A Te(x). In the latter case treat the cases both where
4 is a constant vector and where it is 4 function A (x).

Find the solution of the problem minimize — x — ysubjectto x? + y* = 1 by
graphical means and also by eliminating x, and show that the same solution
is obtained. Discuss what happens, however, il the square root which is
tequired is chosen to have a negative sign.

Solve the problem minimize x? + y? subject to (x — 1)*® = y* both graphi-
cally and also by eliminating y. In the latter case show that the resulting
function of x has no minimizer and explain this apparent contradiction.
What happens if the problem is solved by eliminating x?

Consider finding derivatives of the functions ¢(x;) and yix,) defined in
(7.2.1) and (7.2.2). Define partitions

() e~

and show by using the chain rule that V,¢" = — A,A7" and hence that
V,r =g, ~ A;A7'g,. Sccond derivatives of ¢ are most conveniently
obtained as in (12.5.6) and (12.5.7) by setting V' =[0:1] and hence
Z'=[—A,A;7LI] and YT =[A 1:0].

Constder the problem minimize f(x,, X,) subject to x; = 0, x, = 0 when the
transformation x = y? is used. Show that x’ = 0 is a stationary point of the
transformed function, but is not minimal if any g} < 0. If g’ = 0 then second
order information in the original problem would usually enable the question
of whether x’ is a minimizer to be determined. Show that in the transformed
problem this cannot be done on the basis of second order information.
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Linear Programming

8.1 STRUCTURE

The most simple type of constraingd optimization problem 1s obtained when
the functions f{x) and ¢,(x} in (7.1.1) are all linear functions of x. The resulting
problem is known as a lineqr programming (LP) problem. Such problems have
been studied since the earliest days of electronic computers, and the subject 18
often expressed in a quasi-economic terminology which to some extent obscures
the basic numerical processes which are involved. This presentation aims to
make these processes cleur, whilst retaining some of the traditional nomenclature
which is widely used. One main [eature of the traditional approach is that linear
programming is expresscd in the standard form

A T
minimize fx)be'x (8.1.1)

subject to Ax = b, xz=0,

where A is an m x n matrx, and m<n (usually «). Thus the allowable
constraints on the variables are either linear equations or non-negativity bounds.
The coefficients ¢ in the linear objective function are often referred to as costs.
An example with four variables (n=4) and two equations (m =2) is

minimize  x,; +2x, + 3x; + 4x,
subject to x;+ x;+ x3+ x,=1 {8.1.2)
X1 + Xy — 3X4 = %:
X 20,%20,x3;20,x,20
More general LP problems can be reduced to standard form without unduc
difficulty, albeit with some possible loss of efficiency. For instance a general
linear inequality a™x < b can be transformed using a slack variable z (see Section

7.2) to the equation a™x +z = b and the bound z 2 0. Altcrnatively the dual
transformation can sometimcs be used advantageously to obtain a standard
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form and this is described in more detail 1n Scction 9.5. Morfce general bounds
x; 2 I; can be dealt with by a shift of origin, and if no bound exists at all on x,
in the original problem, then the standard form can be reached by introducing
non-negative vanables x and x;7, as described in Section 7.2. In fact very
little is lost in complexity if the bounds in (8.1.1) are expressed as

l<x<u, (8.1.3)

as Question 8.8 illustrates The merit of using other possible standard forms is
discussed in more detail in Section 8.3. However, for the most part this text
will concentrate on the solution of problems which are already in the standard
form (8.1.1).

It is important to realize that a problem in standard form may have no
solution, either because there is no feasible point (the problem is infeasible), or
because f(x)-» — ¢« for x in the feasible region (the problem 1s unhounded).
However, it is shown that there is no difficulty in detecting these situations,
and so the text concentrates on the usual case in which a solution exists (possibly
not unique). It is also convenient to assume that the equations are independent,
so that they have no trivial lineat combination. In theory this situation can
always be achieved, either by removing dependent equations or by adding
artificial variables (see Section 8.4 and Question 8.21), although in practice there
may be numerical difficulties if this dependence 15 not recognized.

If (8.1.1) is considered in more detail, 1t can be seen that if m=mn, then the
equations Ax = b determine a unique solution, and the objective function ¢Tx
and the bounds x = 0 play no parl. In most cases however m < n, so that the
system Ax=h is underdetcrmincd and #—m dcgrees of freedom remain. In
particular the system can determine only m variables, given values for the
remaining n — m variables. For example the equations Ax =b 11 (8.1.2) can be
rearranged as

xl 7x_1 + 3x4

1
F

814
1 —4x, (8.14)

=

2

which determines x; and x, giver values for x, and x,, or alternatively as

xl xz - X3

(8.1.5)

ol— ool
Bl ppe

X4

X2

which determines x, and x, from x, and x,, and in other ways as well. Tt is
important to consider what values these remaining n — m variables can take in
the standard form problem. The objective function ¢"x is linear and so contains
no curvature which can give rise to a minimizing point. Hence such a point
must be created by the conditions x; = 0 becoming active on the boundary of
the feasible region. For example if (8.1.5) 1s used to ehminate the variables x,
and x, from the problem (8.1.2), then the objective function can be expressed as

S=2+Dx; + 3x, +dxy = ¢+ x, + 2x,. (8.16)

Clearly this function has no minimum value unless the conditions %, = 0, x; = 0
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Figure 8.1.1 Constraints for a sunple LP problem

are imposed, in which case the minimum occurs when x; = x; =0 Anillustration
is given in Figure 8.1.1 for the more simple conditions x; + 2x, =1 and x; 20,
X, 32 0. The feasible region is the line joining the points a = (0,4)T and b= (1, O)".
When the objective function f(x} is linear the solution must occur at either a
or b with either x; =0 or x, =0 (try different linear functions, for example
F=x;+ x; or =x; + 3x,). If however f(x)=x,; + 2x, then any point on the
line segment is a solution and this includes both a and b. This corresponds to
the existence of a non-unique solution.

To summarize therefore, a solution of an LP problem in standard form always
exists at one particular extreme pont or vertex of the feasible region, with at
least n —m variables having zero value, and the remaining m variables being
uniquely determined by the equations Ax =b and taking non-negative values.
This result is fundamental to the development of LP methods, and can be
established rigorously using the notions of convexity (Section 9.4). The proof
is sketched out in some detail in Questions 9.20 to 9.22.

The main difficulty in linear programming is to find which # —m variables
take zero value at the solution, The earliest method for solving this problem
is the simplex method, which tries different sets of possibilities in a systematic
way. This method is described in Section 8.2 and is still predominant today,
albeit often in more sophisticated forms. Different variations of the method
exist, depending upon exactly which intermediate quantities are computed. The
earliest tableau form became superseded by the more efficient revised simplex
method, both of which are described in Section 8.2. More recently methods
based on using matrix factorizations have been suggested in order to control
round-off errors more effectively. For large sparse LP problems, product form
methods have enabled problems of up to 10° variables to be solved in practice.
Both these developments are described in Section 8.5. In fact even larger LP
problems can be solved arising from linear network flow which 1s described in
Section 13.3. An apparently different approach to LP is the active set method
described in Section 8.3 which, however, turns cut to be equivalent to the
simplex method with slack variables, although different intermediate matrices
are stored. The problem of calculating initial feasible points for LP and other
linear constraint problems is described in Section 8.4. All these methods have
one possible situation in which they can fail to solve a problem which has a
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weli-defined solution. This is referred to as degeneracy and is described in
Section 8.6. In Section 8.7 the recent rescarch topic of pelynomial time algorithms
for LP is discussed. These methods differ from the simplex method and are able
to improve on its worst case behaviour There 15 some controversy as to whether
the methods are suitable for general purposc vse.

8.2 THE SIMPLEX METHOD

The simplex method for solving an LP problem in standard form generates a
sequence of feasible points x'),x(®, ... which terminates at a solution. Since
there exists an extreme point at which the solution occurs, each iterate x™® is
an extreme point. Thus n - m of the variables have zero value at x™ and are
referred to as nonbasic variables (the index set N®) The remaining m variables
have a non-negative value (usually positive) and are referred (o as basic variables
(the index set B, The simplex method makes systematic changes to these scts
aflter each iteration, in order to find the choice which gives the optimal solution
The superscript {k) is often omitted for clarity. At each iteration it is convenient
to assume that the variables are permuted so that the basic variables are the
first m elements of x. Then x™ = (x}, Xy) can be written, where x, and x, refer
collectively to the basic and nenbasic vanables respectively, The matrix A 1o
{8.1.1) can also be partitioned similarly into A =[Az:Ay] where Ay (the basis
matrix)ism x mand A, is m x {n —m). The equations Ax = b can thus be wrilten

N

X
[An:Ay] (XE) = AgXp+ Axxy = b {8.2.1)
At an extreme point it is always possible to find a partitioning into B and

such that Ay is non-singular (assuming that A has full rank; see Question 9.20)
Also since x§ = 0 it is possible to write

o e
o (XB)( h_ (b) (82.2)
Xy U

where b= Az ‘b Since the basic variables must take non-negative values it is
required that b > @. The partitioning B* and N® and the estreme point x%
with the above properties (x4 =b = 0, x¥ =0, A, non-singular) is referred
10 as a basic feasible solution (bf.s.). An example is provided by the LP problem
(8.1.2) with the choice B={1,2} and N = {3,4} (that is the varables x; and x,
are basic, and x; and x, are nonbasic). Then

11 1 1
AB_[] 0]) AN_[l 3J;
SN RO

11\

and

Baf— b2
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Since A, is non-singular and b > 0, this choice of B and N determines a basic
feasible solution. It is also of intercst to know the value (f say) of the objective
function at a basic fcasible solution. Partitiomng ¢' = (e}, e3) and using (8.2.2),
1t follows that
f=cTx® = cIb.

In the example above, ¢5 =(1,2)T so that the objective function has the value
f: 14. The nomenclature ‘basic feasible solution’ can be somewhat confusing
{basic feasible peint would be better) since ‘solution’ refers to a solution of the
constraint equations Ax = b and x = 0, and not to the overall solution of (8.1.1),
which is therefore referred to as an optimal b f3. Tt should be noticed that not
every possible choice of B and N gives rise to 4 b.fs. For instance in (8 1.2),
B=1{1,3} gives a singular matrix Ay, and B={2,4} gives a vector b for
which b4 < 0. (Note that indices such as b4 refer Lo the variable to which the
clement corresponds, and not to the position in the vector b.) Consequently
the determination of an initial bfs. 8, N and x is a non-trivial task.
Suitable methods exist which incorporate the logic of the simplex method, and
these are discussed 1n Section 8.4.

It is a simple matter to discover whether a basic feasible solution is optimal.
Equation (8.2.1) is used to eliminate the basic variables from the objective
function, yielding a reduced objective function f(x,) of the nonbasic variables
only, whose coefficients give this information directly. For example in the LP
problem (8.1.2) with the choice B = {1,2}, N ={3,4}, (8.2.1) can be rearranged
as shown in (8.1.4) and substituted into the objective function in (8.1.1) to give

Flxa xa) =14+ 2x; — x,. (8.2.3)

Now at the b.fs. x; and x, take the values x; = x, =0, but 1n general may
satisly x5 20 and x4 2 0. Thus only an increase 1 the value of any nonbasic
variable is allowed. Furthermore f can be decreased from 1ts vaiue of f =13
by increasing x,, since X, has a negative coefficient in (8.2.3), and so it follows
that this b.fs. is not optimal. On the other hand, if the coefficients of the
nonbasic variables in the reduced objective function are all non-negative as in
(8.1.6), then the corresponding b.fs. is optimal since there is no feasible change
to the nonbasic variables which will reduce f(x,).

In general terms the climination of the basic variables uses the rearrangement
of (8.2.1) given by

x5 =Azb— Ayxy)=b— A7 'Ayxy. (8.2.4)
The reduced objective function can then be written as
S(x)=cgxg +exxy
=cf(b — A; 'Ayxy) +efxy
=f + &xy (8.2.5)
say, where the coefficients &y are defined by
Ey=ty—AlnR, (8.2.6)
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and where
r=Ag;Tc, (8.2.7)

In the example above #=(2, — )T and &, =(2, — 1)T. The coefficients &y are
known as the reduced costs at the basic feasible solution. By virtue of the
discussion in the previous paragraph, the basic feasible solution is optimal if
the reduced costs satisfy the optimality test

&y 0. (8.2.8)

The first part of a simplex method iteration therefore is to determine the reduced
costs. If (8.2.8) hoids then the basic feasibie solution is optimal and the method
terminates. II (8.2.8) also contains some element £, = 0, then a similar argument
shows that x, can be increased with f staying constant, so that the solution is
non-unique (assuming that a non-zero step is permitted—for example if
b > 0—sce next paragraph and Question §.2).

Usually (8.2.8) is not satisfied, in which case the simplex method proceeds to
find a new basic feasible solution which has a lower value of the objective
function. Firstly a variable x,, geN, is chosen for which &, <0, and f(xy) is
decreased by increasing x, whilst the other nonbasic variables retain their zero
value. Usually the most negative ¢, is chosen, that is

¢, =miné,
ieN

although other selections have been investigated (Goldfarb and Reid, 1977). As
x, increases, the values of the basic variables x; change as indicated by (8.2.4),
in order to keep the system Ax = b satisfied. Usually the need o keep x50
to maintain feasibility limits the amount by which x, can be increased. In the
above example ¢, 15 the only negative reduced cost, so x, is chosen to be
increased, whilst x5 retains its zero value. The effect on x, and x, is imndicated
by (8.1.4), and x, increases like 4 + 3x, whilst x, decreases like 3 —4x,. Thus
x, becomes zero when x, reaches the value 3, and no further increase in x, is
permitted.

In general, because x, is the only nonbasic variable which changes, it follows
from (8.2.4) that the effect on x, 1s given by

XB=Bnglaqxq
E i (8.2.9)

say, where a, is the column of A corresponding to variable g, and where
d=—Ay'a, (8.2.10)

can be thought of as the derivative of the basic variables with respect to changes
in x,. In particular if any d; has a negative value then an increase in x, causes
a reduction in the value of the basic variable x,. From (8.2.9}, x; becomes zero
when x, = b;/ — d;. The amount by which x, can be increased is limited by the
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Jirst basic variable, x, say, to become zcro, and the index p is therefore that for

which
b g 2 (8.2.11)
—d, s —d&;
d;< 0

It may be, however, that there are no indices i€ B such that d; < 0. In this case
f(x) can be decreased without limit, and this is the manner 1o which an
unbounded solution is indicated. In practical terms this usually implies a mistake
in setting up the problem in which some restriction on the variables has been
omitted. Equation (8.2.11) is referred to as the ratio tesi.

In geometric lerms, the increase of x, and thc corresponding change to xg
in.(8.2.9) causes a move from the extreme point x* along an edge of the feasible
region. The termination of this move because x,, pe B, becomes zero indicates
that a new extreme point of the feasible region is reached. Correspondingly
there are again n—m variables with zero valuc (x, and the x,, ieN®, i ),
and these are the nonbasic variables at the new b.fs. Thus the new sets N** 3
and B** " arc obtained by replacing g by pin N, and p by qin B, respectively.
The form of the iteration ensures that b0 at the new b.fs. and 1t is possible
to show also that Ay is non-singuiar (see (8.2.15)). so thai the conditions for a
b.f.5. remain satisfied. In the example above the nonbasic variable x, 1s increased
and the basic variable x, becomes zero. Thus 4 and 2 are interchanged between
the sets B={1,2} and N = {3,4} giving rise tc a new basiwc feasible solution
determined by B={1,4} and N ={2,3} It is shown by virtue of (8.1.5} and
(8.1.6) that the resulting b.ls. is in fact optimal,

With the determination of a new b.fs,, the description of an iteration of the
simplex method 15 complete. The method repeats the sequence of calculations
until an optimal b fs. is recognized. Usually each iteration reduces f(x}, and
since the number of vertices is finite, it follows that the iteration must terminate.
There 15 one case, however, in which this may not be true, and this 15 when
h,=0 and d; < 0 occurs. Then no increase in X, 18 permitted, and although a
new partitioning B and N can be made as before, no decrease in f(x) is made.
In fact it is possible for the algorithm to cycle by returning to a previous set
Band N and so fail to terminate even though a well-determined solution does
exist. The possibility that b, = 0 is known as degeneracy and the whole subjcet
1s discassed 1n more detail in Section 8 6.

For small illustrative problems (r# =2 or 3) it is straightforward to follow the
above scheme of computation. That is given B and N, then

—1 o

s det(A)

is calculated, and hence b= Az 'b. Then (8.2.7) and (8.2.6) enable the reduced
costs €y to be obtained. Fither the algorithm terminates by (8.2.8) or the least
¢, determines the index g. Computation of d by (8.2.10) is followed by thc test
(8.2.11) to determine p. Finally p and g are interchanged giving a new 8 and
N with which to repeat the process

(8.2.12)
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For larger problems some more efficient schemc is desirable which avoids
the computation of Ag"' from (8 2.12) on each iteration, The earliest method
was the tableau form of the simplex method. In this method the data is arranged
in a tableau:

£ el 0

B A b

B N

Then by making row operations on the tableau (adding or subtracting multiples
of one row (not the f row) from another, or by scaling any row {(not the f
row}), it is possible to reduce the tableau to the form:

1

|
|
]
]
|
| ~
!
f
|
|

S o

B I Ay | B l (8.2.13)

S e
B N

where :iN = Az 'A,. which represents the canonical or reduced form of the LP
problem. Essentiaily the process is that used in obtaining (8.1.4) and (8.2.3) from
(8.1.2): the operations on the B rows are equivalent to premultiplying by Ag*,
and those on the f row are cquivalent to premultiplying by ¢} in the new B
rows and subtracting this row from the f row. In fact an initial canonical form
{8.2.13) is wusuaily available directly as a result of the operations to find the
mitial b.fs. (see Table §.4.1). Tests (8.2.8) and (8.2.11) can be carried out directly
on information in the tableau (note that d = — 4 ) so that the indices p and g
can be determined. A new lableau is (hen oblained by first scaling row p so
that the clement in column g is unity. Multiples of row p arc then subtracted
from other rows so that the remaining clements in column g become zero, so
that column ¢ becomes a column of the urut matrix. The previous column (p)
with this property becomes [ull during these operations. Then columns p and
g of (8.2.13) are interchanged, giving a new tablcau in canonical form. In fact
this interchange need not take place, in which case the columns of the unit
matrix in {8.2.13) no longer occur in the first # columns of the tableau. The
iteration is then repeated on the new tableau. An example of the tableau form
applied to (8.1.2) is given in Table 8.2.1. In general the quantity d,(= —d,)
must be non-zero (see (8.2.11)) and plays the role of ptwot in these row aperations,
in a similar way to the pivot in Gaussian elimination. In Table 8.2.1 the pivor
element is circled.
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Tabie 8.2.1 The tableau form applied to problem (8.1.2)

X X3 X3 Xa
Data: 1 2 3 4 0
1 { 1 1 1
I 0 1 -3 s
\ 1T
k=1 f ‘ AN | r — 135 ‘ (see (8.2.3))
‘ = '
X, 1 1 -3 i i (see (8.1.4))
X2 1 0 @ J 4
| _
k=2 f L 3 |-I% (see (8.1 6))
X, 1 3 1 z (see (8.1.5))
X4 i 0 1 L 3

{blanks correspond to zeros i columns marked B in {8.2.13))

It became apparent that the tableau form is inefficient in that 1t updates the
whole tableau Ay at each iteration. The earlier part of this section shows that
the simplex methed can be carried out with an explicit knowledge of Ag*,
and it is possible to carry out updating operations on this matrix. Since Ag!®
is often smaller than KN, the resulting method, known as the revised simplex
method, is usuailly more efficient. The effect of a basis change s to replace the
column a, by a, in A, which can be written as the rank one change

Af'V=Az+(a,—aye, (8.2.14)

{suppressing superscript (k)). By using the Sherman—Morrison formula
(Question 3.13} it follows that

(d+e, v,
d

where v, is the row of Az ' corresponding to x,. The fact that d, # 0 is implied
by (8.2.11) ensures that A¥ Y is non-singular. I is also possible to update the
vectors « and b by using (8.2.15).

A disadvantage of representing Ap*' in the revised simplex method 1s that
it is not adequate for solving large problems. Here the matrix A is sparse, and
the problem is only manageable if this sparsity can be taken into account.
Storing Az ' which is usually a full matrix is no longer possible. Also 1s has
more recently been realized that representing A; * directly can sometimes cause
numerical problems due to magnification of round-off errors. Thus there is

[AG+D] 1 =[Az] ' — (8.2.15)

P

1
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currently much research into other representations of Ay in the form of matrix
factorizations which are easily tnvertible, numerically stable, and which enable
sparsity to be exploited. These developments are described further in Section 8.5.

83 OTHER LP TECHNIQUES

It has already been remarked that general LP problems can be reduced to the
standard form (8.1.1) by adding extra variabies. This section reviews other ways
in which a general TP problem can be tackled. One possibility is to use duality
results to transform the problem. These are dealt with in more detail in
Section 9.5 where three different LP duals of differing complcxity are given.
The resulting dual problem is then solved by the simplex method, possibly after
adding extra variables to give a standard form. The aim in using a dual 15 to
generate a transformed problem which has a more favourabie structure, in
particular one with fewer rows in the constraint matrix. Another type of
transformation which can be used is known as decomposttion in which a large
structured problem 15 decomposed into a more simple master problem which
is defined in terms of several smaller subproblems. The aim is to solve a sequence
of smallcr problems in such a way as to determine the solution of the original
large problem. An example of this type of transformation is given in more detail
in Section 8.5.

A different technique, known as parametric programming, concerns finding
the solution of an LP problem which 15 a perturbation of another problem for
which the solution is available. This may occur, for example, when the effect
of changes in the data (A, b, or ¢) is considered, or when an extra constraint or
variable 1s added to the problem. The effect of changes in the data gives useful
information regarding the sensitivity of various features in the model, and may
often be more important than the sclution itself. The rate of change of the
values of the function and the basic variabies with respect to b or ¢ can be
determined directly from b= Ay b and f= c'f;b (see Question 8.14). To find
the effect of small fimte non-zero changes, the aim is to retain as much
information as possible from the unperturbed solution when re-solving the
problem. If only b or ¢ is changed then a representation of Ag* is directly
available. If Ap 15 changed then the partition into B and N can still be valuable.
The only difliculty is that changes to b or Az might result in the condition b0
being violated. It is important to be ablc to restore feasibility without restarting
ah initio, and this 1s discussed further in Section 8.4. Once feasibility 1s obtained
then simplex steps are taken to achieve optimality. Another type of parametric
programming arises when extra constraints are added (see Section 13.1 for
example) which cut out the solution. The same approach of taking simplex
steps to restore first feasibility and then optimality can be used. An alternative
possibility is to use the dual formulation, when extra constraints in the primal
just correspond to extra variables 1n the dual The previous solution 15 then
still dual feasible, and all that is required is to restore optimality,
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Another way of treating the general LP problem

minimize f(x) A ¢"x
subject to alx=b, icE {8.3.1)
alxz=bh, iel

for finite index sets E and I, 1s the active set method, which devolves from ideas
used in more general hnear constraint problems (Chapters 10 and 11), and
which is perhaps more natural than the traditional approach via (8.1.1). Similar
introductory considerations apply as in Section 8.1, and in particular the solution
usually occurs at an extreme point or vertex of the feasible region. (When this
situation does not hold, for example in minx, + x, subject to x; + x, = 1, then
it is possible to create a vertex by removing undetermined variables, or
equivalently by having psendoconstraints x; =0 in the active set—see Section
8.4.) Each iterate x*® in the method is therefore a feasible vertex defined by the
equations

alx=~bh;, icd (8.3.2)

where o7 is the active set of n constraint indices, and where the vectors a; ic.sf are
independent. Except in degencrate cases (see Scction 8.6), o is the set of active
constraints .o/(x®) in (7.1.2).

Each iteration in the active set method consists of a move [rom one vertex
to another along a common edge. At x% the Lagrange multiplier vector

A=AV =A"lc (8.3.3)

is evaluated, where A now denotes the # x n matrix with columns a,, ie.s?. Let
the columns of A ~T be written s,, 8,,...,8,. Then the construction (9.1.14) shows
that the vectors s, ie [ are the directions of all feasible edges at x®, and
the multipliers A; are the slopes of f(x) along these edges. Thus if

420, e nl (8.3.4)

then no feasible descent directions exist, so x* 15 optimal and the iteration
terminates. Otherwise the most negative J;, ief N1 (4, say) is chosen, and a
search is made along the downhill edge

x=x%+as, a=0 (8.3.5)

The ith constraint has the value ¢ =afx®—b, at x* and the value
cdx)=¢e + xa's, at points along the edge. The scarch is terminated by the
first inactive constraint (p say) to become active, Candidates for p are therefore
indices i¢.of with a;rsq<0 and any such constraint function becomes zero
when

b;—alx®

ajs,
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Thus the index p and the corresponding value of « are defined by

b alx®
%= min —————. (8.3.6)
figst, a; 8,
ailsq<0

The corresponding point defined by (8.3.5) 15 the new vertex x%* 1, and the new
active set is obtained by replacing g by p in .. The iteration 1s then repeated
from this new vertex until termination occurs. Only one column of A is changed
at each 1teration, so A~ ! can be readily updated as in (8.2.15).

In fact the active set method is closely related to the simplex method, when,
the slack variables arc added to (8.3.1). It is not difficult (see Question 8.17) to
show that the Lagrange multiplier vector in (8.3.3) is the reduced costs vector
in (8.2.6), so that the optimality tests (8.3.4) and {8.2.8) arc 1dentical. Likewise
the index ¢ which 1s deterrmned at & non-optimal solution is the same in both
cases. Moreover the tests (8.3.6) and (8.2.11) which determine p are also
equivalent, so the same interchanges in active constraints (nonbasic slack
variables) are made. In fact the only difference between the two methods lies
in how the inverse maltrix information is represented, because the active set
method updates the n x n matrix A~' whereas the revised simplex method
updates the m x m matrix A5l Thus for problems in standard form (8.1.1)
which only have a few equations {(m <« ), a smaller matrix is updated by the
revised simplex method, which 1s therefore preferable. On the other hand, il the
problem 1s like (8.3.1) and there are m > n constraints (mostly inequalities), then
the simplex method requires many slack variables to be added, and the active
set method updates the smaller inverse matrix and is therefore preferable.

In both cases the inefficiency ol the worse method is caused by the fact that
columns of the unit matrix occur 10 the matrix (A or Ag) whosc inverse is being
updated. For example if bounds x =0 (or more generally I<x<u) are
recognized in the active set method, then the matrix A can be partitioned (after
a suitable permutation of variables) into the form

h—p rn
As A, O |u-p
A, T
where p is the number of active hounds Then only A[ ! need be recurred, and
A~ can be recovered from the expression

il
I o
—ALATT T
In this way the active set method becomes as efficient as possible, il sparsity in the
remaining constraint normals can be ignored. However, a similar modification
to the revised simplex method can be madc when basic slack variables are

present. Then Ag also contains columns of the unit matrix, which ¢nables a
smaller submatrix to be recurred. If this i1s done then the methods are entirely
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equivalent. However, as a personal choice 1 prefer the description of lincar
programming afforded by the active set method, since it is more natural and
direct, and does not rely on introducing extra vanables to solve general LP
problems.

8.4 FEASIBLE POINTS FOR LINEAR CONSTRAINTS.

In this section methods are discussed for finding feasible points for a variety of
problems having hinear constraints. First of all the method of artificial variables
is described for finding an initial basic feasible solution for use in the simplex
method. The underlying idea 15 of wide generality and it is subsequently shown
that it is possible to determine a similar but more flexible and efficient method
for use in other situations. These include the active set metheds for minimization
subject to linear constraints described in Sections &.3 (linear objective function),
10.3 (quadratic objective) and 11.2 {general objective). The resulting methods
are also very switable for restoring feasibiity when doing parametric
programming. The idea of an L, cxact penalty function for nonlincar constraints
(Section 14.3) is also seen to be a generalization of these 1deas.

In the first instance the problem is considered of finding a basic feasible
solution to the constraints

Ax=h, xz20 (8.4.1)

which anse in the standard form of linear programming (8.1.1} Extra variables
T (often referred to as artificial variables) are introduced into the problem, such
that

r=b—Ax (84.2)

These variables can be interpreted as residuals of the equations Ax =b In the
method of artificial variables 1t 1s first ensured that b 0 by first reversing the
sign of any row of A and b for which b, < 0. Then the auxiliary problem

minimize ¥ r;
A ‘ (8.4.3)
subject t0 AX +r=bh, xz=0, rz0

is solved 11 an attempt to reduce the residuals to zero Let X" and 1° solve (8.4.3);
clearly if ¥ =0 then x' is feasible in (8.4.1) as required, whereas if ¥’ # 0 then
there is no feasible point for (8.4.1). (This latter observation 1s true since if x’ is
feasible 1n (8.4.1) then x', 0 is a feasible point of (8.4.3) with ¥ #, =0 which
contradicts the optimality of ¥ # 0.) Also (8.4.3) is a linear program 11 standard
form with variables x, r for which the coefficient matnx is [A:I] and the costs
are 0,e where e is a veclor of ones. An initial basic feasible solution is given by
having the r variables basic and the x variables nonbasic so that r'*'=b and
x'" = 0. The initial basis mattix is simply A = L Thus the simplex method 1tself
can be used to solve (8.4.3) directly from this b.fs.
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A feature of the caleulation is that if the artificial variable r; becomes nonbasic
then the constraint (Ax —b); =0 becomes satisfied and need never be relaxed,
that is r; need never become basic again. Thus once an artificial variable becomes
nonbasic, it may be removed from the computation entirely, and some effort
may be saved. If a feasibie point exists (' = 0) the optimum basic feasible solution
to (8.4.3) has no basic r; variables (assuming no degeneracy) so that all the
artificial variables must have been removed. Therefore the remaining variables
x" =(x}, x}) are partitioned to give a basic feasible solution to {8.4.1). The
same tableau Ay or inverse basis matrix Ag ! is directly available to be used
in the solution of the main LP (8.1.1). Because the solution of (8.4.3) is a
preliminary to the solution of (8.1.1), the two are sometimes referred to as phase I
and phase IT of the simplex method respectively. In some depencrate cases
(for example when the constraint matrix A is rank deficient) it is possible that
some artificial variables may remain in the basis after (8.4.3) 15 solved. Since
r =0 nothing is lost by going on to solve the main problem with the artificial
variables remaining n the basis, essentially just as a means of enabling the basic
variables to be eliminated (see Question 8.21).

An example of the method to find a basic feasible solution to the constraints
in (8.1.2) is described. Since b = 0 no sign change is required. Artificial variables
r, and r, (x5 and x, say) are added to give the phase I problem

minimize X5 + Xg
X

subject to x; +x; + X3+ x4 + X5

t
X, +x3—3x, +x5=%

x, =0, i=12,...,6

A basic feasible solution for this problem is 8= {56}, N ={1,2,3,4}, with
Ay =1 by construction. A calculation shows that &y =(—2, — 1, —2,2)" so that
X, (g = 1) is chosen to be increased. Then d =(— 1, — 1)T so both x, and x, are
reduced, but x4 reaches zero first. Thus x; is made basic and x, nonbasic.
Since x4 is artificial it is removed from the computation, and a smaller problem
is solved with B={1,5}, N = {2,3,4}. In this case the calculation shows that
x,4 is increased and x, goes to zero. When x, is made basic and x5 removed,
there remains the partition B ={l1,4}, N ={2,3}. Both the artificial variables
have been removed and so phase I is complete. The basic feasible solution is
carried forward into phase 11 and by chance is found to be optimal (see Section
8.2), so no further basis changes are made. The tableau method applied to this
problem 15 shown in Table 8.4.1

The way in which an artificial variablc is introduced is very similar to that
in which a slack variable is introduced (see Sections 8.1 and 7.2). In fact if a
slack variable has already been added into an inequality alx < b, and if b, 2 0,
then it is possible to use a slack variable in the mitial basis and not add an
artificial variable as well. For example consider the system

Xp+xz+X3+ x4%51
X, +x3—3x, =14, x =0
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Table 8.4.1 The tableau method in phase 1

Phase 1
Xy X, X3 X4 X5 Xg
Data’ 0 0 0 0 I I ! 0
xs L1 1 1 1 1
x| 1 0 I -3 14
)
k=1 f -2 -1 =2 2 —13 !
|
Xs 1 1 [ 1 [ L
Xg @ 4] 1 -3 1 ‘ % i
k=2 f -1 0 —4 2 i
| i o
xs | 1 o @ 1 -1 4
x, |1 [ 1 1 b
L

k=3 f 0 0 1 1 u_j
. Lo 0y
W 1oE RN
Phase II
T
Data: 1 2 3 4 a
x4 1 0 1 .
x, 1 3 1 i
k=1 f i 2 —13
X, % 0 1 ¢
X1 1 3 1 :
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Adding slack variable x, gives

X_l +x;_+JC3+ x4+x5=1

3.4.4
x, + x4 —3x, =1, xz=0 ( )

which is in standard form. Since b; =1 2 0 the slack variable x5 can be used
in the initial basis, and so an artificial variable (x4 say) need only be added into
the second equation. The resulting cost function is the suin of the artificial
varigbles only, 30 in this case the phase 1 problem 1s

minimize  xg
subject to x; + X, + X3+ X4+ X5 =1
Xg +x3—3xy4 +X5=1, xz0

and the 1nitial partition is B = {5,6}, N = {1,2,3,4}. As before artificial variables
are removed from the problem when they become nonbasic, but slack variables
remain 1n the problem throughout. In this example it happens that x, is removed
on the first iteration and the resulting partition B={1,5}, N ={2,3,4} gives a
basic feasible solution for (8.4.4), to be used in phase II. In general if b, < 0 after
adding a slack variable to an inequality a]x < b;, then it is also necessary to
add an artificial variable to that equation. This is cumbersome and can be
avoided by adopting the more general framework which follows, and which
docs not require any sign changes to ensure b = 0.

At the expense of a smalil addition to the logic in phase I, a much more
flexible technique for obtaining feasibility can be developed (Wolfe, 1965). This
is to allow negative variables in the basis and to extend the cost function, giving
the auxiliary problem on the kth step as

minimize 2: -x; + Y —rn 4+ v, (8.4.5)
i:xE Yo i:rsk}«il) r':rE- )
subject to Ax +r=b, x;20 Vi:x® =0,

In this problem it is understood that an element of the cost vector is taken as
—1if x¥ <0 and 0 if x{¥ = 0, and likewise as — 1 if ¥ <O and +1if ¥ >0
so that the costs may change from one iteration to another. Any set of basic
variables can be chosen imtially (assuming Ay is non-singular) without the need
to have b= 0, and simplex steps are made as before, except that (8.2.11) must
be modified in an obvious way to allow for a negative variable being increased
to zero. Once x; becomes non-negative then the condition x; = 0 is subsequently
enforced and artificial variables are removed once they become zero. There is
no nced with {8.4.5) to have both artificial and slack variables in any one
equation. An example is given in Question 8.22. In fact, because any set of basic
variables can be chosen, the artificial variable is added only as a means to
enable an easily invertible matrix Ay to be chosen. Thus if such a matrix is
already available then artificial variables are not required at all.

Another consequent advantage of (8.4.5) occurs in paramerric programming
(Section 8.3) when the solution from a previous problem (B and Ay ) is used
to start phase T for the new problem, Tt is likely that the old basis is close to
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a feasible basis if the changes are small However 1t 1s quite possible that the
perturbation causes feasibility (b= 0) to be lost, and it is much more efficient
to use (8.4.5) in conjunction with the old basis, rather than starting the phase
I procedure with a basis of artificial variables. Also a better fe'lsible point is
likely to be obtaned. For example in (8.4.4} if b; is perturbed to — 1 and the
same partition B—{1,5}, N=1{2,3,4} 1s uscd, then bh=(—1%37 can be
calculated. Thus the cost function in (8.4.5) is —x, and it follows that &y =
(0,1, — 3)" so that x, is chosen to be increased. Then d = (3, — 4)T so the increase
in x, causes x; (O increase towardq zero and x; to decrease towards zero.
x; reaches zero first when x, =4, so the new partition1s B = {4,5}, N = {1, 2,3}
with b= (£, 2)". Since there are now no negative variables, feasibility is restored
and phase II can commence.

Use of the auxiliary problem (8.4.5) is closely related to a technique for solving
linear L, approximation problems in which |r|, (= 3,;|#,|) is minimized, where
r is defined by (8.4.2) The |#;| terms are handled by introducing positive and
negative variables » and r, where »7 20, v, »0, and by replacing

=ri—r7 and {r]|]=r"+r  as desecnibed in Section 7.2. Barrodale and
Roberts (1973) suggest a modification for improving the efficiency of the simplex
method so that fewer iterations are required to solve this particular type of
problem. The idea is to allow the simplex iteration to pass through a number
of vertices at one time so as to minimize the total cost function The same type
of modification can be vsed advantageously with (8.4 5). Let the nonbasic
variable x, (either an element of x or r) for which ¢, <0 be chosen to be
increased as in Section 8 2 If a variable x; <0 is increased to zero, then the
corresponding element of ¢z is changed from —1 to 0 and ¢, 1s easily
re-computed. If ¢, < 0 still holds then x, can continue to be increased without
making a pivot step to change Ay ' or Ay. Only if ¢, 2 0 is a pivot step made.
Likewise if a variable r, <0 (or > 0) becomes zero then the corresponding
element of ¢z is changed from —1to +1 (or +1 to — 1) and ¢, is recomputed
and tested in the same way. In this modification an artificial vanable need not
be removed immediately 1t becomes zero and x variables may be allowed to
go negative if the cost function 1 reduced. For best elhiciency 1t is valuable to
scale the rows of Ax = b, or equivalently to scale the elements of the cost function
in (8.4.5) to balance the contribution from each term (to the same order of
magnitude).

It is possible to suggest an entirely equivalent technique for calculating a
feasible point for use with the active set method for linear programming (Section
8.3}, or with other active set methods for linear constraints (Sections 10.3 and
11.2). The techmique is described here in the case that E is empty, although it
is readily modified to the more general case. The phase I auxiliary problem
(Fletcher, 1970b) which is solved at x* is

minimize 3 (b, —ax)
iek™ (8.4.6)
subject to ax = b, i¢pik

where V% = V(x®) is the set of violated (that is infeasibie} constraints at x*.
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Thus the cost function in {8.4.6) is the sum of moduli of violated constraints,
The iteration commences by making any convenient arbitrary choice of an
active set .o of n constraints, and this determines an initial vertex x*. At x®
the gradient of the cost function 15 — 3.y, and the method proceeds as in
(8.3.3) to use this vector to calculate multipliers and hence to determine an edge
s, along which the cost function has negative slope A search along x* +as,
is made to minimize the sum of constraint violations Y.y, (b; — a7x). This
search is always terminated by an inactive constraint {p say) becoming active,
and p then replaces g 1o the active set. The method terminates when x® is
found to be a feasible point, and the resulting active set and the matrix A™!
in (8.3.3) are passed forward to the phase II problem (for example (8.3.1)).

To create the imtial vertex x'" easily in the absence of any parametric
programming information, it is also possible to have something similar to the
artificial vanable method. In fact artificial constraints or pseudoconstraints x; = 0,
i=1,2,...,n, are added to the problem, if they are not already present, and
form the initial active set (Fletcher and Jackson, 1974). Pseudoconstraints with
a non-zero Lagrange multiplier are always eligible for removal from the active
set, and they do not contribute to the cost function in the line szarch. The value
of this device is that the initial matrix used in (8.3.3), etc, is A=1, which is
immediately available Once a pseudoconstraint becomes inactive it is removed
from the problem; this usually ensures that the pseudoconstraints are rapidly
removed from the problem mn favour of actual constraints. However pseudo-
constraints with a zero multiplier are allowed to remain in the active set at a
solution. This can be advantageous in phase I when the feasible region has no
true vertex, other than at large values of x which might cause round-off
difficultics. In phase Il it aiso solves the problem of eliminating redundant
variables (for example as in minx, + x, subject to x, + x, = 1) in a systematic
way.

One final idea related to feasible points is worthy of mention. It is applicable
to both a standard form problem (8.1.1) or to the more general form (8.3.1)
used in the active set method. The feasible point which is found by the methods
described in this section is essentially arbitrary, and may be far from the solution.
It can be advantageous to bias the phase [ cost function in (8.4.5) or (8.4.6) by
adding to it a multiple vf(x) of the phase II cost function. For all v sufficiently
small the solution of phase [ is also that of phase II so the possibility exists of
combining both these stages into one. The limit v—Q corresponds to the phase
I—phase II iteration above, and 15 sometimes referred to (after multiplying
through by M = 1/v > 0) as the hig M merhod. However, the method 15 usually
more efficient if larger values of v are taken, although if v is too large then a
feasible point is not obtained. In fact it is not difficult to see that the method
has become one for minimizing an I, exact penalty function for the LP problem
(8.3.1), as described in Section 12.3. Thus the result of Theorem 14.3.1 indicates
that the bound v 1/||A¥| , limits the choice of v where A* is the optimum
Lagrange multiplier vector for (8.3.1).

This type of idea 15 of particular advantage for parametric programming in
QP problems (Chapter 10}, becausc the active set s from a previously solved
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QP problem may have less than n elements and so cannot be used as the initial
vertex in the phase [ problem (8.4.6). However, if vf(x} (now a quadratic function)
is added to the phase I cost function in (8.4.6), then a QP-like problem results
and the previous active set and the associated inverse information can be carried
forward and used directly as initial data for this problem. No doubt a similar
idea could also be used in more general linear constraint problems (Chapter 11),
although I do not think that this possibility has been investigated.

8.5 STABLE AND LARGE-SCALE LINEAR PROGRAMMING

A motivation for considering alternatives to the tableau method or the revised
simplex method is that the direct representation of Ag! or its implicit
occurrence in the matrix A =A;!A, can lead to difficulties over round-off
error. If an intermediate bfs. is such that Az is nearly singular then Ag!
becomes large and representing this matrix directly introduces large round-off
errors. If on a later iteration Ay is well conditioned then Az * is not large but
the previous large round-off errors remain and their relative effect is large. This
problem is avoided if a stable factorization of A 5 is used which does not represent
the inverse of potentially nearly singular matrices. Typical examples of this for
solving equations Ax =b are the LU factors (with pivoting) or the QR factors
(L is lower triangular, U,R are upper triangular, and Q is orthogonal). Some
generalizations of these ideas in linear programming are described in this section.

Also in this section, methods are discussed which are suitable for solving
large sparse LP problems because they have some features in common. In terms
of {8.1.1) this usually refers to problems in which the number of equations m is
greater than a few hundred, and 1n which the coefficient matrix A is sparse,
that is it contains a high proportion of zero elements. The standard technigues
of Section 8.2 (or 8.3) fail because the matrices such as Az ' or Ay do not
retain the sparsity of A and must be stored 1n full, which is usually beyond the
capacity of the rapid access computer store. By taking the sparsity structure of
A into account it is possibie to soive large sparse problems. There are two main
types of method, one of which is a general sparse matrix method which allows
for any sparsity structure and attempts to update an invertible representation
of Ag which maintains a large proportion of the sparsity. The other type is the
decomposition method which attempts to reduce the problem to a number of
much smaller LP probiems which can be solved conventionally. Decomposition
methods usually require a particutar structure in the matrix A so are not of
general applicability. One practical example of this type of method is given,
and other possibilities are referenced. It is not possible to say that any one
method for large-scale LP is uniformly best because comparisons are strongly
dependent on problem size and structuie, but my interpretation of current
thinking is that even those problems which are suitable for solving by
decomposition methods can also be handled efficiently by general sparse matrix
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methods, so a good implementation of the latter type of method is of most
importance,

The earliest attempt to take sparsity into account is the product form method.
Equation (8.2.13) for updating the matrix Az ' can be written

[AFY ] =M, [AP] {8.5.1)

where M, is the matrix

i —djd,
:7d2/dp

M, = | ~d; (852)

~d,jd, 1
_column §

where d is defined in (8 2.10). Thus if A{' =T, then [A¥] * can be represented
by the product

[A9] L =M,_, ~M,M,. (8.5.3)

In the product form method the non-trivial column ofeach M, j=1,2,. . k— 1,
is stored in a computer filc in packed form, that is just the non-zero elements
and their row index. These vectors were known as eta vectors in early
implementations. Then the representation (8.5.3) is used whenever operations
with Ag ! are required. As k increases the file of eta vectors grows longer and
operating with it becomes more expensive. Thus ultimately it becomes cheaper
to reinvert the basis matrix by restarting with a unit matrix and introducing
the basic columns to give new eta vectors. This process of reinversion 1s common
to most product form methods, and the choice of iteration on which it occurs
is usually made on grounds ofefficiency, perhaps using readings from a computer
clock.

Product form methods are successful because the number of non-zeros
required to represent A; ! as a product can bc smaller than the requirement
for storing the vsually full matrix A;" itsclf. However, there are reasons why
(8.5.3), known as the Gauss—Jordan product form, is not the most efficient.
Consider the Gauss—Jordan method for eliminating variables in a set of hinear
equalions with coelficient matrix A (ignoring pivoting). This can be written as
the reduction of A{ = A'Y) to a unit matrix I{ = A" ") by premultiplication by
a sequence of Gauss—Jordan elementary matrices

I=M, -M,M,A (8.5.4)

where M, has the form (8.5.2) with d, = —a'# for all j. Another method for
solving linear equations is Gaussian elimination, which is equivalent to the
factonzation A = LU (again ignoring pivoting), where L is a unit lower triangular
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matrix and U is upper tnangular. This can also be written in product form with
L=L,L,~L,,

8.5.5
U=UU,; U, (633
where L; and U, are the elementary matrices
T —
1
L,= | (8.5.6)
IH-I,E. |
- !-H,f 1 —
column i
- _
1
U, = Uy - Uy |e-rowi {8.3.7)
1 -
L 1 —

and where I, and u,; are the elements of the factors L and U of A. It has been
observed (see various chapters in Reid (1971a,b), for example, and Questiond
8.23} that an LU factorization of a sparse matrix A retains much of the sparsily
of A itseif; typically the number of non-zero elements to be stored might be no
more than double the number of non-zeros in A, especially when there is some
freedom to do pivoting (as in reinversion),

It 15 now possible to explain why the Gauss—Jordan product form is not very
efficient. It can be shown (see Question 8.24) that the non-trivial elements below
the diagonal in the Gauss—Jordan elementary matrices M, are the corresponding
elements of L {with opposite sign), whereas the elements on and above the
diagonal are the elements of U™ Since U~ is generally full it follows that
only a limited amount of sparsity is retaned in the factors M,. A simple example
of this result is given in Question 8.23. This analysis also shows that use of a
Gauss—Jordan product form does not solve the problem of numerical stability.
If A is nearly singular then U can aiso be nearly singular and U~ is then
large. Thus the potential difficulty due to the presence of large round-off errors
is not soived.

In view of this situation various efforts have been made to try to achieve the
advantages of both stability and sparsity possessed by an LU decompeosition.
A product form method of Forrest and Tomlin (1972} has proved very successful
from a sparsity viewpoint and has been used in some commercial codes.
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Unfortunately it is potentially unstable numerically and must therefore be used
with care. Another product form method due to Bartels and Golub (Bartels,
1971) addresses both the sparsity and stability aspects, and uses a combination
of elementary elimination and interchange opcrations. Assume without loss of
penerality that the imitial basis matrix has triangular factors AY' = LU. Then
on the kth iteration A% has the invertible representation defined by the
expression

(LP)L,_ P, ) (L, PIL AP Q™ = U (8.5.8)

where U™ is upper (tnangular, Q® is a permutation matrix, and L, and P, are
certain elementary lower triangular and permutation matrices for i1 = 1,2,...,r.
(Note that r refers to »#, UMY = U, and Q™ =1} An operation with Az’ is
readily accomplished since from (8.5.8) it only requires permutations and
operations with triangular matrices.

After a simplex iteration the new matrix A%*" is defined by (8.2.14), and
since only one column is changed, it is possible to write

(LP)L,_,P,_,)-(L,P)LT AR VQW =8 (8.59)

where S differs in only one column (¢ say) from U® and is therefore the spike
marrix illustrated in Figure 8.5.1. This is no longer upper triangular and is not
readily returned to triangular form. However, if the columns r to n of § are
cyclicatly permuted in the order f <t + 1 « - «—n« ¢ then an upper Hessenberg
matrix H is obtained (see Figure 8.5.1). If this permutation is incorporated into
Q%" giving Q** Y then (8.5.9) can be rewritten as

(L,P)L, P, ) (L, P YL TAFTVQ* TV =H, (8.5.10)

It is now possible to reduce H to upper triangular form U%"™!" in a stable
manner by a sequence of elementary operations. Firstly a row interchange may
be required to ensure that |H,| >|H,, | and this operation is represented by
P, .. Then the off-diagonal element in column r is eliminated by premultiplying
by

[ 1

Lr+1‘= 1

where !, , =1, ,/H, (or its inverse) and is bounded by 1 in modulus. By
repeating these operations for off-diagonals t + 2,...,n, a reduction of the form

(Lrlkﬂ}PMH?)“ {Ly+1Pry 1)H =%

is obtained. Incorporating this with (8.5.10) shows that A%¥*! has become
expressed in the lorm (8.5.8).
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The Bartels—Golub algorithm was originally proposed as a stable form of
the simplex method, but because of 1ts close relation to an LU factorization, 1t
is well suited to an algorithm for sparse LP which attempts to maintain factors
in compact form. Reid (1975) describes such an algorithm which builds up a
file of the row operations which premultiply A® in (8.5.8). The matrix U® is
also stored in compact form in random access storage. Reid also describes a
further modification in which additional row and column permutations are
made to shorten the length of the spike belore reducing to Hessenberg form.

Another idea for stable LP 1s to update QR factors of Ay (or A}), where Q
is orthogonal and R is upper triangular (Gilt and Murray, 1973}, Since Aj is
part of the problem data and is always available, it is also attractive to exploit
the possibility of not storing ), by using the representation

A7 =R 'QT=R 'R TA].

Operations with R™! or R™T are carried out by backward or forward
substitution. Also, since AJAz=RTR, when A is updated by the rank one
change (8.2.14), a rank lwo change in AJA, is made and hence R can be
updated elliciently by using the methods described by Fleicher and Powell
{1975) or Gill and Murray (1978a) A forma of this aigorithm suitable for
large-scale LP in which the factor is updaled in product form is given by
Saunders (1972). Adverse features of this method are the increased ill-condition-
ing caused by ‘squaring’ Ag, and the greater [ill-in usually incurred with QR
factors.

Many other different representations for Az have been suggested but the one
miost commonly preferred 1n other circumstances, namely the factors PA; =1LU
computed by Gaussian eltmination with partial pivoting, have not been used
because it was widely regarded that these factors could not be updated in an
adequately stable way. However, a recent algorithm proposed by Fletcher and
Matthews (1984) has caused this attitude to be revised, and this method is now
the best one to use with dense TP codes. Tt is able to update explictt LU factors
without the need for a product form and with reasonable stability properties.

To explain the idea, let factors PAy = LU of Ay be available, and remove a
column from A giving PA’ = LU’, where A’ and U’ are n x {n — 1) matrices and
U’ has a step on the diagonal. The first stage of the methed is to restore U’ to
upper triangular form, giving factors P'A’ = L*U*, and this part of the methed

1
J
~
|

XX X X X X XX XX X x X X X X
XXX X X X X X X % X X X X%
X X X X X X X X X X X X
X X X X X X X X X X X X
X X X x X XX X X %
X X X X X X X X
X X X X X X
X X X X

Figure 8 5.1 Spike and Hessgnberg matrices in the Bartels—Golub method
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1s new. The second stage is to add a new column to A’ giving
PAY =P[A:a] =L*[U*.u],

and u is readily computed by solving L*u = P’a by forward substitution, which
gives the final updated factors.

The main interest then is in how to restore U’ to upper triangular form.
Consider the (worst) case when column 1 of Ag is removed so that U’ is fully
upper Hessenberg, Let L have columns 1, L,,...,1, and U have rows u,,u,,...,u,
so that

PA'=LU =) Lu,.

The first step of the method is to make ), = 0. One possibility is to write the
first two terms in the sum as

Liu, + by =[] l,_]|:“1:|:[l1 L,LJBB~! u1:| (8.5.11)
uz | Uz
where B is a 2 x 2 matrix, and define

0y 1371=0, 1,]B [:‘:]ﬂrl["‘ :

2 u,

To eliminate &), define r = u,,/u,, and

_ 0 1 0
B1-|:_r 1] B—|:r 1]. (8.5.12)

Then 1,,1,,u,,u, are replaced by 17,17, u;,u; respectively. The process is
repeated to eliminate w),,u},,... and so on, until an upper triangular matrix
is obtained. This method is essentially that of Bennett (1965). Unfortunately it
fails when %), =0 and is numerically unstable because r can be arbitrarily
large. To circumvent the difficulty, when |),] > |#) ;| one might consider first
interchanging u; and w,, so that

Bl M R e

Unfortunately the corresponding operations on L, namely [1/,17]=
[1,,1,1PB, destroy the lower triangular structure.

The new method of Fletcher and Matthews uses the update based on (8.5.12)
when r is small in a certain sense. However, in the difficult case that r is large
i modulus, a different method of elimination 18 used. Here the idea is to
interchange rows 1 and 2 of L, making a corresponding change to P to preserve
equality in PA’=L1U". An operation of the form BB™' is introduced as in
(8.5.11), but this time B is defined by

o 171 o I I SN | P
STHIR I O I
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where s =u' /A and A=1,,u}, + t35,. The purpose of the left-hand matrix in
B is to return L to lower triangular form, and the right-hand matrix in B!
gives the corresponding change to U This operation replaces the elements i},
and u}, by A and |, respectively. The left-hand matrix in B™! then eliminates
the new element in the u,, position as above.

In exact arithmetic it 15 easy to see that one of the above types of operation
{based on either (8.5.12} or (8.5.13}) must be able to ehminate w5, (f w5, 0
then r and A cannot both be zero). When round-off errors are present Fletcher
and Matthews choose to use (8.5.13) on the basis of the test

Al > g5 fmax (1L, |14) (8.5.14)

which mimimizes a bound on growth 1n the LU factors Subsequent steps to
eliminate uy,, 14, . .. are made in a similar way. The cost of the double operation
{8.5.13) is twice that of (8.5.12), and if p is the column of A that is removed
then a total of ¢{n — p)* + O(n) multiplications arc rcquired Lo reduce U’ to upper
triangular form, where 1 <c¢ < 2. This is the same order of magnitude as the
cost of the forward substitution (4n? multiplications) required for the second
stage. Essentially the same algorithm can also be used to updale the faclors
when rows as well as columns of A, may be replaccd. This problem arises for
example in some QP algorithms.

As rcgards numerical stabibity, experiments in which the updates are repeated
many times show excellent round-off error control, even for ill-conditioned
matrices and numerically singular matrnices. In pathological cases we are familiar
with growth of 2" in the LU lactors when using Gaussian elimination with
parlial pivoting. The same is true of the Bartels—Golub method. A similar type
of result holds for the Fletcher—Matthews algorithm but the rate of growth in
the worsl case 1s more severe. Powcli (1985b) has produced worst casc cxamples
in which the growth is compounded on successive updates with the method.
However, the situation can be monitored, and factors can be recomputed 1if
large growth 1s deteeted, because explicit factors are available. This is not the
casc for product form algorithms. On the other hand, as with Gaussian
ehmnation, it may be that these pathological situations are so unlikely that it
is not worth mcluding special code to detect them in practice.

For dense LP the Fletcher—Matthews algorithm is currently the most
attractive one for maintaining an invertible representation of the basis matrix.
For sparse LP, the same may not be truec because considerable effort has gone
into increasing the efficiency of product form methods, and these are currently
regarded as the most suitable in this case If the Fletcher—Matthews algorithm
Is to be used 1t will be particularly important to detect zeros caused by
cancellation in the updating process and so avoid unnecessary fill in. A
promising approach might be

(i) Start with Markowitz faclors to try Lo minimize [ill in.
(ii) Use Fletcher—Matihews updates in sparse form.
(m) Reinvert if the file length has increased by some factor.
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The hope would be that the time between reinversions would be longer with
the Fletcher—Matthews update as against using a product form method. The
Fletcher—Matthews update 15 very convenient for coding 1n BLAS (Basic Linear
Algebra Subroutines) and can readily take advantage of any available optimized
code for these routines.

A different approuach to sparsity is to attempl Lo find a partial decomposition
of the problem into smaller subproblems, each of which can be solved repeatedly
under the control of some master problem. The deccomposition method of
Dantzig and Wolfe (1960) illustrates the principles well, and is described here
although some other possibilities are described by Gill and Murray (1974b).
The 1dea is of limited applicability since 1t depends on the main problem having
da favourable structure, and even then it 15 not clear that the resulting method
15 better than using a general sparse matrix LP package. A well-known situation
which might be expected to favour decomposition is when the LP problem
models a system composed of a number of quasi-independent subsystems. Each
subsystern has 1ls own equalions and variables, bul there are a few additional
equalions which interrelate all the variables and may represent, for example, the
distribution of shared resources throughout the syslem. Let each subsysiem {lor
t=1,2, ..,r) be expressed in terms ol n; variables x, and be subject to Lhe
conditions

Cx,=b, x,20, (8.5.15)

where C, and b; have m; rows. Also let there be m; additional conditions

1~

B.x, = b, {8.5.16)

1

s¢ that b, and the matrices B; have m, rows. Then the overall problem can
be expressed in terms of an LP problem of the form (8.1.1) with

n=7Y n, m=73 m,
=1 i=0

Tz(x-ll-!xgr“'!x:)f bT:( Sab}:!"'»b:—)!

and the coefficient matrix has the structure
A T 1

B, B, B | - | B,
C,
A= C, (8.5.17)

o

. T Cr

The Dantzig—Wolfc decomposition method is applicable to this problem and
uses the following 1dea. Assume for each 7 that (8.5 15) has p, extreme ponts
which are celumns of the matrix E;, and that any feasible x; can be expanded
as a convex combination

x,=E@, e0=1, 630 (8.5.18)
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of these extreme points (see Section 9.4), where e denotes a vector of ones. This
assumption is valid if the feasible region of (8.5.15) 15 bounded for each i,
although in fact the assumption of boundedness is unnecessary. Then the main
problem can be transformed (o the equivalent LP problem

o op
mmlgnlzef 0 (8.5.19)

subject to G& = h, =0

where
0, f b
o= 632 , f= ff . h=| 1],
0. 1} i

G, G G, - G,
T
G= e’
eT ]
eT

and where G, =B,E, and {T = ¢!E, This problem has many fewer equations
(o + r) but very many more variables (3 p,). However, it turns out that it is
possible to solve (8.5.19} by the revsed simplex method without cxplicitly
evaluating all the matrices E,.

Consider therefore an iteration of the revised simplex method for (8.5.19).
There is no difficully in having available the basis matrix G, which has m, + ¢
columns (one from each subsystem). Each column is calculated from onc extreme
point. As usual this matrix determines the vajues h= G "h of the basic variables
8y, and h>o. However, the reduced costs of the nonbasic variables defined by

fy=1,—GIr

where 7= G "f; is not available since this would require all the remaining
extreme points to be calculated. Nonetheless the smallest reduced cost can be
calculated indirectly. Let jeN index a variable 8, im the subvector 6;, and let
7 be partitioned into #7 =(u",¥") where v has r elements. Then by definition
of f; and G,, the corresponding reduced cost fj can be written

fj:va_g;T" -y =(c] —u'B)§; — v, (8.5.20)

where g; is the corresponding column of G; and &; is the corresponding extreme
point of (8.5.15). Consider finding the smallest f for all indices j in the subset
i; this is eguivalent to finding the extreme point of (8.5.15} which minimizes
{8.5.20). Since the solution of an LP problem occurs at an extreme point, this
is equivalent fo solving the LP
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minimize (¢, — BTu}Tx; — v,
% (8.5.21)

subject to C,x;=b,, x; =0

Thus the smallest reduced cost for all j 1s found hy solving (8.5.21) for all
i=1,2,...,r so as to give the extreme point (&, say) which for all i gives the
smallest cost function value in (8.5.21) Thus the smallest reduced cost f is
determined and the simplex method can proceed by increasing the variable 8.

1f the method does not terminate, the next step is to find the basic varlable
8, which first becomes zero. Column ¢ of G is readily computed using g, = B/ x,
where i now refers to the subsystem which includes the variable g. Thus d in
(8.2.10) can be calculated so that the solution of (8.2.15) determines 6, in the
usual way. The indices p and g are interchanged, and the same column of G
enables the matrix Gy to be updated using (8.2.19), which completes the
description of the algorithm.

One possible situation which has not been considered is that the solution to
(8.5.21) may be unbounded. This can be handled with a small addition to the
algorithm as described by Hadley (1962). Another feature of note is that the
sub-problem constraints (8.5.15) can be any convex polyhedron and the same
development applies. A numerical example of the method in which this feature
occurs 18 given by Hadley (1962).

As a final remark on large-scale LP, 1t 1s obscrved that the idca which occurs
in the Dantzig—Wolfe method of solving an LI without explicitly gencrating
all the columns in the coefficient matrix, is in lact of much wider applicability.
It is possible to model some applications by LP problems in which the number
of variables is extremely large, and to utilize some other feature to find which
reduced cost is least. An interesting example of this is the ship schedulng
problemny; see Appelgren (1971), lor example.

8.6 DEGENERACY

It is observed in Section &2 that the simplex method converges when each
iteration is known to reduce the objective function. Failure to terminate can
arise when an iteration occurs on which I;p =0 and d, < 0. Then no change to
the variable x, is permitted, and hence no decrease in f. Although a new
partitioning B and N can be made, it 18 possible for the algorithm to return to
aprevious set Band N and hence to cyele infinitely without locating the solution.
The situation in which b, =0 occurs is known as degeneracy. The same can
happen in the active sel method when a’x% =, for some indices ig¢./. If
als, <0 then these constraints allow no progress along the search direction
s,- Although changes in the active set =/ can be made, the possibility of cycling
again arises. This is to be expected since the algorithms are equivalent as
described in Question 8.17, and so the examples of degeneracy, etc., described
bciow apply equaliy to both the simplex and active set methods. Degeneracy
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can arise in other active set methods (Sections 10.3 and 11.2) and the remarks
m this section also apply there.

An example in which cycling occurs has been given by Beale (see Hadley,
1962) and is described in Question 8.23. For cycling to oceur, a number of
clements b, =0 must occur, and the way in which ties are broken in (8.2.11) is
crucial. Beale’s example vuses the plausible rule that p is chosen as the first such
p which occurs in the tableau. (This is not the same as the first in numerical
order but is a well-defined rule.} In practice, however, degeneracy and cycling
are rarely observed and it has hecome fashionable to assert that the problem
can be neglected, or can be solved by making small perturbations to the data.
On the other hand, I doubt that many LP codes monitor whether degeneracy
or near degeneracy arises, so it may be that the problem arises more frequently
and goes undetected. Graves and Brown (1979) indicate that on some large
sparse LP systems, between 30 and 90 per cent of iterations are degenerate.
Lincar nctwork flow problems are also well known for being highly degenerate
{(see Section 13.3}. I have also come across degeneracy on two or three occasions
in quadratic programming problems.

It is possible to state a rule {Charnes, 1952) for resolving ties in (8.2.11} which
does not cause cycling, and hence which in theory resolves the degeneracy
problem. (In practice this may not be the case because of round-off error
difficulties, a subject which is considered further at the end of this section.)
Consider perturbing the right-hand side vector b to give b(g) where

bizy=b+ ) ¢a, (8.6.1)
i=L
Multiplying through by Az "' and denoting A =Ag! A gives
bie)=b+ 3 &4, (8.6.2)
j=1

where 4, is the jth column of A. This perturbation breaks up the degencrate
situation, giving instead a closely grouped set of non-degenerate extreme points.
The tie break rule (which does not require & to be known) comes about by
finding how the simplex method solves this perturbed problem for sufficiently
small ¢ Each element in (8.6.1) or (8.6.2) is a polynomial of degree n in &. The
following notation is useful. If

u(e) =ty + u 8+ - +ue"

is any such polynomial, v(e) similarly, then u(2) > v(c) for all sufficiently smali
&> 0 if and only if

g > o
or up=un, and wu;>uv,
Of lg=Ugy U;=0; and u,>10,, {8.0.3)

OFf U=y, U =0y Uy =0, ¢ and u,>1,
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and u(g) =rvie) iff u,=v;, Vi=0,1,...,n Danizig, Orden and Wolfe (1953) let
(8.6.3) define a lexicographic ordering u > v of the vectors u and v whose elements
are the coefficients of the polynomial and show that the perturbation method
can be interpreted in this way. I shall use the notation w(g) > v(e) to mean that
u(e) > vz} for all sufficiently small &> Q.

Assume for the moment that the initial vertex satisfies b'(c)>0 (that is
b{D(z) > 0 Yie B, The rule for updating the tablcau is

Hlk+1) _ iy 777:15 i#p
1 b a 1
| " (8.6.4)
bgm]) :_;')ka)'
g
Also 4,— —d by definition, so d,, = —d, > 0 from (8.2.11), Thus 1f b%(g) >0,

then both ﬁ“”(a)>—0 and b”‘“)(a)>0 for all i:d, =0, { #p. Now iet (8.2.11)
be solved in the lexicographic sense

be)_ . 6
—d,  ien —d,

d;i<0

(8.6.5)

It follows using d;, = —d; that
4, ~
—£b(e).

bile) >~
di’q

(Equality 1s excluded because this would imply two equal rows in the tableau,
which contradicts the independence assumption on A.) Hence from (8.64},
B D(g) > 0 for i:d, < 0. Thus b*¥(z) > 0 implies b** V(g) >0, and so inductively
the result holds for all k. Thus the points obtained when the simplex method
is applied to the perturbed problem for sufficiently small ¢ are both feasible
and non-degenerate. [t therefore follows that f®(g)>~f*"1{e), and so the
algorithm must terminate at the solution There is no difficulty in ensuring that
b'(g) > 0. If the imtial b.fs. is non-degenerate then this condition is imphed by
b'") > 0. I not, then there always exists a unit maltrix in the tableau, and the
columns of the tableau should be rearranged so that these columns oceur fifst,
which again implies that b®(z) > 0.

The required tie break rule in {8.2.11) is therefore the one obtained by solving
(8.6.5) in the iexicographic sense of (8.6.3). Thus 1n finding min Bi(a)/— d; VieB,
d, < 0, the zero order terms b,/ — d, are compared first. If there are any ties then
the ficst order terms 4;,/— 4, are used to break the ties. If any ties still remain,
then the second order terms d4;,/ —d; are used, and so on. The rule clearly
depends on the column ordering and any imtial ordering for which b“)(e >0
may be used (see Question 8.26). However, once chosen this ordering must
remain fixed, and the rearrangement of the tableau into B and N columns in
(8.2.13) must be avoided (or accounted for) The method assumes that the
columns stay in a fixed order and that the columns of 1 may occur anywhere
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in the tablean. A similar method (Wolfe, 1963b) 1s to introduce the virtual
perturbations only as they are rcquired, and is particularly suitable for practical
use.

An equivalent rule for breaking ties in the active set method can be determined
hy virtue of Question 8.17. The equivalent tableau is given by

. x® I ATL
b:A]= : 86.6
X 3 Zy

and i degeneracy occurs in some inactive slacks z; then tics arc rcsolved by
examining the corresponding ith rows of [I:—AJA[!] in accordancc with
some fixed ordering of the slack variables.

In practice, however, cycling 1s not the only difficulty caused by degeneracy,
and may not cven be the most important 1 have aiso observed difficulties due
to round-off errors which can cause an algorithm to break down. The situation
is most easily explained in terms of the active set method and is 1llustrated in
Figure 8.6.1. There are three constramts in R* which have a common line and
are therefore degenerate. Initially constraunt 1 is in .7, and the search along
s approaches the degenerate vertex x®, The tie concerning which constraint
to include in .« is resolved in favour of constraint 2 The next search is along
s with constraints | and 2 active; all appears normal and cycling does not
oceur at X2, What can happen, however, is that due to found-olf error, the
slack in constraint 3 is calculated as ~ ¢ (in place of zero) and the component
of —a, along s is also ~¢ in placc of zero. Thus constramnt 3 can become
active at a spurious vertex x'™ wath a value of x ~ 1 in (8.3.6). The algorithm
thus breaks down because x'* is not a true vertex, and the matrix of active
constramnts A in (8.3 3) is singular. An equivalent situation arises in the simplex
method when true vaiues of b; and — d; are zero, but are perturbed to ~ ¢ by
round-off error. Then the solution of (8.2.11) can give a spurious b.f.s in which
the matrix Ap is singular. I have observed this type of behaviour on two or

@

Figure 8.6.1 A practical difficulty caused by degeneracy
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three occasions in practice when applying a quadratic programming package,
and the only remedy has been to remove degenerate consitaints from the
problem. It may not be easy for the user to do this (or even to recognize that
it is necessary) although it is certainly important for htm or her to be aware of
the possibility of failure on this account. Thus it is important that algorithms
for handling degeneracy also give some attention to the possible effects of
round-off error in a near degencrate situation.

It is possible to treat degeneracy by the use of a dual transformation and
some tentative ideas were mentioned in the previous edition of this book. A
varant of these ideas (Fletcher, 1983a) now strikes me as being promising for
treating degeneracy in the presence of round-off error. It is based on a recursive
method for handling degeneracy which is similar to a method of Balinski and
Gomory (1963). The particular feature that makes this method suitable for
round-off error control is that there is a cost function directly availabie at any
level of recursion. Small changes to any cost function which are negligible at
any given level of precision are taken as an indication of degeneracy and handled
accordingly. When this degeneracy is resolved 1t is guaranteed that the cost
function can be improved or optimahty recognized. Hence every iteration at
any level of recursion always guarantees to make progress.

The method is a phase I/phase II method and 1t suffices to describe phase I
which aims to find a feasible vertex of a system of inequalitics r=A'x —b >0
where A is an n X m matrix of rank 4. This can be partitioned as

Tz | _ Aj bz
KRN

where B (basic residuals) represent active constraints and N (nonbasic residuals)
are inactive constraints, the active constraints being chosen so that Ay 18 square
and non-singular. The current vertex % 15 therefore defined by Al% = by (that
is by f5=0). If x is eliminated by virtue of x =% + A Trg, the problem can
be expressed locally in terms of rg as

ry=fy+Alrg 20
ry =0

(8.6.7)

where A = A;'Ay. The vector fy = A% —b represents the current values of
the inactive constraint residuals.

The method starts by [inding the most violated inactive constraint residual,
f, say, and considers the LP

-

maximize #,+arg
subjectto  #;+ ﬁfrﬂ =0 Ji#F =0 (8.6.8)
rg=0
wherc 4; refers to column j of ﬁ, in which the constraints are the currently

non-vielated constraints in (8.6.7). The aim is not so much to solvc the LP,
although this possibility does arise, but is mainly to make #, non-negative
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whilst keeping feasibility for the non-violated constraints. As usuai in LP there
is an optimality test to identify some peB for which 4, > 0. If so 7, can be
increased by increasing r, m a line search, which 1s terminated by a previously
inactive constrant, ¢’ say, becoming active. The iteration is completed by
interchanging p«¢g and updating the tablean. Tterations of this iype are

continued until

(i) The infeasibility is removed, that is #, =0, in which case the method
returns to search for further violated residuals and terminates if there are
none,

(1) Optimality is detected, that is no suitable peB exists, which implies that
there is no feasible point.

(iif) Degeneracy is detected, that is a step of zero length is taken in the line

search because a degenerate inactive constraint blocks any progress.

In case (iii) an outline of the measures that are taken 1s the following. The
problem is first localized by ipnoring non-degenerate inactive constraints (the
set N — Z, below), since the aim is to find whether or not any ascent 1s possible
from the current vertex. After introducing multipliers 4, and iy for the
constraints in (8.6.7), the duai of the localized system is taken, giving rise to
the system of inequalities

dg=—a,—Ady=0

P =20 jeZ,
Y1=0 jeN-2Z,

where
Z, ={pjeN, #,=0}

is the current set of degenerate constrainis (e g Question §.27). This is closely
related to (8.6.7), the main difference being that A is no longer transposed, thus
switching the status of B and N Also there are changes in sipn and some of
the variables are fixed at zero. Notice that the residuals in the dual are (—) the
costs 4, in the primal, and inequality p is violated in the dual because 4,, > 0
in the primal optimality test The next step is to set up a dual LP, analogous
to (8.6.8), to reduce 4, to zero. Tterations in the dual LP change B and N but
these changes only involve indices corresponding to zero valued constraints in
the primal, so do not change any values of #; for non-degenerate constraints.
These iterations are carried out until onc of the following situations arises

(cf. (i}(iii) above).

(i) @,y becomes zero: this implics that 4 negative cost has been removed in the

primal, so the method returns to the primal to reassess the optimality test.

(i) —d,, is maximizedin the dual but cannot be increased to zero: this implies

that the degeneracy block in the primal has been removed, so the method
returns to the primal to carry out the line search.

(i) Degeneracy 1n the dual is detected: m this case the dual probiem is
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localized as described above, and a further dual 1s taken of the localized
problem. This results in a system of mequalities to be solved which is
handled in the same way as above.

It can be seen that a recursive method is set up with a stack of probiems at
different levels. Level ! = Primal, Level 2 = Dual, Level 3 = Duaidual, ete.....
Each level has its own cost function corresponding to some infeasibility that
is being reduced (in phase I1, the tevel 1 cost function is ¢'x, the usual LP
cost function). In exact arithmetic a termination proof for the algorithm
can be deduced, consequent on the following facts. Because each dualizing
step removes at least one variable from the problem, there is a bound
Lo Smin(Zm+1,21) on the highest level number (See Question 8.28). Also,
cach iteration always makes progress in that either a reduction in some ¢ost
function is guaranteed or the number of infeasibilities in some problem is
reduced. Finally the number of vertices in any one problem is finite.

For inexact arithmetic, a simiiar termination proof follows 1f 1t 15 ensured
that all iterations always make progress. Thus any iteration is regarded as being
degenerate if a small step 1s taken in the line search which does not reduce the
current cost function due to round-of error. The fact about the number of
vertices being finite 1s replaced in the proof by the fact that the set of floating
point numbers on a computer is {initc. Some other precautions alsoe have to be
taken, for example non-violated constraints must not be altowed to become
violated due to round-off error.

Despite being recursive, the method is easy to code, mainly because the same
tableau is used at each level. Thus only a single index needs to be stacked when
recursion takes place, and the overheads are minimal. Standard matrix handling
techmques can be used such as those described in Section 8.5. The method
extends to solving L, LP problems {Fletcher, 1985a) and this circumvents the
criticism of the above method that minimizing the maximum wviolation is lgss
efficient than minimizing an L, sum of violations.

8.7 POLYNOMIAL TIME ALGORITHMS

In many ways one of thc most intcresting developments of the last decade has
been that of polynomial time algorithms, which have given a new impetus and
excitemnent to research inte linear programming. The ellipsoid algorithms,
attributed to Khachiyan (1979) but based on the work of a number of Russian
authors, first ailracted widespread interest. A later morc efficient polynonual
atgorithm of Karmarkar (1984), claimed controversially to be many more times
faster than the simpicx method, has also encouraged research into radically
different practical alternatives to the simplex method Both these developments
attracted wide publicity and were even reported in the national press, an event
that is possibly without precedence in the history of numerical analysis! Yet the
cautious research worker will in my opimon need more convineing evidence, and
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access to definitive methods or developed software, before coming to u favourable
appraisal.

The reason for seeking an alternative to the simplex method is that in the
worst case it can perform remarkably badly, and the number of iterations can
increase expenentially in the number of variables n. This is despite the fact that
in practice the algorithm is generally rated as being reasonably effective and
reliable. This ‘exponential time’ behaviour was pointed out by Klee and Minty
(1971} and later made explicit in an example due to Chvatal. Thus the KMC
problem of order n is

maximize » 1047 'x,
J
sibject to x,+2) 107 x, < 10277 % 1=12,....n
iri
x =10

It is possibly more illuminating to write down this problem for a particular
value of n, for example the case n= 5 is

maximize x; + 10x, + 100x, + 1000x, + 10000x
subject to x; + 20x, + 200x; + 2000x, + 20000x 5
X+ 20x5 4+ 200x, + 2000x;

X+ 20x,+  200x; <

x4+ 20x5 <

08

AN A
o
=2

e .
o O O
[= TS B

&
A

xz0

For the general problem the fcasible region has 2° vertices, which 1s not in itself
unusnal. However, starting from x =0 (all slacks basic) the simplex method in
exact arithmetic visits all 2" verfices, hence the exponential time solution.

Khachiyan (1979) first showed that it is possible to solve LP problems in
polynomial time However, his algorithm permitted some obvious improvements
and the version described by Wolfe (1980) is presented here. The basic method
relates (o finding a feasible point of the system of mcqualities A™x < b whete
A is an n x m matrix. The algorithm is itcrative and holds a current point x,
which is the centre of an cllipsoid

E(x, J)={x I ' (x —x) | < 1}

that contains a feasible point, if one exists, Such an ellipsoid is readily constructed
initially {Gacs and Lovasz, 1979}, A constraint a'x < f is found which is violated
by x,. For the part of the ellipsold which is cut off by this constraint, a ncw
ellipsoid E(x,,J,) is constructed which contains it, having smailest volume.
This process is repecated until convergence. it can be shown that cach iteration
of the method reduces the volume of the ellipsoid by the factor

=&\ (n=D1=d\'"*
o) (@) < &7y
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so the volume converges linearly to zero with rate at least e /2", If the part
of the feasible region contained in the original ellipsoid has positive volume,
V, say, and the volume of the initial ellipsoid is ¥y, then the algorithm must
terninate in at most p = [p'] + { iterations, where

Vf = (C ) 1,"2”)1)' Vo

which impilies that p = O{n).

If the feasible region has zero volume {lor example if the problem essentially
contains equations) and the constraints arc relaxed by an amount 274, then it
can be shown (Gacs and Lovasz, 1979) that the volume of the feasible set is at
least 27", Thus to this accuracy, and following the same argument, the algorithm
will find a solution in p = O(r2L) itcrations. By relating L. to the number of bits
requircd to determine the problem, the solvability of the unperturbed system
can also be determined, but this is more of interest to workers 1n computational
complexity. Thus the number of iterations required to solve the problem is
polyromtal in n, and this is the major advance of Khachiyan’s work. However,
neot even Khachiyan himself has claimed that this algorithm provides a practical
alternative to the simplex method. For example to improve the accuracy of
each comporent in the solution by a factor of 10, it can be expected that the
volume of the current ellipsoid must be reduced by a factor 107" Using the
above estimate, in k steps the volume will be reduced by a factor e *2" which
gives k = 4.6n? as the expected number of iterations. The simplex method would
normally perform much faster than this. Since both methods reguire O(n?)
opetations per iteration, the ellipsoid algorithm is not competitive 1n practice.

As presented the ellipsoid algorithm is. a method for linding feasible points.
If it is required to solve an LP problem, minimizing ¢"x subject to the same
constraints, then there are at least two ways 1n which the ellipsoid algorithm
can be used. One is to find a feasible point, X, say, as above, and then cut out
this point with the constraint ¢"(x — x,) < 0, re-solving to find another feasible
point. This is repeated until the algorithm converges. An alternative approach
is to convert the LP into the primal-dual system

elx=b"4, A'x<h, x20, Alze 1320

and solve this using the ellipsoid algorithm. Some other refercnces for the
ellipsoid algorithm arc given by Wolfe (1980).

A more recent polynomial time algorithm with a faster rate ol convergence
15 given by Karmarkar (1984). This algorithm is claimed to be substantially
faster then the simplex method, a claim received with enthusiasm by some
members of the mathematical programming community, and scepticism by
others. Unlortunately the details on which the claim is made have not been
publicised, and there is the lack of a definitive method and software. Already
many researchers are dertving similar algorithms: however, to revise our ideas
of what is the standard algorithm lor LP requires a thorough companson that
shows a distinct overall improvement on a wide range of large-scale LP test
problems. In my opinion this has not yet been done, despite some interesting
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attempts. Whilst it is not unlikely in the future thal a polynomial time algorithm
will be adopted as the standard, that time is not yet here, and it is by no means
certain even that such a method will be a development of the Karmarkar
algorithm.

Nonetheless Karmarkar's method is of substantial interest. In its basic form
it solves a very particular form of an LP problem, namely

minimize f=¢'x xeR"

subject to Ax =0, eTx=1, x3=0, (8.7.2)

where e =(1,1,...,1)T. The constraints e'x=1 and x >0 define a regular
simplex of dimension n—t, and the feasible region is the intersection of this
sct with the homogeneous constraint Ax = {. Tt is assumed in the first instance
that Ae=0, which implies that the initial point x,=e/n (the centre of the
simplex) is feasible. It is also assumed that the solution value of the LP is zero,
so that f* = ¢"x* = 0. Conceptually the first iteration of the method is as follows.
Let S, be the sphere {x:||x —x.|, <r, €"x = 1}, where r is the largest value that
keeps S, mnscribed within the simplex. A new point x, is determuned by
minimizing f on the set 5,~{x:Ax=0}. This is a relatively straightforward
calculation which is considered in more detail below. Let 8, be the concentric
sphere that circumscribes the simplex, so that R/r =n— 1, and let x; minimize
f on the set Spn{x:Ax=0}. Because f is linear, it follows that (f.—fg)=
(n— 1 f, —f ) But the set Sy {x. Ax =0} contains the feasible region of the
LP. Hence f <f* =0 and so

fy <=2 f /-1 <e VU f. (8.7.3)

Comparing this with cxpression (8.7.1) for the ellipsoid algorithm, it can be
seen that if this reduction were obtained on every itcration, then O(nlL) iterations
would be required to get f within a tolerance 2™ of f/*, and the algorithm
would be polynomial,

After the [irst iteration, the current poimnt x. 15 no longer the centre of the
simplex, but can be made so by transforming the problem. Karmarkar uses a
projective transformation

x' =D 'x/e™D !x

where D = diag((x.);), which transform the simplex into itself and makes x_ the
centre of the ssmplex. Therefore subsequent iterations can proceed as above,
except that linearity in f is not preserved by the transformation, so the linear
approximation ¢"Dx’is used. Karmarkar shows by means of a potential function
that a similar result to (8.7.3) holds good and so the polynomial behaviour
follows.

The subproblem which must be solved in the transformed variables x’ is

minimize ¢fDx’
subject to  x'e¥, ADx' =10.

where S is the sphere {x:|x — x|, < r,e"x =1} It 1s not difficult to show that
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the solution to this problem is on thc linc through x; with dircction d’, which
is defined by

minimize 3d'7d’
subject to —c'Dd'=1, ADd'=0, eTd' =0

Introducing multipliers 4, Az and A¢ respectively, the first order conditions give
d' + 4Dec— DATr— ¢e) =0

and by normalizing d’ suitably, it follows that

d=—De+DATx - de. (8.7.4)
Using ADe = Ax, =0, the solution separates into ¢ =¢Tx,/n and
ADZATr = AD?¢, (8.7.5)

Thus = is defined by the normal equarions of a weighted least squares problem.
Well understood methods exist for its solution. and it is the dominant cost in an
iteration of Karmarkar’s method.

The next iterate in the method is defined by

x1+ — X:: + aldi
where o' 15 a suitably chosen step length: its choice is not resolved with any

certainty by Karmarkar. When transformed back into the original coordinate
system, the new vector of variables is

x, = Dx'. /eTDx’,.
Using De=x,, e"x, =1, x, = e/n and (8.7.4), it lollows (hat
e'D(x; + o' d) = (1 + no'¢ — mh)n =" ")n
say, where g, = xD(ec — ATx), and hence x, can be rearranged as
X, =X, + o (X, — D¥e — ATr)). (8.7.6)

Thus Karmarkar's algorithm can also be regarded as a line search method in
the original variables.

Karmarkar does suggest some modifications to his algorithm in order to
solve a more general form of LP problem, and in particular to avoid the
assumption that /* =0. Modifications with a similar aim are given by Gay
(1985) and Lustig (1983). Karmarkar's 1dea has also engendered a number
of papers proposing other interior point methods. However, a particularly
perceptive paper is that of Gill et al. (1983) who derive a relationship between
Karmarkar's method and the logarithmic barrier function (12.1.25), normally
thought of as the basis of a somewhat out-of-date interior point method for
nonlinear programming. For an LP problem in standard form (minimize ¢*x
subject to Ax =b, x = ) the bounds can be handled in a log barner [unction,
giving the problem

minimize Gx)=c¢'x - p> Inx;

T
subject to Ax=h. (8.7.7)
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If this transformation 15 applied to the LP format {8.7.2) used by Karmarkar,
and the iteration formula for Newton’s method from an initial point x, 1s written
down, then

Vp=c—uD e, Vp=uD ?
and the search direction d is defined by solving the QP problem
minimize  3ud"D "2+ (c — pxD le)Td
subject to Ad =10, e'd=0.
Ignoring the constraint e™d = 0, an expli¢it expression for ¢ (see Section 11.1) 18
d=x,— i 'D*c—ATn)

(using De = x, Ax, = 0 and (8.7.5)). The penalty parameter y in (8.7.7) is chosen
to have the value g, =x Dic— ATx) that occurs in (8.7.6) It follows from
e’x, = 1 and De = x, that e'd = 0 is nonetheless satisfied. Hence incorporating
a stcp length f, the next point is defined by

X, =Xt ﬁ#il(ﬂxc* Dz(c *AT’Z))'

Companson with (8.7.6) shows that the search directions in both methods are
parallel and the iterates are identical if the step lengths satisfy Sz~ = vno’. Thus
Karmartkar’s method is seen to be just a special case of the log barrier function
applied to the LP problem.

It would seem to lollow a-forterior: therefore that if good results can be
obtained by Karmarkar’s method then it should be possible to do at least as
well by using the log barrier lunction. Gill et @l (1985) invesligate this possibility,
solving (2.5} by means of a preconditioned conjugate gradient method. (Another
possibility would be to use sparsc QR factors of DAY, modified to treat dense
columns specially.) On the basis of a number of large-scale tests, they report
that the method can be competitive with the simplex method on some problems,
particularly those with a favourable sparsity structure for QR. However, the
overall performance of the simplex method is better, and the intenor point
algorithms have difliculties with degenerate problems, and in making use of a
good 1nitial estitnate of the solution, Gill ef al. are not able to reproduce the
significant mmprovements reported by Karmarkar. Clearly more research is
needed before a final evaluation of the merif of interior point methods in LP
tan be made.

QUESTIONS FOR CHAPTER 8

8.1. Consider the linear program

mimmize —4x, — 2x, — 2x,
subject to 3,4+ x4+ x3=12
X, — X;+ xi=—§, xz=0.
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8.2.

8.3

8.4.

8.5.

8.6.

Verify that the choice B = { 1,2}, N = {3} gives a basic feasible solution, and

hence solve the problem.

Consider the LP problem of Question 8.1 and replace the objective function

by the function — 4x, — 2x4. Show that the basic feasible solutions derived

fromB={1,2}, N ={3}and B = {2,3}, N = {1} are both oplimal, and that

ary convex combination of these solutions is also a solution to the problem.
Tn general describe how the fact that an LP problem has a non-unique

solution can be recognized, and explain why.

Sketch the set of feasible solutions of the following inequalities:

x =0 x, 20
X +2x, <4
—x,+ x5
5+ x, €3
At which points of this set does the function x, — 2x, take (a) its maximum
and (b) its minimum value?
Consider the problem
maximize x,
subject to 2x, +3x, <9
|, —2|<1, x=0
(1) Solve the problem graphically.
(i) Formulate the problem as a standard LP prohiem.
Use the tablean form of the simplex method to solve the LLP problem
minimize Sx; — 8x;—3x,
sulyect to 2%+ 5xp— x3sl
—3x;— Bx,+2x;54
—2x, —12x,+ 3%, €9, xz0
after reducing the probiem to standard form.
A manufacturer uses resources of material (#n) and labour (/) to make up to

four possible 1tems (a to d). The requirements for these, and the resulting
profits are given by

itern a requires 4m -+ 21 resources and yields £5/item profit,
item b requires m + 5/ resources and yields £8/item profit,
item c requires 2m + ! resources and yields £3/item profit,
item d requires 2m + 3l resources and yiclds £4/itcm profit.

There are availablic up to 30 units of matcrial and 50 umits of labour per day.
Assuming that thesc resources are fully used and ncglecting integrality
constraints, show that the manufacturing schedule for maximum profit is
an LP problem in standard form. Show that the policy of manufacturing
only the two highest profit items yields a b.f.s. which is not optimal. Find the
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8.7.

8.8.

8.9.

8.10.
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optimal schedule. Evaluate also the schedule in which equal amounts of
each item are manufactured and show there is an under-usc of one resource.
Compare the profit in cach of thesc cases.

Use the simplex mcthod to show that for all win therange —3<u< — 4,
the solution of the problem

Minimize (X, — X

subject to x, +2x, <4
6x1+2x2~§9, xz0

occurs at the same point x* and find xT and x%.
Consider modifying the revised simpiex method to solve a more general
standard form of LP,

minimize ¢'x
subject to Ax=h, I€£x<u

Show that the following changes to the simplex method are required.
Nonbasic variables take the value x{” =1, or u;, and b= A '(b— Axx§")
is used to calculate b. The optimality Lest (8.2.8) is changed to require that
the st

{ifieN, éi<0ifxi=!£, éf>0ifx‘:u}

is empty; if not ¢, is chosen to min |} for i in this set. The choice of p in
(8.2.11) 1s determined either when a variable in B reachcs its upper or lower
bound or when the variable x, reaches its other bound. in the latter case no
changes o B or N need to be made. Write down the resulting formula for
the choicc of p.
Using the method of Question 8 8, verify that B={1,2}, N = {3,4},xy =0
gives a bis. for the LP problem
mimmize X, —3x5
subject to X Xy — x5+ 2x,=06
2%, — Xy—2x,=2
0<x, <4, 0<x,<10, 0<x;,54 0<x,52
and hence solve the problem.
By drawing a diagram of the feasible region, solve the problems
minimize Xy
subject to x; + x, =1
X, X2
x, =0
(a) when x, = 0 also applies and (b} when x, 18 unrestricted. Verily that the
solutions are correct by posing each problem in standurd form, detcrmin-
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8.11.

8.12.

8.13.

8.14.

8.15.

ing the basic variabies from the diagram, and then checking feasibiiity and
optimality of the bfs In case {b) inlroduce variables x; and x; as
described in Section 7.2.

A linear data fitting problem can be stated as finding the best solution for x
of the system of equations Ax = b in which A has more rows than columns
{over-determined). In some circumstances it can be valuable to find that
solution which minimizes >,|r,| where r= Ax — b, rather than the more
usual Y7 (least squares). Using the idea of replacing r; by lwo variables r;’
and r;, one of which will always be zero, show that the problem can be
stated as an LP (not in standard form).

Consider the problem

minimize |x|+ !y + |z|
subject 1o x—2y=3
—y+z<l
X, y, zunrestricted 1n sign.

Define suitable non-negative variables x*, x7, y*, y 7, etc., and write down
an LP problem in standard form. Verify that the variables x* and z™
provide an initial basic feasibie solution, and hence solve the LP problem.
What are the optimum function value and variables 1n the original
problem? I[s the solution umque?

Consider the problem in Question 8.12. Without adding extra vanables
other than a slack variabie, show that the probiem can be solved (as in
(8.4.5)) by allowing the coefficients in the cost function to change between
=+ | as the iteration proceeds.

Gaven an optimal b.fs. to a probiem in standard form, consider perturbing
the problem so that

(1} ba)y=b+ir
(i) enx(A)=cy+ s
(i) cl)=eu+ At

where in cach case 2 is increased from zero. At what value of A, if any (in
each case), will the present solution no longer be an opimal b.f.s.? Consider
the solution of Questlion 8.6 and the effect of (i) a reduction in the
availability of labour, (ii) an increase in the profil of item a, and (ii) a
decrease in profit of item ¢. At what stage (in each case) do these changes
cause 4 change n the type of item to be manufactured in the optimal
schedule?

Use the active set method to solve the LP problem

maximize x; + X,
subject to 3x, + x,23
X, +4x, 24 xz=0

[iustrate the result by sketching the set of feasible solutions.
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8.16. Solve the LP problem
minimize —x, + X,
subject to —x; +2x, <2
X+ x4
x, <3, x=20

both graphically and by the active set method. Correlate the stages of the
active set method with the extreme points of the feasible region.

8.17. Consider the LP problem (8.3 1} with F empty, and compare its solution by
the active set method as against the simplex method. By introducing slack

. . o . x
variables z, write the constraints in the simplex method as [ — AT:1] ( ) =
z

- b and z = 0. Use a modification of the simplex method in which the
vanables x are allowed to be unrestricted (for example as in Question 8.8
with u; = — |, = K for sufficicatly large K). Cheose the nonbasic variables
as the slack variables z,, e, where &7 is the active set in the active set
method. Partition A = [A:A,], b" = (b, b}), and 2" = (2], z}), correspond-
ing to active and inactive constraints at x”" in the latter method. The
guantities in the active set method are described in Section 8.3. Tn the
Slmplex method, show that bT=(x®7, z2m), #T=(—cTA;T, 0T, and
éy=A,'c=2 in {8.3.3) and hence conclude that the same index g is
chosen. Hence show that the vector d is given by d™ = (s, s] A, ) (see (8.6.6)).
Since there are no restrictions on the x variables, show that test (8.2.11)

becomes
o Z®
min —
Ligal —A;8,
n?-sq<0

which is (8.3.6). Hence conclude that the same index p is chosen, and
therefore that the sequence of values x™ and z® in both methods is
identical.

8.18. Use the method of artificial variables to find a b.fs. for the LP problem in
Question 8.1.

8.19. Find a basic feasible solution for the LP problem

minimize —x; +x,+ X3 —2x,
subject to  4x; +x; — 2%, +3x, € 8
Xy =3 -)C3+ X;I_:_Z, x?ﬂ

by the method of artificial variables, and hence solve the problem. Is the
inequality constraint active at the solution?
8.20. Convert the LP problem

minimize X+ X+ 2x,
subject to X+ x4+ x3€9
2x; —3x, +3x,=1
—3x, + 6xy —dx; =3, x =0
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8.21.

8.22.

8.23.

8.24.
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to standard form, and solve by a combined phase I-phase II simplex

method, using the tableau form.

Convert the LP problem
minimize  —Xx; — Xg
subject to X, +2x; 51

Xy,— x3=1

X+ X+ x3=2, xz0

to standard form and find an initial b.fs. by the method of artificial
variables. Show that an artificial vaniable remains in the resulting basis at
zero value. Why is this so? Show that the solution to the LP problem can
nonetheless be obtained.
Convert the LP problem

minimize  2x; +4x, + 3x,
subject to x; — X;— X3 —2
2+ x, = 1 xz=0

to standard form. Solve using the simplex method

{1} starting with a basic feasible solution for which x, =3, x, =90,

Xy = 2%:

(1) using (8.4.5) with a basic of slack variables.
Compule LLT factors of the tridiagonal matrix A in which 4,, =1 and
A;=2and 4, ,_, = A,_, ;= — 1 ¥i> |. Observe that no sparsity is lost in
the factors, but that the inversc matrix L ™! is always a full lower triangular
matrix with a simple general form.
Consider the Gauss—Jordon factors (8.5.4) of a matfix A. Express each M,
as M, = U L, where

1 7 1 —dfd,
- ! - —d,_/d;
L s, [UT I
—djd 1 1
column § T column i

and show that LU, = U I, for j < i Hence rearrange (8.5.4) to give

UnUﬂ—l '“Uan—l LZLlA =1
or

A=@iN-L2YUT- U,
By comparing this with A = LU where L and U are given in (8.5.5), show
that the spike in L; 15 the ith column of L, bul that the same is not true for U,
since the spikes in U, in (8.5 7) occur horizontally. However, observe ltom
the last equation that

ut=00,_, U,
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8.25.

8.26.

8.27.

8.28.
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in which the spikes in the U, are the columns of U~ !, This justifies the
assertion about the inefliciency of the Gauss—Jordon product form in
Section 8.5,

Consider the LP problem due to Beale:

minimize  —3x, +20x, — x5 + 6x,
subject to $x — Bxy— X3 +9x,<0
Fx;—12%;, —Lxs+ 3%, 50
X3 = 1, X2 0.

Add slack variables x;, x;, x; and show that the initial choice B = {5, 6,7} is
feasible but non-optimal and degenerate. Solve the problem by the tableau
method, resolving ties in (8.2.11} by choosing the first permitted basic
variable in the tableau. Show that after six iterations the original tableau is
restored so that cycling is established. (Hadley, 1962, gives the detailed
tableaux for this example.)

For the example of Question 8.25, show that initial column orderings in the
tableau {5,6,7,1,2,3,4}and {1,2,3, 4,5, 6,7} both have b(e) > 0. In the
first case show that the tie break on iteration 1 1s resolved by p = 6, which is
dilferent from the choice p = 5 made 1n the cycling iteration. Hence show
that degeneracy is removed on the next iteration which solves the problem.
In the second case show that the cyching iteration is followed for the first
two iterations, but that the tie on iteration 318 broken by p = 2 rather than
by p=1. Again show that degeneracy is removed on the next iteration
which solves the problem. This example illustrates that differcnt iteration
sequences which resolve degeneracy can be obtained by different column
orderings in the perturbation method.

Consider solving the LP in Question 825 by the method of (8.6.7) and
(8.6.8), starting with the active constraint x = 0 (Ag=1). The initial point
is feasible so onty phase ITis required. Regard the cost function as column 0
of A and set up to maximize this function, with g =0 in (8.6.7). Show that
only one 1teration 1n the dual problem 1s required to resclve degeneracy.
Consider trying to find a feasible point of the system A'x = b, x = 0 by the
method of (8.6.7) and (8.6.8), where

starting with the active constraints x 2 0. Show that the maximum level of
recursion required is 6. This example typifies the case in which the
maximum number of levels is required. The problem is in fact infeasible.



Chapter 9
The Theory of Constrained Optimization

9.1 LAGRANGE ML LTIPLIERS

There have been many contributions to the theory of constrained optimization.
In this chapter a number of the most important results arc developed; the
presentation aims towards practicality and avoids undue generality. Perhaps
the most important concept which needs to be understood is the way in which
so-called Lagrange multipliers are introduced and this 1s the aim of this section.
In order to make the underlying structure clear, this is done in a semi-rigorous
way, with a fully rigorous treatment following in the next section. In Part 1 it
can be appreciated that the concept of a stationary point (for which g(x) =
Vf(x) =0) is fundamental to the subject of unconstrained optimization, and is
a necessary condition for a local minimizer, Lagrange multiphers arise when
similar necessary conditions are sought for the solution x* of the constrained
minimization problem (7.1.1).

For unconstrained minimization the necessary conditions (2.1 3) and (2.1.4)
illustrate the requirement for zero slope and non-negative curvature in any
direction at x*, that is to say there is no descent direction at x*. In constrained
optimization there is the additional complication of a feasible region. Hence a
local minimizer must be a feasible point, and other necessary conditions illustrate
the need for there to be no feasible descent directions at x*. However, there are
some difficulties on account of the fact that the boundary of the feasible region
may be curved. In the first instance the simplest case of only equality constraints
is presented (that is J = @& (the empty set)).

Suppose that a feasible incremental step 8 15 taken from the minimizing pomnt
x*. By a Taylor serics

e{x* + 8} =cf +3%af +o(|F])

where a, = V¢, and o(-) indicates terms which can be ignored relative to § in
the limit. By feasibility e (x* + ) = cf =0, so that any feasible incremental step
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lies along a feasthle direction s which satisfies
sTa* =0, Yiek. (8.1.1)

In a regular situation (for exampie if the vectors a¥, /e E, are independent), it is
also possible to construct a feasible incremental step &, given any such s (sce
Section 9.2). If in addition f{x} has negative slope along s, that is

sTg* < 0, 9.1.2)

then the direction s 15 a descent direction and the feasible incremental step
along s reduces f(x). This cannot happen, however, because x* is a local
minimizer. Therefore there can be no direction s which satisfies both (9.1.1) and
(9.1.2). Now this staterment 1s clearly true i g* is a linear combination of the
vectors a¥, ieE, that is if

g* =Y aliF = A*d¥, (91.3)
ik
and in fact enly if this condition holds, as 1s shown below. Therefore (9.1.3) 1s
a necessary condition for a local minimizer. The multuplers AF 1n this lincar
combination are referred to as Lagrange multipliers, and the superscript *
indicates that they are associated with the point x*. A* denotes the matrix with
columns a¥, ic £, Notice that there is a multiphier associated with cach constraint
function. In fact if A* has full rank, then from (9.1.3) A* is defined uniquely by
the expression

A% :A*+g*

where A* =(ATA)" ' AT denotes the generalized inverse of A (see Question 9.135).
Of course when there arc no constraints present, then (9.1.3) reduces to the
usual stationary pomt condition that g* =0.

The formal proof that (9.1.3) is necessary 1s by contradiction. If (9.1.3) does
not hold, then g* can be expressed as

g =A%+ pu (©.1.4)

where g # 0 is the component of g* orthogonal to the vectors a¥, so that
A*Tu =0. Then s = — g satisfies both (9.1.1) and (9.1.2). Hence by the rcgularity
assumption there exists a feasible incremental step 4 along s which reduces
f(x), and this contradicts the fact that x* is a local minimizer. Thus (9.1.3} is
necessary. The conditions are illustrated in Figure 9.1.1. At x" which is not a
local minimizet, g’ #a'4A and so there exists a non-zero vector g which is
orthogonal to &', and an incremental step & along the feasible descent
direction — # reduces f(x). At x*, g* =a*41* and no feasible descent direction
exists. A numerical example is provided by the problem: minimize f(x) A x; + X,
subject to ¢(x)A x} — x, = 0. In this case x* = (— 3,4 so that g*=(1,1)" and
a*=(—1,—1)", and (9.1.3} is thus satisfied with A* = — 1. The regularity
assumption clearly holds because a¥* is independent; more discussion about the
regularity condition is given in the next section The use of incremental steps
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. gFEa

e{x)=0

Contours of £{ x)

Figure 9.1.1 Existence of Lagrange multipliers

in the above can be expressed more rigorously by introducing directional
sequences, as in the next section, or by means of differentiable arcs (Kuhn and
Tucker, 1951). However, the aim of this section is to avoid these technicalities
as much as possible.

These conditions give rise to the classical method of Lagrange multipliers for
solving equality constraint problems. The method is to find vectors x* and A *
which solve the equations

g(x)= Z a(x)4;

iek

9.1.5)
c(x)=0, icE

which arise from (9.1.3) and feasibility. If there are m equality constraifits then
there are n + m equations and # + m unknowns X and A, so the system is well-
determined. However the system is nonhinear (in x} so 1n general may not be
easy to solve (see Chapter 6), aithough this may be possible 1 simple cases. An
additional objection is that no second order information is taken into account,
s0 (9.1.5) is aiso satisfied at a constrained saddle point or maximizer. The
example of the previous paragraph can be used to illustrate the method. There
are then three equations in (9.1.5), that 15

1y 2x, p
1) -1
x} —x,=0.
These can be solved in turn for the three variables A*= — 1, x¥= — 1, and

x§ =% It is instructive to see how the method differs from that of direct
elimination. In this case x,=x} is used to eliminate x, from f(x) leaving
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f(x)=x, + x? which is minimized hy x¥* = —%. Then back substitution gives
EEn

It is often convenient to restate these resuits by introducing the Lagrangian
Junction

ZLx, )= f(x)~ Z A, (x). (9.1.0)
Then (9.1.5) hecomes the very simple expression
¥V Z(x*1%)=0 (9.L.7)
where
v
b . 1L
)

is a first derivative operator for the n + m vanable space. Hence a necessary
condition for a local minimizer 18 that x*, A% iy a stationary point of the
Lagrangian function.

An alteruative way of deriving these resulis starts by trying to find a stationary
point of f(x) subject to ¢(x) = 0, that is a feasible point x* at which f(x* + 6) =
f(x*)+o(| 8| for all feasible changes 8. The mcthod of Lagrange multipliers
finds a stationary powmt of #(x, 4) by solving (9.1.7) or equivalently (9.1.5). Since
V. % =10 it follows that x* is feasible. Since V. .#(x.4*1=0 it follows that
P(x, A%) is stationary at x* for all changes &, and hence for all feasible changes.
But if 4 is a feasible change, #(x* 4 8, 4*) =f{(x* + ) and so f(x) is stationary
at x* for all feasible changes & Thus if (9.1.7) can he solved, this solution x*
is a constrained stationary point of fix} The opposite may not always be true;
it is possible {for example Questions 7.4 and 9.14) that x* can be a minimizer
but not satisfy (9 1 7). Also the examples with f(x) A + (x — {)* + y and the same
constraint show that x* = (0, 1)’ can be a constrained stationary point but not
satisfy (9.1.7)

To get another insight into the meaning ol Lagrange muitipliers, consider
what happens il the right-hand sides of the constraints are perturbed, so that

ci(x) =g, ieE. {5.1.9}
Let x{(&), A(&) denote how the solution and multipliers change as £ changes.
The Lagrangian for this problem is

Fx, 4, 8)=f(x)— Y Liledx)—z).

el
From (9.1.9), fix(£)) = #(x(£), A{£). £), s0 using the chain rule and then (9.1.7)
it foillows that

df dZ  ox* diT 8%
—V .9 \ =4, Ll
ds,  de, o L M- G119

Je; de,
Thus the Lagrange multiplier of any constraint measures the rate of change n
the objective function, consequent upon changes in that constraint function.
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This information can be valuable in that it indicates how sensitive the objective
funcrions is to changes in the different constraints: see Question 94 for
example.

The additional complication of having inequalily constraints present is now
discussed. It 1s important to rcalize that only the active constraints o/* (sce
(7.1.2)) at x* can influence matters. Denote the active inequality constraints at
X¥ by I (= o/*n1). Since ¢ = 0 and ¢;(x* + §) =0 for 1e1*, then any feasible
incremental step 6 lics along a feasible direction s which satisfies

sTaf 2 0, Viel* (6.1.11)

in addition to (9.1.1). In this case it is clear that there is no direction s which
satislies (9.1.1}, (9.1.11}, and (9.1.2) together, if both

gt~ Y ari (9.1.12)
e
and
F20, el (9.1.13)

hold, and in fact only if these conditions hold, as is shown below, Hence these
are therefore necessary conditions for a local mimimizer. The only extra condition
beyond (9.1.3) in this case, therefore, is that the multipliers of active inequality
constraints must be non-negative. These conditions can be established by
contradiction when the regularity assumption is made that the set of normal
vectors af, ie/¥, is linearly independent. Equation {9.1.12} holds as for (9.1.3}.
Let{9.1.13) not hold so that there is some multiplicr A¥ < 0. It 15 always possible
to find a direction s for which s"a* =0, isa/*, i # p, and s'a¥* =1 (for instance
s=A**7e_ where AT = (ATA)” "A7 denotes the generalized inverse of A). Then
s is feasible in (9.1.1) and (9.1.11), and from (9.1.12) it follows that

shg* =slat )t = % <0, {9114

Thus s is also downhill, and by the regularity assumption there exists a feasible
incremental step & along s which reduces f(x); this contradicts the fact that x*
is a local munimizer. Thus (9.1.13) 15 necessary. Note that this proof uses the
lincar mwdependence of the vectors af, ie.o™, in constructing the generalized
inverse. A morc general proof using Lemma 924 (Farkas’ lemma)} and its
corollary does not make this assumption.

The need Jor condilion {9 1.13} can alse be deduced simply from (9.1 9) and
(9.1.10). Let an active meguahty constraint be perturbed from ¢(x)=0 to
¢ {x)=1¢>0, iel* This induces a feasible change in x(g) so it necessary that
f(x{£))does not decrease. This implies that d f¥/ds, = 0 at the solution and hence
A¥ = 0. Thus the necessity of (9.1.13) has an obvious interpretation in these terms.

As an example of these conditions, consider the problem

minimize f{x)4 —x; —x;
subject to ¢y (x)&x, —x7 20 9.1.15)
XAl —x3-x]20
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which is illustrated in Figure 7.1.3. The solution 1s x* = (1/,/2, 1/,/2)" so ¢, is not
active and hence &/* = {2}. Then g* =(—1, — 1)T and a¥ =(— /2, — /2)7 s0
(9.1 12} and (9.1.13) are satisfied with 4% = 1/,/2 = 0. It is important to remember
that a general inequality constraint must be correctly rearranged into the form
¢#{x) = 0 before the condition A; = 0 apphes.

In fact the construction of a descent direction when A¥ < 0 above indicates
another tmportant property of Lagrange multiplicrs for incquality constraints.
The conditions s"a¥ =0, i # p, and s"a¥ = 1 indicate that the resulting feasible
incremental step satisfies c(x* 4+ 6}=0 for i # p, and c (x* + 6) > 0. Thus it
indicates that f(x) can be reduced by moving away from the boundary of constraint
p. This result also follows from (2.1.10} and 1s of great importance in the various
active set methods (see Section 7.2) for handling inequality constraints, If
conditions (2.1.13) are not satisfied then a constraint index p with 2% <0 can
be removed from the active set. This result is also illustrated by the problem
in the previous paragraph. Consider the feasible point x' ~ (0.786,0.618) to three
decimal places, at which both constraints are active. Singe g'=(—1, — )T,
a, =(— 1572, Y and a, =(—1.572, — 1 236)", it follows that (9.1.12) is satisfied
with 4' = (— 0.096,0.732)T. However (9.1.13) is not satisfied, so x' is not a local
minimizer. Since A} < 0 the objective function can be reduced by moving away
from the boundary of constraint 1, aleng a direction for which sTa* =1 and
s"a* = 0, This is the direction s = (— 0.352,0.447)T and is in fact the tangent to
the circle at X/, Moving round the arc of the circle in this direction leads to the
solution point x* at which only constraint 2 is active.

A further restatement of (9.1.12} and (9.1.13) is possibie in terms of all the
constraints rather than just the active ones. It is consistent to regard any inactive
conistraint as having a zero Lagrange multiplier, in which case (9.1.12), (9.1.13),
and the feasibility conditions can be combined 1n the following theorem.

Theorem 9.1.1 (First order necessary conditions)

If x* is a local mmunizer of problem (7.1.1} and if a regularity assumption (9.2.4)
holds at X*, then there exist Lagrange multipliers A* such that X*, 1* satisfy the
Jollowing system:

V. &(x,A)=0
c(x)=0, ickE
cix)=0, iel (9.1.16)
A =0, iel
Aedx)=0 Vi,

These are often described as Kuhn-Tucker (KT) conditions (Kuhn and
Tucker, 1951) and a point x* which satisfies the conditions is sometimes referred
to as KT peint. The regularity assumption (9.2.4) is implied by the vectors a¥,
ie o *, being independent and is discussed in detail 1n the next section where a
more rigorous proof 1s given. The final condition A¥c}* =0 is referred to as the
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Figure 9.1 2 Complementarity

complementarity condition and states that both 2} and ¢} cannot be non-zero,
or equivalently that mactive constraints have a zero multiplier. If there is no i
such that A* =¢f =0 then strict complementarity is said to hold. The case
AF =¢¥ =015 an intermediate state between a constraint being strongly active
and being inactive, as indicated in Figure 9.1.2.

So far only first order (that s rst derivative) conditions have been considered.
It is also possible Lo state second order conditions which give information about
the curvature of the objeclive and constraint functions at a local minimizer.
This subject is discussed in Scction 9.3. 1t is also possible to make even stronger
staterncnts when the original problem 1s a convex programming problem, and
the more simple results of convexity and its application to optimization theory
are developed in Scction 9.4. For certain convex programming problems it is
possible to state useful alternative {dual) problems from which the solution to
the original {primal) problem can be oblaitied. These problems involve the
Lagrange multipliers as dual variables, much in the way that they arise in the
method of Lagrange multipliers. The subject of duality 15 discussed further in
Section 9.5. In fact the literature on convexity and duality is very extensive and
often very theoretical, so as to become a branch of pure mathematics. In this
volume | have attempted to describe those aspects of these subjects which are
ol most relevance to practical algorithms

9.2 FIRST ORDER CONDITIONS

In thiy section the results of the previous section are considered in more technical
detail. First of all it is important to havc a more rigorous nation of what 1s
meant by a feasible incremental step. Consider any feasible point x* and any
infinite sequence of feasible points {x*} — x" where x* # x’ for all k. Then 1t
is possible to writc

X —x =gl g ©.2.1

where 3* > 0 is a scalar and ™ is a vector of any fixed length ¢ > 0 (|| s*] , = &).
Tt follows that 8 — 0. A directional sequence can be defined as any such sequence
for which % —s. The imiting vector s is referred to as a feasible direction, and
F(x) or F' is used to denote the ser of feasthie directions at x’. Taking the limit
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in (9.2.1) corresponds to the notion of making a feasible incremental step along
s. Clearly the length of s is arbitrary and it is possible to restrict the discussion
to any fixed normalization, for example o= 1. [n some texts %" 1s defined so
that it also includes the zero vector, and is then referred to as the rangent cone
at x'.

The set #'is not very amenable to manipulation, however, and it is convenient
toconsider a related set of feasible directions which are obtained if the constraints
are linearized. The linearized constraint function is given by (7.1.3) so clearly
the set of feasible directions for the linearized constraint set can be written as

Fix)=F ={s|s+#0, sTa;=0, i€k,

sfa; =0, iel}l (EER2)

where I' = o' n [ denotes the set of active incquality constraints at x’. (A vector
seF’ corresponds to a directional sequence along a half-line through x" in the
direction s, which 1s clearly feasible, and it is straightforward to contradict
feasibility in the linearized set for any directional sequence for which s¢F") It
15 very convenient 1if the scts F7 and #' arc thc same, so it is important to
consider the extent to which this 1s true.

Lemma 9,2.1
F o

Proof

Let se#': then 3 a directional sequence x* — x' such that ¥ »s. A Taylor
serics about x" using (9.2.1} gives

cfx¥) = ¢ -+ 5@ o(5M),

Now ¢ (x®) = ¢, =0 for icE and c{x¥} = ¢, =0 for ie[l’, so dividing by §* >0
it follows that

s“ai+o(l)=0, ieE
sl + o(1) 20, iel’,

Taking limits as k— 0,5% >s, o(1)— 0, then seF' from (9.22). O

Unfortunately a resull going the other way (#' 2 #7) is not in general true
and 1t is this that 1s required in the proof of Theorem 9.1.1. To get round this
difficulty, Kuhn and Tucker (1951) make an assumption that £" = %", which
they rcfer to as a constraint qualification at x'. That is to say, for any set”, the
existence of a feastble directional sequence with feasible direction s is assumed
They also give an example 1n which this property does not hold which is
essentially that illustrated in Figure 9.2.1 Clearly at x'=0, the direction
s= (- 1,0)T 1s in F' but there is no corresponding feasible directional sequence,
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Figure 9.2.1 Failure of constraint qualification

and so sé#'. However, it is mmporant to rcalize that this failing case 18 an
unlikely situation and that it 1s usually valid to assume that F' = #°, Indeed
this result can be guaranteed if certain linearity or independence conditions
hold, as the following lemma shows

Lemma 9.2.2
Sufficient condirions for F'= " at a feasible point X" are either

(1) the constrainis ic.ed’ are all linear constraints or
(1) the vectors aj, 12.9", are linearly independent.

Proof

Case (1} is clear by definition of F'. For case (1) a leasible directional sequence
with fcasible direction s s constructed for any se#”, Let seF', and consider the
nonlinear system

r(x, 0) =0 (9.2.3)
defined by
F(x,0) = cfx) — s'a, i=1,2...,m

rix, 8} = (x — x')'h, — BsTh,, i=m+1,...n

where 1t is assumed that /"= {1,2,...,m}. The system (9.2.3) is solved by x’
when # =10, and any solution x i3 also a feasible point in (7.1.1) when 020 is
sufficiently small. Writing A =[a,,...,a,] and B={b, {,...,b,] then the
Jacobian matrix J(x, 0) = VrT(x, ) = [A:B]. Since A’ has full rank by case (i), it
is possibie 1o choose B so that J' is non-singular. Hence by the implicit function
theorem (Apostol (1957) [or example) there exist open neighbourhoods @, about
x" and €, about 6§ =0 such that for any Gel),, a unique solution x(f)ell, exists
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t0 {9.2.3), and x(8) is a C' function of #. From (9.2.3) and using the chain rule

dr, dr; dx,  dry
dé Fax;do g
so that
dx
T 7 T,
0=1J i JTs

Thus dx/df =s at § =0. Hence if "0 is any sequence then x™ = x(0%) is a
feasible directional scquence with feasible dircctions. [

In moving on to discuss nceessary conditions at a local solution it is convenicnt
to define the set of descent directions
P(x) =% = {s| s'g <0}

Then the most basic necessary condition is the following,

Lemma 9.2.3

If x* 15 a local minimizer, then F ¥ %% = (& (no feasible descent directions).

Proof

Let se#F* so there exists a feasible scquence x™® -5 x* such that s*'—s By a
Taylor series about x*,

f(x("’) =f* + 5(k)s(k)Tg* + 0(5(k:)_

Because x* is a local minimizer, f(x®) = f* for all k sufficiently large, so dividing
by 6% =0,

s@To* 4 o(1) = 0.

Tn the limit, s* -5, o(1) >0 so §¢@* and hence #F*n&*=25.

Unfortunately it is not possible to proceed further without making a regularity
assumption

F*n@* = F*NG* (9.2.4)

This assumption is clearly implied by the Kuhn—Tucker constraint qualification
(F* = #*} at x* but (9.2.4) may hold when F* = #F* does not, for example at
x* =0 in the problem: mimimize x, subject to the constraints of Figure 9.2.1.
Also the problem: minimize x, subject to the same constraints, iilustrates the
need for a rcgularity assumption. Herc s = (— 1,0)TeF* n &* at x* = 0 so this
set 1s not empty and in fact x* is not a KT point, although it 15 a minimizer
and F*n2* is empty.

With assumption (9.2.4) the necessary condition from Lemma 9.2.3 becomes
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F*n%* = {7 (no hncarized feastble descent directions). It is now possiblc to
relate this condition to the existence of multipliers in (9.1.12) and (9.1.13). In
fact the construction given after {(9.1.13) can be used to do this when the set
a¥, iesf*, is independent. However, the following lemma shows that the resuit
is more general than this.

Lemma 9.2.4 (Farkas® lemma)
Given any veciors a,, a,,...,a,, and g then the set

S={s|sTg<0, 9.2.5)
s'a, =0, i=1,2,....m} 5.2.6)
is empry if and only if there exist multipliers 4,2 0 such that
f= Z ai,li, (927)
i=1
Remark

In the context of this section, § 1s the set of linearized feasible descent
dwrections for a problem with m active inequality coustraints and rno equality
constraints. The extension to include equality constrawnrs is made in the corollary.

Proof

The “if part is straightforward since {9.2.7) implies that sTg = >sTa 4, 2 0 by
(9.2.6) and A; = 0. Thus {9.2.5) is not true and so § is empty. The converse resuit
is established by showing that if (9.2.7) with A, 2 0 docs not hold, then there is
a vector seS. Geometrically, the result is casy to visualize. The set of vectors

C:{vl V=

is known as a polvhedral cone and is closed and convex (see Section 9.4). From
Figure 9.2.2 1t 1s clear that if g¢C then there exists a hyperplane with normal
vector s which separaies C and g. and for which s"a, 20, i=1,2,... ,m, and
s'g < 0. Thus se$ exists and the lemma is proved. For completeness, the general
proof of the existence of a separating hyperplane is given below in Lemma
925 O

1z

ai’q'is j“E = 0}
1

Corollary
The set
S={s|s'g*<0

sTa* =0, jecE
sta¥ =0, iel*}

is empty if and only if there exist multipliers 1¥ such that (9.1.12) and (9.1.13) hold.
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Figure 9 2.2 Existence of a separating hyperplanc

Proof

Ignoring superscript *, then s'a, =0, ieE, can bc written as s'a, >0 and
—sTa, 20, icE. Then by Farkas’ lemma, this is equivalent to the fact that there
exist non-negative multipliers £, iel* i, A7, icE, such that

g=> ad+Yalt+3 —al”

iel* ek ek
But defining A, =AY — A7, icE, gives (%.1.12) and (9.1.13) so the corollary is
proved. [
Lemma 9.2.5 (Existence of a scparating hyperplane)
There exists a hyperplane s"x = 0 which sepurates a closed convex cone C and a
non-zero vector g¢C.
Proof

By construction. Consider minimizing g — x| for all xsC, and let x,eC.
Since the solution satisfies g — x|, <[ g —x,|; it is bounded and so by
continuity of |-, a munimizing pownt, & say, exwsts. Because AgeC all 10,
and because |28 — g || has a minimum at 4 = 1, it follows by sctting d/d2 = 0 that

g'g-g=0 (5.2.8)
Let xeC. then § + 0{(x — §)eC for Be(0, 1) by convexity, and hence
[ox—g+g—gli=lg— gl
Simplifying and taking the limit 60 it follows that
Osix—@ftg—g=x"g~g
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from (9.2.8). Thus the vector s =8 —g is such that s™x 20 for all xeC, But
g's= —s’s from (9.2.8), and s #90 since g¢C. Thus g's <0 and hence the
hyperplane sTx = O separates C and g, [

Geomelrically the vector s 18 along the perpendicular from g to C. In
Figure 9.2.2 § would be a multiple of the vector a5 and the resulting hyperplane
(net the one ilustrated) would touch the cone along a..

It is now possible o bring together the various aspects of this section in
proving that the firsi order conditions (9.1.12) and (9.1.13) (or equivalently the
conditions (9.1.16) of Theorem 9.1 1) are necessary at a local mmimizing point
x*, At x* there are no feasible descent directions {% * n&@* = ) by Lemma 9.2.3.
A reguiarity assumption (9.2.4) is made that there arc no hnearized feasible
descent directions. Then by the corollary to Farkas® lcmma it follows that
(9.1.12) and (9.1.13) hold. Thus these results have been established m a quite
IEOrous way.

9.3 SECOND ORDER CONDITIONS

A natural progression from the previous scetion is to cxamine ihe cffect of
second order (curvature) terms in the neighbourhood of a local solution. It can
rcadily be scen lor unconstrained optimization that the resulting sullicient
condition that G* is positive definite has significant implications [or the design
of satisfactory algorithms, and the samc is true for constraincd optimization.
1t 1s tmportant to rcahize first of all that constraint curvature plays an important
role, and that 1t is not possible to examine the curvature of f(x} in isolauon.
For example realisnc problems exist for which G* 15 positive definite at a
Kuhn—-Tucker point x*, which is not, however, a local minimizer (see (9.3.6)
below). As in Section 9.1, 1t is possible to present the essence of the situation
n a fairly straightforward way, to be followed by a more general and more
rigorous treatment later in the section It is assumed that f(x} and c4x) for all
i are C* functions.

Suppose that there are only eguality constraints present, and that a local
solution x* exists at which the vectors af. ick, ure independent, so that a
unique vector of multiphers 4* exists in (9.1 3} Under these conditions a feasible
meremental step & can be taken along any feasible direction s and x*. By
feasibility and (9.1 6) 1t follows that f(x* 4+ §)= #(x* + 8. 4). Also since & is
stationary at x*, 4 * (equation (9.1 7)). a Taylor expansion of #(x, 1*) about x*
enables the second order terms to be isolated. Hence

Six* 4+ 8)=F(x*+5,4%)
= LXK 0K) + 8V LXT, A 5) + 16TWES 1 0(876)
=f* + %5T‘v=ﬂ=5 4 0(5T5] (9.3.1)

where W#* = V2.2 (x* A%} = V¥ (x¥) — ¥, /¥ V¢ (x*} denotes the Hesslan maltrix
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with respect to x of the Lagrangian function. It follows by the minimality of £¥,
and taking the limit in (9.3.1), that

STW*s =0, (8.3.2)
As in Section 9.1 a feasible direction satisfies

a*Ts=0, ieE (9.3.3}
which can be written in matrix notation as

Atlg =10, (9.34)

Thus a second order necessary condition for a local minimizer is that (9.3.2) must
hold for any s which satisfies (9.3.4). That is to say, the Lagrangian function
must have non-negative curvature for all feasible directions at x*. Of course,
when no constramts are present then (9.3.2) reduces to the usual condition that
G* is positive semi-definite.

As for unconstrained optimization in Section 2.1, it is also possible to state
very similar conditions which are sufficient. A sufficient condition for a strict
local minimizer is that if (9.1.3) holds at any feasible point x* and if

sTW#*g > ) 535

for all s (#0) in (9.3.4), then x* is a strict local minimizer. The proof of this
makes use of the fact that (9.3.5) implies the existence of a constant ¢ > 0 for
which s"W*s = as's for all s (+# 0} in (9.3.4). Then for any feasible step 4, (9 3.1)
holds, and if & is sufficiently smail 1t follows that f(x* + &) > /*. No regularity
assumptions are made in this proof.

clx)=0for 8=y elx}=0for =1

/ Conlours

pd S of )

Figure 9.3.1 Second order conditions
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A simple but effective illustration of these conditions is given by Fiacco and
McCormick (1968). Consider the problem

mnimize (%) A 3((x; — 1)* + x3)

93.6
subject to e(x) A —x; + px3=0 ©.36)

where f is fixed, and examine for what values of § is x* =0 a local minimizer,
The cases f=% (x* 15 a local minimizer) and §=1 (not a minimizer) are
illustrated in Figure 9.3.1. At x*, g* =a* = (— 1,0} so the first order counditions
(9.1.3) are satisfied with A* =1, and x* is also feasible: The set of feasible
directions in (9.3.4) is s =(0,s,)" for all 5, %0 Now W*z[é | 02[3:| 50
sTW*s = 52(1 — 2/f). Thus the second order necessary conditions are violated
when £ > 4. in which case it can be concluded that x* 13 not a local mininuzer.
When /<3 then the sufficient conditions (9.3.5) and (9.3.4) are satisfied and
it follows that x* is a local minimizer. Only when =14 is the result not
determined by the second order conditions This corresponds to zero curvature
of ¥ existing along a feasible direction, so that higher order terms become
significant

An important gencralization of thesc conditions is to allow inequality
constraints to be present. Now second order conditions are only operativc along
fcasible stationary dircetions (s"g* = 0) and not along ascent dircctions. 1f an
mequality constraint ¢{x) =0 is present, and if 1ts multiplier 15 A¥ >0, then
feasible directions for which sTa* > 0 are ascent directions (see the discussion
regarding equation {9.1.14)). Thus usually the stationary directions will satisfy

s'af =10, iesf * 937

and second order necessary conditions are that (9.3.2) holds for all s in {9.3.7).
Another way of looking at this is that il x* solves (7.1.1) locaily, then it must solve

minimize  f(x)

subject to ¢, (x)=0, ieof* (9.3.8)

locally, and these conditions follow from (9.3.2) and (9.3.3). For sufficient
conditions, if x* is feasible, if (9.1.12) and (9.1 13) hold, and if ¥ > O0¥iel* (KT
conditions with stnict complementarity), then a sufficient condition for a sttict
local minimizer is

sTW¥s > vs:sta¥ =0 jeos*

Alternatively positive carvature can be assumed on a Jarger subspace in which
the conditions corresponding to A* =0 are excluded. These results are justified
below. An illustration of these conditions is also given hy problem (9.3.6) if the
constraint 15 changed to read ¢(x) = 0. A feasible direction s can then have any
s, < 0. However, because 4* =1 > 0, these directions are uphill unless s, =0
and hence stationary [easible directions are given by s = (0, 5,)" as in the equality
constraint case. Thus the same conclusions aboul f§ can be deduced.
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It is not difficuit to make the further generalization which includes the
possibility that there exists a Af =0, [el¥, in which case a stationary direction
exists for which s"a¥* > 0. 1t is also possible to allow for non-unique A* in the
necessary conditions. A rigorous derivation of the second order conditions is
now set out which includes these features. Given any fixed vector A%, it is
possible to define the set of strictly (or strongly) active constraints

% ={ilicE or I*>0} {93.9)
which is obtained by deleting indices for which A =0, ie!* from .&/* Consider
all feasible directional sequences x™ — x* for which

c(x*y=0 Vigso/t (9.3.10)
also holds. Define %* as the resuiting set of feasible directions. As in Section 9.2,
consider also the set of feasible directions

G*={s/s#0, a}fs=0, icof®

a¥Ts = 0, e *\of% | 9.3.11)
in which the constraints which determine 4* (inciuding (9.3.10)) are linearized.
By an identical argument to Lemma 9 2.1 it follows that G* = 4. However, to

state the second order necessary conditions a result going the other way is
required, so another regularity assumption is made, namcly that

G* = %+, (5.3.12)

Again this is a reasonable assumption to make as 1t is also implied by the mild
conditions of Lemma 9.2.2 1n a simlar way.
It is now possible to state the main results of this section 1n their full generality

Theorem 9.3.1 (Second order necessary conditions)

If x* is a local solution (7.1.1), and if (9.2.4) holds, then there exist multipliers A*
such that Theorem 9.1.1 is valid For any such 1%, if (9.3.12) holds, 1t follows that

sTW4s =0 VscG*. (9.3.13)

Proof

Let seG* Then by (9.3.12), se@*, and 3 a feasible directional sequence with
s% —»s, for which (9.3.10) holds. Since either ¢® =0 for iew®, or A¥ =0
otherwise, it follows that /™ = $(x®, 2*). Using (9.2.1) and (9.1.16), a Taylor
series for #(x, 1%) about x* gives
L(x, A%} = Lx%, A% + SPSHTY, 2(x*, 2 %)
1RGO RGE | o5

= ATV 0 (57, 9.3.14)

Since x* is a local minimuzer, 1t follows for all k sufficiently large that f® = f*
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and hence that
SOTWHH 4 (1) 2 0.

Then (9.3.13) follows in the limit [

Theorem 9.3.2 (Second order sufficient conditions)
If ar x¥ there exists multipliers A% such that conditions (9.1.16) hold, and if
sTWH*s = 0 YseG¥, (9.3.15)

then x* is a strict Jocal solution to (7.1 1).

Proof

Assume x* is not a strict local minimizer, so that 3 a feasible sequence x™* — x*
such that f® < f*. Fixing | s*'|| = 1, say, in (9.2.1) then this bound implies that
3 a subsequence such that s™ converges to s, sav. By Lemma 9 2.1, se F*, and
by a similar argument to that in Lemma 9.2.3, sTg* < 0. Two cases occur, both of
which imply a contradiction’

(i) s¢G*; then Ji:2} > 0 and aTs > 0 whenee 0 2 §Tg* = YsTa*1* > 0,

(i} seG*; by feasibility of x®, #(x™, 1*) < f®, s0 from (9.3 14) it follows that
0@ = 15050 Ws® | o(5®) and dividing by 6 and taking
the hmit contradicts (9.3.15). J

Notice that a sufficient condition for (9.3.15) is that sTW*s > 0 ¥s £ 0 such
that sTaf =0, ie.s*, which is more convenient to verify in practice. Also in
the statement of Theorem 9 3 2 it is instructive to observe that serict (1.e. f{x) > f*
for ail feasible x in the neighbourhood of x*) is a weaker qualification than
isolated (x* is the only focal solution in a neighbourhood of x*}, in contrast to
Theorem 2.1.1 for unconstrained optimization. Robinson (1982) gives an
cxample which differentiates between the two cases, that is

mimmize x> subject to  x®sin(l/x) =0 (sin 1/0.A0).

Here the feasible region 15 a set of distinet points 0 and +(im)~ % i=1,2,...
which cluster at the origin, each of which 1s a local solution. Clearly the example
is pathological: however, if the constraint qualification F* = #* is assumed to
hold then strict and isolated local minimizers are equivalent.

This treatment of second order conditions owes a lot to the presentation
given by Fiacco and McCormick (1968). However, it is worth pointing out that
the statement of the second order necessary conditions given here 15 an
improvement. Fiacco and McCormick define feasibie directions from arcs which
satisfy the conditions ¢(x) =0, ica/*, rather than using &% as 1 (9.3.10).
Although this has the advantage of not involving 4* and hence f, 1t neglccts
the stronger implications which can be made when A¥ =0 in regular situations.
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Furthermore in a degencrate case it is extremely unlikely that any feasible arc
will exist at all, so that the regularity assumption which they make (the second
order constraint qualification) cannot usually hold. Both these objections are
overcome when /% is used. The situation is shown by the example.

mimmize f(x) A x; —3x7
subject to ¢ (X) Axy+x; + x1=0

CoX) A xy —x, +x7 20 (9.3.16)
¢5X) A x5 2 0

ilustrated in Figurc 9.3.2 Clcar]y x* = (is not a minmmizing point‘ Yet F¥=%*
and g*={0,0, 1), ar =(0,1, )" a%={0, — 1, )%, a2 ={0,0,1)T. All constraints
are active and the first order conditions at x* are satisfied non-uniquely by any
vector A* which is a convex combination of (£30)" and {0,0,1)". Since,
however, there is no pomnt other than x* which satisfies ¢(x)=0 all iee/*,
Fiacco and McCormick’s second order constraint qualification does not hold,
and no implication can be made. However consider Theotem 9.3.1 using the
extreme multiplier vectors. In both cases the set G* comprises any vector s with
s,#0 and 5, =5, =0. For A*=(},4.0)7 there is an arc (OC in Figure 9.3.2)
which satisfies cf{x}=0 for all ie.o’%, but which is not feasible in c(x)= 0,
iesd*\ 7% . Hence (9.3.12) does not hold for this arc and so no implication
can be made. However, for 4* =(0,0, )T, either of the arcs OA or OB in
Figure 9.3.2, or any intermediate arc with x; =, provides a suitable arc when
5, >0 and an opposite arc can be used when s, <0, Thén since W* = —1,
{9.3.13) does not hold, so it can be conciuded correctly that x* is not a local
solution to problem (9.3 16).

Figure 9.3.2 Regulanty assumptions for
second order necessary conditions
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9.4 CONVEXITY

The subject of convexity is often treated quite extensively in texts on optimiza-
tion. My experience, however, is that much of this theory contributes little to
the development and use of optimization algorithms. Applications of convexity
are expressed in terms of a so-called convex programming problem. Into
this category come linear programming, certain quadratic programming
problems, and some more general problems, more often with linear constraints.
Unfortunately many real life prohlems do not fit into this category, and this is
especially so when the constraint functions are nonlinear. On the other hand,
it is possibie to give quite strong (and simple} results for a convex programming
problem about the global nature of solutions and the sufficiency of first order
conditions. Therefore a fairly simple treatment of convexity is given in this
section, aimed mainly at establishing these results for smooth problems. Some
extensions of convexity theory which are helpful for handling non-smooth
problems are given in Section 14.2.

First of all, a convex set K in R" is defined by the property that for all
Xy X €K, it follows that x,e K where

xg=(1—0)x, +0x, Voe[0, 1], {9.4.1)

It follows from this that K can have no re-entrant corners {see Figure 9.4.1). A
more gencral definition of a convex set which readily follows is that for all
Xg, X15-..5 X, €K it follows that xge K where

m
Xy = z foi’
1=0

The vector xp in (9.4.1) or (9.4.2} is referred to as a convex combination of the
points xg,x;, etc. If X, X;,...,X,, is a given set of points, then the set of all
vectors X, defined by (9.4.2) is a convex set referred to as the convex hull of the
set of points. Examples of convex sets are many and include the empty set, a
point, the whole of R”, a line or hne segment, a hyperplane (or linear equation)
a'x = b, the half-spacc (or Linear mmequality) a™x 2 b, the ball |x — x'||; < h, a
convex gone, and many others. A simple result is the following.

6,=1, 8,0 (9.4.2)

ik

¥

&

Convex
combination Intersection

Extreme points
Figure 9.4.1 Convex, sets
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Lemma 94.1

If K i=1,2,...,m, are convex sets then the intersection K = ('K, is also a
convex set.

Proof

Because x4, x, €K imples x4, x,K,i=12, . .m. O

This result is also illustrated in Figure 9.4.1. Tt shows that the [easiblic region
in a linear or guadralic programming problem is a convex sct because 1t is the
intersection of hypecrplancs and half-spaces

Another useful concept is thal of an extreme pomi ol a convex set K. An
extreme point X is one which may not li¢ interior to any linc segment contained
in K, that 1s x =(1 — x, + Ox, for x4, %, €K, 0&(0, 1) implies that x = x; =x;.
The vertices of a regular polygon or any point on the circumference of a circle are
examples of extreme points (Figure 9.4.1). Another example 15 the basic {easible
solution x of the convex set K defined by the fcasible region R of a lincar
programming problem in standard form (8.1.1). Detaiis of the rclationship
between an extreme point and a b.['s. are skctched out in Questions 9.20, 9.21,
and 9.22.

The other fundamental 1dea is that of a corvex function. The discussion is
limited to continuous functions defined on a convex sel K, to eliminate trivial
cases. Essentially a convex function f(x) 15 one for which the epigraph is a
convex set. (The epigraph 1s the set of pomts in B x R" that lies on or above
the graph of f(x) see Figure 9.4.2)) Thus a convex lunction f(x) is delined by
the condition that for any x,, x, €K it follows that

fosU=0)fo+0f,  V8e[0,1] (9.4.3)

where f, refers to f(xg), etc., and where x, 15 given by (9.4.1). The right-hand
side of (9.4.3) is the chord joining (xg,f,) o (X,,f) on the graph of f(x} (see
Figurc 9.4.2), and the incquality cxpresses the fact that the graph of a convex
function always lies below (ot along) the chord. II K is an open set and f(x} is
differentiable (C!) on K, an equivalent definition of convexity is that for all

.

Fix} Fir)
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Graph below chord Supporting hyperplane

Figure 9.4.2 Convex functions
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Xg X, €K it follows that
fizfo+x —x0)'V/f, (944)

This definition shows that the graph of f(x) must lie above (or along) the
linearization of f(x) about x, and hence that this linearization acts as a
supporting hyperplane for the convex function. The equivalence of (9.4.3) and
(9.4.4) is readily demonstrated. It follows from {9.4.3) that

bloss g,

But regarding x,; as a point on the line x, =x, + #(x, — x,), and taking the
limit 8]0, then (9 4.4) follows Conversely if (3 4 4) holds then expanding about
Xgs

fizfot (X1 —x)'V S,

fozfot(Xo — %)V fy
$0 that

(=01 + 8y 2f, + (1 — Dixg — xg) + 80x, — %))’V = fp

which is (94.3).
Another result which follows from (9.4.4) is that

(x; —Xo)'Vf 2/~ fo 2 (X; — x)'V /o (9.4.5)

This illustrates the fact that the slopc of a convex function is nen-decreasing
along any line. In fact this result (for the directional derivative} can also be
proved to hold for a non-differentiable convex function. Finally for twice
differentiable (C?) convex functions and K open, another equivalent definition
of a convex function 1s that

V2f, is positive semi-definite ¥xo,eK (9.4.6)

Thus convex functions are typified by having non-negative curvature. To
establish this resuit, let s # 0 and let x, = x,; + 8. Then a Taylor series for Vf,;
gives

V=V o+ aVifis + olal 94.7)
Substituting in (9.4.5) and taking the limit x >0 gives sTV2f,s = 0, which is
{9.4.6). Conversely, a Taylor series for f; (with 0€[0, 1]) and (9.4.6} yields

Ji=fo+ (0 = X"V o + 3 V2 s

=2fo +(x; —x0)'V S,

which 15 (9.4.4).

Other definitions which are closcly related to that of a convex function are
the following. A strictly convex function is defined whenever the inequality in
(9.4.3} is strict for all distinct xg, %, and #=(0,1). For C' functions (9.4.4) again
provides an equivalent definition when the inequality is strict and x; # x,.
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However, for C? functions, (9.4.6) 1s not equivalent, since although V2 f, positive
delinite Vx, e K implies that f{x) is strictly convex, the converse result does not
hold {for cxample x* is strictly convex but has zero Hessian at x = 0). A concave
Junction f(x) is defined as one for which — f(x) is convex, and so is associated
with nen-increasing slope or non-positive curvature. Likewise a strictly concave
Sunction f(x) has - f{x) strctly convex.

Examples of convex functions include the linear function, which is both convex
and concave. A quadratic function is convex when the Hessian is positive
semi-definite and strictly convex when the Hessian is positive definite. Another
convex function is || x|| (for any norm). However ||e(x) ||, where ¢(x) maps R"
into R”, is not gencrally convex, except when e¢(x) 1s a lincar function. A
transformation which prescrves convexity is expressed in the next result.

Lemma 9.4.2

Iffi{x), 1=1,2,...,m, are convex functions on a convex set K, and if ;= 0, then
> A (X} is a convex function on K.

Proof .
Take x, as in (9.4.1) and use the definition of a convex function. [
The problem of minimizing a convex function on a convex set K is said to

be a convex programming problem. Such a problem arises when (7.1.1) can be
expressed as

mimmize  f(x)

subject to  xeK A {x] ¢(x) =0, i=1,2,...,m} (9.4.8)

where f(x) 18 a convex function on K, and the functions ¢,(x), i=1,2,...,m, are
concave on B, That the feasible regionin (9.4.8) is a convex set is a consequence of
the following lemma and of Lemma 9.4.1.

Lemma 9.4.3
If c{x) is a concave function then the set
S(k) = {x| ¢(x) = k}

is convex.

Proof
For x4, x, €S(k}, and if x, is given by (9.4.1), it follows by concavity that
cg = (1 —0)cy +O0cy (1 — Ok + 6k
by definition of S(k). Thus x,£5(k} which is therefore convex. [
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Notice that the system (9.4 8) does not allow general equality constraints,
althoungh it is possible to nclude any linear equality c(x) =0 as the intersection
of ¢(x) =0 and —c{x} 2 0. An example of a convex programming problem is
therefore the linear programming problem (linear objective function, linear
equality and inequality constraints). Another example is the quadratic pro-
gramming problem {quadratic objective function, linear constraints) when the
Hessian of the quadratic function 15 positive semi-defimite. However it should
be noticed thut quadratic programming problems can (and do) exist which have
well-behaved local (or even unique global) solutions, vet for which the Hessian
is indefinite Tt is then erroneous to assume that some of the consequences of
convexity (see next section) will apply in this case,

One main attraction of convexity is that it provides an overall assumption
whereby the existence of local but not global solutions can be excluded, as the
next theorem shows. An additional assumption, given 1n the corollary, cnables
uniqueness of global solutions to be established

Theorem 9.4.1

Every local solution x* to aconvex programming problem (9.4.8) is a global solution,
and the ser of global solutions S 1s convex.

Proof

Let x* bc a local but not glabal solution. Then 3x, K such that f; <f* For
Be[0,1], consider X, =(1 — 8}x* + Ox, €K by convexity of K By convexity of
LU= +07, =*+0(f, —f*) < f* Inthe limit 6 - 0 the local solution
property 1s contradicted. Thus local solutions are giobal. Now let x4, x, €5 and
define x, by (9.4.1). By the global selution property, fa = f, =/;. By convexity
sl —-fo+ofi=fo=f,. Thus fo=f,=f, and s0 x,€$, so § is
convex. [

Corollary

If also f(x) is strictly convex on K then any global solution 1s unigue.

Preof

Let xo#x,e8 and €€(0,1). As above, but using strict convexity, both
fezfo=f and f, <fq=f,. which is a contradiction. [

A second attraction of a convexity assumption is that it provides a framework
within which the first order (Kuhn—Tucker} conditions are sufficient for a global
solution, as the next theorem shows. In common with other sufficient conditions
(Theorem 9.3.2), no regularity assumption is required.
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Theorem 9.4.2

In the convex programming problem (9.4.8), if f(x) and c{x),1=1,2,. .,m, are C*
Sunctions on K and if conditions (9.1.16) hold at x*, then x* is a global solution to
(9.4.8).

Proof

Let x'eK, x' # x* Then since A¥ 20 and ¢ =0,
frzf=3 A
i=1

24— XN - Y AR + (- x*)Ta)),

using (9.4.4), since f is convex and the ¢; are concave. Then from (9.1.16),
A¥c¥*=0 and g*=3a*)}¥ show that f"2f* and hence x* is a global
solution. [

To summarize, for xX* to solve the convex programming problem (9.4.8),
conditions (9.1.16) are sufficient, and if the regularity assumption {9.2.4} holds,
then conditions (9.1.16) are also necessary. Of course (9.2.4) is implied by the
constraint qualification F* =% * which 1o turn is implied by the assumptions
of Lemma 9.2.2, as before. It should be emphasized that it is not possible to
dispense with the regularity assumption (9.2.4). An example of a convex feasible
region in which F* # #* (in both R? and R? 1s given by the inequalities
x5 2 x% and x, < 0 at x* = 0. An illustration of a (regular) convex programming
problem is provided by probiem (9.1.15). The objective function 1s linear and
hence convex. The Hessian matrices V¢, = [ (2) g:| and VZ¢, = [ 3 g:|
are negative semi-definite so the constraint functions are concave. It can be seen
from Figure 7.1.3 that the feasible region is a convex sel. Since first order
conditions hold at x* = (1/,/2, 1/,/2)" it follows from Theorem 9.4.2 that x* is a
global solution to the problem.

It can be seen from the above theorems that a convexity assumption 1S 1n
the nature of a curvature or second ordcr assumption, in that the directional
derivative is non-decreasing along any line. Therefore, although convexity gives
useful resuits for certain special types of problem, it is an assumption which
docs not often hold in the general case. A weakening of the assumption is to
require convexity of fix) and —¢x), i=1,2,...,m, on a bali about x*. In this
case Theorem 9.4.2 can be interpreted as stating that local convexity and (9.1.16)
is sufficient for a local solution. Even in this form, however, the assumption is
not valid for many problems. The requircment is essentially that the matrices
VI[* und — V¥, i=1,2,...,m, are positive semi-definite. The second order
conditions of Theorem 9.3.2 involve the much weaker assumption (9.3.14) that
W* =VIf* 3 i¥V2c# is positive definite only on a restricted subspace, and
it is only rarely that this condition does oot hold at a local solution. Thus
convexity does not provide a valid model situation for the general nonlinear
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programming problem from which to denve an algorithm, whereas the second
order conditions can do this (see Section 12.4),

9.5 DUALITY

The concept of duality occurs widely in the mathematical programming
hiterature. The aim is fo provide an alternative formulation of a mathematical
programming problem which is more convenient computationally or has some
theoretical significance. The original problem is referred to as the primal and
the transformed problem as the dual. Usuaily the variables in the dual (or some
of them) can be interpreted as Lagrange multiphers and take the value 1% at
the dual solution, where 1% is a multipier vector associated with a primal
solution x*. In this sense the method of Lagrange multipliers (Section 9.1) might
be thought of as a dual method. Usually, however, there is also present an
objective function (often rclated to the Lagrangian function (9.1.6)) which has
to be optimized. Duality theory of this kind 1s associated with a convex
programming problem as the primal, and 1t is important to realize that if the
primal 18 not convex then the dual problem may well not have a solution from
which the primal solution can be derived (see Question 9.23). Thus it is not
valid to apply the duality transformation as a general purpose solution technique.

In this book the emphasis is on duality transformations which are convenient
computationally, and it seems that these can largely be deduced as a consequence
of one particular form known as the Wolfe dual (Wolfe, 1961). This 15 a very
simple result, closely related to the first order conditions (9.1.16), but which
replaces the constraint conditions by an optimality requirement on the
TLagrangian function.

Theorem 9.5.1

If x* selves the convex programming primal problem (94.8), if f and ¢,
i=1,2,...,m,are C functions, and if the reqularity assumption (9.2.4) holds, then
x*, A* solves the dual problem

maximize Z(x,4)

x4

9.5.1
subjectto V. 2(x,A)=0, i=0.

Furthermore the minimum primal and maximum dual function values are equal,
that is f* = F(x*, 1 %)

Proof

The condittons of the theorem are those of Theorcm 9.1.1 so 1t follows
that multiphers 4* = 0 exist such that V %(x* %) =0 (dual feasibility), and
Afck =0, i=1,2,...,m, from which f* = #(x* 4 %) foilows. Now let x, 4 he
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dual feagible. Then using 4 = 0, convexity of #(Lemma 9.4.2), and V_.% =0 in
turn,

LXHAF) = [z = del = F(x*A)
= Zx, 1)+ (;(* — X'V #F(x, 1)
=%Z(x,4).
Hence #(x*, 1% = #(x,4) and so x*, 1* solves the dual. [

An apparent disadvantage of the Wolfe dual is that the symmetry in which
the primal is the dual of the dual is not generally present, since the dual may
not even be a convex programming problem. However this does not affect the
computational value of the Woife dual, and in fact for some of the transformed
problems which can be deduced directly from the Wolfe dual, this symmetry
does hold. It is also important to consider what happens in the dual if the
primal has no solution; this point is taken up at the end of this section.

The first example of the dual transformation is in linear programming (L P).
The primal problem

minimize  fp + ¢'x
X

subjectto ATx=b 052
is nmot in standard form. Section 7.2 describes how to obtain a standard
form by including both slack variabies and also non-negative variables x* and
X~ (since the bounds x = 0 are not present). However if there are many more
inequalities than variables (m >>n) it is much more attractive to disregard this
transformation and instead to use the Wolfe dual. This is valid because the
linear functions in (9.5.2) imply both that (9.5.2) is a convex programming
problem, and that the regularity assumption (9.2.4) is true The dual problem
{9.5.1) becomes
maximize f,+¢'x—AHAx~B)
XA

subjectto ¢ — Al =49, Az0

On substituting for ¢ in the objective function, the problem becomes independent
of x, giving

maximize f, +b'4
A

953
subjectio Al =c, Az0 ( )

which is an LP problem in standard form. Once this problem has been solved
for A%, the variables A¥, ieB*, wiil have i} > 0 (ignoring the possibility of
degeneracy) which implies that ¢F =0 from (9.1.16). Thus the solution of the
square system of equations alx = b, icB*, determines the vector x* which
minimizes the primal.
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Another example in linear programming arises by considering the primal
problem
minimize f, +¢'x
x . (9.5.4)
subjectto A x=h, x =0
Introducing multipliers A and & respectively, then the Wolfe dual (9.5.1) becomes
maximize f,+eTx — ATATX —b)— 7Tx
x Az
sulyjectto c— AL —x=0, Az20,r=0.

Substituting for ¢ in the objective eliminates both the x and # variables Lo give
the problem

maximize f, + bT4
* {9.5.5)

subjectto A4 ¢, A=0
Since this problem is like {9.5.4) in having both inequality constraints and
bounds it is often referred to as the symmetric dual. Its use is advantageous
when A has many fewer rows than columns. Then (after adding slack variables)
the standard form arising from (9.5.5) is much smailer than that arising from
(9.54).

An extension of problem (9.5.4) is Lo include equality constraints as

minimize  f, +¢'x

subject to  Alx =h, (9.5.6)

Alx=h,, xz0

This problem can be reduced to (9.5.4} by writing the equality constraints as
Alx>z b, and —A%x> —b, Introducing non-negative multipliers 4,47,

A b
Az, and gz, and delining Ai,=47 45,4 =( 1),b=(b'), and
A=[A,:A,], then from (9.5.5) the dual can be written ™ 2

maximize f,+b'4
i
957
subjectto A4 <e¢, Aoz ( )
In general the strengthening of a primal linear inequality constraint to become
an equality just causes the bound on the multiplier in the duai to be relaxed.
It is readily observed that all these duals arising from linear programming have
the symmetry property that the dual of the dual simplifies to give the primal
problem.
Another uvseful application of the dual 15 to solve the primal quadratic
programming (QP) problem

minimize Ix"Gx +g'x

x (9.5.8)
subjectto ATxz=b
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in which G is positive definite. The assumptions of Theorem 9.5.1 are again
clearly satisfied, so from (9.5.1) the Wolfe dual is

maximize IX'Gx+g'x —AT{ATx —b)
34

subjectto Gx+g—Ai=0, Azl

Using the constrants of this dual to ehmijnate x from the objective function
gives the problem

maximize —IATATGTIA)A +ATD+ATG g —1e'G g
!
(9.5.9)
subjectto 4 =0.

This is again a quadratic programming problem in the multipliers 4, but subject
only to the bounds 4 > 0. As such this can make the problem easier to solve.
Once the solution A* to {9.5.9) has been found then x* 15 obtained by solving
the equations Gx = AL* — g used to eliminate x. Tn a similar way to (9 5.6), the
addition of equality constraints into (9.5.8) causes no significant difficuity.

An example of duality for a non-quadratic objective function is in the solution
of maximum entropy problems in information theory (Eriksson, 1980). The
primal problem is

minmize Y, x,log(x;/c)}
, =1 (9.5.10)
subjectto ATx=h, xz=20

where the constants ¢, are positive and A is # x m with m <« n. One possible
method of solution is to climinate variables as described in Section 11.1.
However, since m <« n this does not reduce the size of the problem very much
and it is more advantageous to consider solving the dual. For ¢ > 0. the function
Sfi(x)=xlogix/c)is convex on x > 0 since f "(x) > 0 hence by continuity is convex
on x 20 (0log0=0). Thus (9.5.10) is 1 convex programming problem. Intro-
ducing multiplicrs 4 and & respectively, the condition V. =0 in (9.5.1)
beccomes

log(x;/e)+1—efAX —m,=0 (9.511)
for1=1,2,...,n It follows that
x;=cexplef]Ad + 7, — 1) (9.5.12)

and hence that x¥* > ( Vi. Thus the bounds x = 0 are inactive with #% =0 and
can be ignored. After relaxing the bounds 4 z 0 to allow for equality constraints
the Wolfe dual (9.5.1) thus becomes

maximize Y x,log(x/c;)— AT(ATx —h)
x4

subject to (9.5.11). These constraints can he written as in (9.5.12) and used to
elminate x; from the dual objective function. Thus the optimum multipliers 4 *
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can be found by solving
minimize MA)A Y e explefAL —1}—1"h
3 =5

without any constraints, This is a problem in only m vanables. It is easy to
show that

V.hi=Ax b
V= A" diag x; 1A

where x; is dependent on 4 through (9 5 12), Since these derivatives arc available,
and the Hessian is posilive definite. Newton’s methed with line search,
(Section 3.1) can be used to solve the problem. For large sparse primal problems
Eriksson {(1980) has also investigated the use of conjugate gradient methods.

An example of the use of duahty to solve convex programming problems in
which both the objective and canstraint functions are nonlinear arises 1n the
study of geometric programming. A description of this technique, and of how
the Wolfe dual enables the problem (o be solved efficiently, is given in detail
in Section 13 2. An interesting duality result for a non-smooth optimization
problem is given in Question 12.22.

Tt is important to consider what happens if the primal has no solution. In
particular 11 is desirable that the dual aiso does not have a solution, and it is
shown Lhat this is often but not always true. The primal problem can fail to
have a solution in a number of ways and firstly the case is considered in which
the primal is unbounded { f(x}— — o0, x€R). A uselul result 1s then as follows.

Theorem 9.5.2

If V is the infimum of f(x) for feasible X w the primal problem (9.4.8), and v is
the supremum of F(x,A) for feasible x, A in the dual, then V 2 ¢

Proof

Let x’ be primal feasible and x, 4 dual feasible. Then by convexity of £, dual
feasibility, concavity of ¢,, and non-negativity of ¢; and A, in turn, it follows that

S =f g —x) =3 2ai(x —x).
Z) Alci—c)z =) a0

Hence f" = f — ¥ /0, = &, so taking the infimum over all X and the supremum
over all x, A 1t follows that V= e, [

If the primal problem is unbounded it follows that V = v= — a0 and this is
not possible if any feasible x, A cxists. Thus an unbounded primal implies an
inconsistent dual.

Next the case 1n which the primal constraints are inconsistent is considered.
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This result is implied by Theorem 9.5.2 if the dual is unbounded; however the
converse is not always true. An example of this is given in Question 9.24 in
which although the primal is inconsistent yet the dual has a solution. However,
for linear constraints this possibility 15 excluded. In this case the constiramnts
can be written ¢(x) A A"x — b = 0. Now the sct {x:A"x = b} is empty if and only
if there exists a vector A 3 0 such that A4 = 0 and b™4 > 0. (This result is similar
to Farkas’ lemma (Lemma 9.2.4) and is proved in a similar way.) Now let x, 4
be dual feasible and A’ be the vector which exists above. Then (x. A + ad’) is
dual feasible for all # = 0 and

PX, A +od} = F(x,4)+ AT

which — o0 as® — oo. Thus for linearly constrained problems, if the primal 1s
infeasible and the dual is feasible, then the dual is unbounded. 1t is also possible
that both the primal and the dual may be infeasible. Thus using the Wolfe dual
for linear constraint problems is always satisfactory in that a failure to solve
the dual always implies that the primal has no solution.

A final possibility which should also be considered (although 1t cannot occur
for linear or quadratic programming problems) is that the primal (or dual)
problem is bounded but has no solution. In this case there are open questions
about the nature of solutions to the duval (or primal} problems and the situation
is described in more detail by Wolfe (1961).

QUESTIONS FOR CHAPTER 9

H

9.1. Verify that the points x' =| 0 [and x" =
0

order necessary) conditions for the problem

b Lt Ll

satisfy Kuhn-Tucker (first

minimize Xg+ X3
subject to x; +x;+x3=1
xi+xd+xi=1

and evaluate the corresponding Lagrange multipliers.
9.2. By drawing a diagram of the feasible region and the contours of f(x)
determine the solution of the problem

minimize  f{x)A —x, + x,
subject Lo 0<g X, £a
O x,51

X, 2)6%

where & is a fixed positive constant. Show that the set of active constraints
at the solution differs according to whether or not a is greater than a certain
fixed value 4, and dctermine @ Obtain the Lagrange multipliers of the
active constraints in both cases and verify that the KT conditions are
satisfied.



Questions for Chapter 4 225

9.3

9.4.

9.5,

9.6.

9.7

9.8.

A parcel has its longest side of length x, and its two other sides are of length
x; and x4 Postage regulations are that each dimension shouid be no
greatcr than 42 in, and that the total girth (that is 2(x; + x,)) plus length
should be no greater than 72 in. State the constrained minimzation
problem which determines the parcel of maximum volume which 15
permissible. Use the symmetry between x, and x, to eliminate x,, draw a
diagram of the feasible region, and show (approximately) how the objective
function behaves. Identify two possibilities for the set of active consiraints
at the solution. Seclve these (as if equality constraints) for x and 4, and
determine at which point the multipliers satisfy KT conditions for
inequality constraints

It is desired 1o build a warehouse of width x, height x,, and length x; (in
metres), with capacity 1500m* Building costs per square metre are: walls
£4, roof £6, floor plus land £12. For aesthetic reasons, the width should be
(wice the height. State the problem which determines the dimensions of the
warehouse of minimum cost and write down the KT conditions. By
eliminating x, and x,, show that to the nearest metre, x, = 10 minimizes
the cost, and hence find x, and x,. Determine the optimum multipliers i
the KT conditions.

Tt can be shown that changing ¢{x)=0 to ¢(x)=¢; 10 the problem
induces a change Ag (to first order) in f(x) at the resulting solution.
Estimatc the change in cost on reducing the required capacity by 10 per
cent.

List all the stationary points of the function

fix)=—xi - 4x] — 163,
subject to the constraint ¢{x) =0, where ¢(x) is given in turn by
(U e(x)=x;— L.

(i) e(x)=x,x; — 1,
(i) e(x)=x;x,x; — L

Solve the problem

minimize f{x,y) & x* + y* + 3xy + 6x + 19y

subject to  3y+x=35
a,b, and ¢ are positive constants. Find the least value of a 30m of three
positive numbers x, y, and z subject to the constraint

a b ¢

—+-+-=1

X ¥y =z

by the method of Lagrange mullipliers, assuming that the positivity
conditions are not active.
Consider the problem

minimize de(x; — 1) —x; —x,
X

subject to x; 2 x3, xf+xi<glL
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9.9.

9.10.

9.11.

9.12.
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Find all the points at which both the constraints are active. One of these
points is x' =((.618, 0.786)" to three decimal places. Working to this
accuracy, find the range of values of « for which x' satisfies the KT
conditions.

Consider the problem

maximize X,
subject to (3 —x,)* —(x, —~2)= 0
3, + x, =9

{1) Derive the KT conditions for this problem, and find all solutions of
these.
(11) Solve the problem graphicaliy.
(ili) Repeat the analysis of (i} and (i) for the same problem with the
additional constraint

2x, —3x, 20

Under what conditions on the problem are the KT conditions (&) necessary
(b) sufficient, (¢) necessary and sufficient for the solution of an inequality
constrained optimization problem?

Form the KT conditions for the problem

maximize (x+1)*+(p+1)°
subjectto x>+ 2 <2
y<l

and hence determine the solution.

Find the point on the ellipse defined by the intersection of the surfaces
x+y=1and x? +2y* } z* = 1 which is nearest to the origin. Use (i) the
method of Lagrange multipliers, (i) direct elirhination.

A bookmaker offers odds of 21 against each of n runnersin arace A punter
bets a proportion x; of his total stake ¢ on each runner. Assume that only
one runner can win and that r, >r, > - . >, > 0 Clearly the punter can
guarantee not to lose money if and only if

FX 2 Y X i=1,2,....n
Jh
Show that this situation can arise if 3, LAr, + 1)< 1. (Consider x;=
/e, + 1) where 1/e=3,1/r; + 1))

If this condition holds, and if it is equally likely that any runner can win,
the expected profit to the punter is (£3,(r, + 1)x,) — £. Show that the choice
of the x; which gives maximum expected profit, vet which guarantees no
loss of money, can be posed as a constrained minimization problem
invalving only bounds on the variables and ar equality constramnt. By
showing that the KT conditions are satisfied, verify that the soiution is

1 1
x,=1-— i :
1 E>ZI.",+I r+1
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913,

0.14.

9.15.

9.16.

9.17.

O.18.

9.19.

9.20.

Consider the relationship between the method of Lagrange multipliers in
Section 9.1 and the direct elimination method 1n Scction 7.2 and
Question 7.5. In the latter notation, show that (9.1.3) can be rearranged to
give A* = [A%] lg* Hence use the result of Question 7 5 to show that if x*
satisfies {9.1.3) then 1t is a stationary point of the function ¥(x,) in (7.2.2],
Atterapt to solve the problem in Question 7.4 by the method of Lagrange
multipiiers. Show that either y =0 or A= — 1 and both of these imply a
contradiction, so no solution of (9.1.5) exists. Explain this fact in terms of
the regularity assumption (9.2.4) and the independence of the vectors a¥,
ieE.

Show that if the matrix A* in (9.1.3} has full rank then the Lagrange
multipliers 4 * are uniquely defined by 1* = A**g* or by solvingany m x m
subsystem AYA* =g¥ where A¥ is non-singular (see Question 9.13}).
Computationally the former 1s most stable if the matrix factors A* = QR
(Q orthogonal, R upper triangular} are calculated and 1* is obtained by
back substitution in RA1* = Qg+

By examining second order conditions, determine whether or not each of
the points ¥’ and x” are local solutions to the problem in Question 9.1.
By examining second order conditions, determine the nature (maximizer,
minimizer, or saddle-point) of each of the stalionary points obtained in
Question 9.5.

Given an optimal bfs to an LP, show that the reduced costs & are the
Lagrange multipliers to the LP after having used the equations Ax = b to
climinate the basic variables.

For the LP in Question 8.1. illustrate (for non-negative x) the plane
3x; +x,+x,=12 and the line along which it intersects the plane
X, — X, + x3 = — 8. Hence show that the [easible region 1s a convex set and
give its extreme points. Do the same for the LP which results from deleting
the condition x; —x; + x5 = — 8.

For the LP (8.1.1} in standard form, prove that

{i) 3 a solution =3 an exitreme point which 1§ a solution,
(i)  x is an extreme point  =-x has p << m posilive components,
(tii) x is an extreme point and A has [ull rank
=31 a bfs. at x (degenerate iff p<m),
(ivi ZJabfs atx =X 1§ an cxtreme point.

(By ab.ls. at x is meant that there exists a partition into B and N variables
such that x5 2 0, x4 =0, and A, is non-singular (see Section §.2) } Part {i)
follows {rom the convexity of § in Theorem 9.4.1, the resull of Question
9.21, and thc fact that an cxtreme point of § must be an cxtreme point of
(8.1.1) by the lincarity of /. The remaimng results follow from Question 9.22,
Part {13) is true since if Ap has rank p then p <<m. Part (1) 15 derived by
including all positive components of x in B. If p <, other independent
columns of A exists which can augment A, to become a square non-
singular matrix, and the corresponding variables (with zero value, hence
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9.21.

9.22.

9.23.

924,

9.25.
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degeneracy) are added to B. In part (iv) the non-singularity of Ag imphes
that A, has full rank and hence x is extreme,

Consider a closed convex set K = R® = {x:x > 0}. Show that K has an
extreme point in any supporting hyperplane S = {x:¢'x=z}. Show that
TAKAS is not empty. Since T < R®, construct an extreme point in the
following way. Choose the set T, — T such that the first component ¢, of all
vectors te T, is smallest. Then choose a set T, « T, with the smallest second
component, and so on. Show that a unique peint t* is ultimately
determined which is extreme in T. Hence show that t* is extreme in K
(Hadley, 1962, chapter 2, Theorem III).

Let x be any feasible point in (8.1.1), with p positive components, let Ap be
the matrix with columns a, ¥i:x,; >0 and x; likewise. Show that x is an
extreme point of (8 1.1) iff Ay has [ull rank, in the following way. If A, has
not full rank there exists w3 0 such that Apu =0. By examining x, + zu
show that x is not extreme. Il A, has full rank, show that x, = A;b 1s
uniquely defined. Let x = (1 — &)x,, + 0x,, 8e(0, 1), x;, X, feasible, and show
that the zero components of x must be zero in x, and x,. Hence show that
the remaining componcnts are defined by A b and hence x, =x, =x, 50
that x is cxtreme.

Show that the dual of the problem

minimize tox?+1ixi+x,

subjectto  x, =0

is a maximization problem in terms of a Lagrange multiplier 1. For the
cases o= + | and o= — 1, investigate whether the local solution of the
dual gives the multiplier A* which exists at the local solution to the primal,
and explain the difference between the two cases.

Consider the problem

minimize  f{x)

subjectto  c(x)

A0
A—e 20

Verify that the constraint is concave but inconsistent, so that the feasible
region is empty. Set up the dual problem and show thatitis solved by A =0
and any x.

Consider finding KT points of the problem

n i n
maximize £ Y x} subjectto Y x,=0, } xi=n
=1 =1 =1

for any n > 2. Use the method of Lagrange multipliers (with multipliers 4
and p respectively) to determine the general form of a KT point for the
problem (for general 7). Find the largest value of the objective function that
occurs at a KT point, and give all the corresponding KT points. By
examining second order sufficient conditions, show that these KT points
are all local maximizers.



Chapter 10

Quadratic Programming

10.1 EQUALITY CONSTRAINTS

Like linear programming problems, another optimization problem which can
be solved in a finite number of steps is a quadratic programming (QF) problem.
In terms of (7.1.1) this s a problem in which the objective function f{(x) is
quadratic and the constraint functions e;(x) are linear. Thus the problem is to
find a solution x* to

minimize ¢(x) A 4xTGx + g'x
x (10.1.1)
subjectto afx=h, icE

alxz b, iel,

where it is always possible to arrange that the matrix G is symmetric. As. in
linear programming, the problem may be infeasible or the solution may be
unbounded; however these possibilities are readily detected in the algorithms,
so for the most part it is assumed that a solution x* exists. If the Hessian matrix
G is positive semi-definite, x* is a global solution, and if G is positive defimte,
x* is also unique. These results follow from the (strict) convexity of g(x), so that
(10.1.1) is a convex programming problem and Theorem 9.4.1 and its coroilary
apply. When the Hessian G is indefinite then local solutions which are not
global can occur, and the computation of any such local solution is of interest
(see Section 104). A modern computer code for QP needs to be quite
sophisticated, so a simplified account of the basic structure is given first, and
1s amplified or qualified later. In the first case it is shown in Sections 10.1
and 10.2 how equality constraint problems can be treated. The generalization
of these ideas to handle inequality constraints 1s by means of an active set strategy
and is described in Section 10.3. More advanced features of a QP algorithm
which handle an indefinite Hessian and allow a sequence of problems to be
solved efficiently are given 1n Section 10.4. QP problems with a special structure
such as having only bounded constraints, or such as arise from least squares
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problems, arc considered in Section 10 5. Early work on QP was often presented
as a modification of the tableau form of the simplex method for linear
programming. This work is dcseribed 1in Section 10.6 and has come to be
expressed in terms of a linear complementarity problem. The equivalence between
these methods and the active set methods 1s described and reasons for preferring
the latter derivation are put forward.

Quadratic programming differs from linear programming 1o that it is possible
to have meaningful problems (other than an n x » system of equations) in which
there are no inequality constraints. This section therefore studies how to find
a solution x* to the equality constraint problem

minimize  ¢(x) A $x"Gx + g'x
x (10.1.2)
subjectto ATx=h.

It is assumed that there are m < n constraints so that be®™, and A 15 # x m and
collects the column veciors a,, icE, in (10.1.1). 1t 1s assumed that A has rank
m; if the constraints arc consistent this can always be achieved by removing
dependent constraints, although there may be numerical difficulties in recognizing
this situation. This assumption also ensures that unique Lagrange muitiphers
A* exist, and calculation of these quantities, which may be required for sensitivity
analysis or for use in an active set method, is also considered in this section.
A straightforward way of solving (10.1.2} 1s to use the constraints to eliminate

variables. If the partitions
gz(gl), G:l:G“ G12:|
g2 Gy, G,,

X = Xy A= Ay
x, /) A, )

are defined, where x,e®” and x,eR"™™, etc, then the equations 1 {10.1.2)
become Alx, + Alx, = band are readily solved (by Gaussian chimination, say) to
give x; in terms of x,; this 18 conveniently written:

x, =A T(b— Alx,}. (10.1.3)
Substituting into ¢(x) gives the problem: minimize (x,), x,€R" ™ where (x,) is
the quadratic function

Yix,) = 3x3(G oy — G AT TAL — ALAT Gy + AAT G AT 'AY)x,

+%3(Gar — A AT G AT D+ 3DTAT G AT

+x3(g; — A2AT'g) + gIATD. (10.1.4)
A unique minimizer x¥ exists if the Hessian V2§ in thc quadratic term is
positive definite, in which case x¥ is obtained by solving the linear system
Vif(x,) = 0. Then x¥ is found by substitution in (10.1.3). The Lagrange multiplier
vector A* is defined by g*=A4* (Section9 1) where g*=Vg(x*), and
can be calculated by solving the first partition g¥=A,A* By definition
of g(x) in (10.1.2), g* = g + Gx* so an explicit expression for 4% is

A*¥=ArNg + Gy xT + Gyopxd) (10.1.5)
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An example of the method is given to soive the problem

minimize g(x} A x? + x3 + x5
. 2

subjectto  xq +2x, —xy= 4 (10.15)
X, — Xg+xs=—2.
To eliminate x,, the equations are written
X, +2x, = 4+x,
X — Xp=—2-7%,
and are readily solved by Gaussian elimination giving
x; =0 —§x3, Xy =2 +4x,. {10.1.7)

It 15 easily verified that this solution corresponds to (10 1.3} with x, = (x,)’
%2
1

Xy =(x;3), Ay = I:z
(10.1.6) gives

|
1], and A, =[—1 1]. Substituting (10.1.7) into g(x} in

Wix,) =4¢x2 + 8x, + 4 (10.1.8)
. 20 T
which corresponds to (10.1.4) with G, = 02 Gi,=G;, =0,G,,=[2],
and g = 0. The Hessian matrix in (10.1.8) is [4¥] which is positive definite, so the
minimizer is obtained by setting Vi =0 and is x} = —§ Back substitution in
(10.1.6) gives x¥ =% and x¥ =42 The system g* = AL* becomes
2 1 1 2
2110 =| 2 -1 ( ;*>
-4 —1 1™
and solving the first two rows gives ¥ =4 and /¥ = — 4, and this is consistent

with the third row.

Direct elimination of vanables is not the only way of solving (10.1.2) nor
may it be best. A generalized elimination methed is possible in which essentially
a linear transformation of variables is made nitiaily. Let ¥ and Z be n x m and
n x (n — m) matrices respectively such that [Y:Z] is non-singular, and in addition
let ATY =T and ATZ =0, YT can be regarded as a left generalized inverse for
A 50 that a solution of A™x = b is given by x = Yh. However this solution is non-
unique in general and other feasible poiuts are given by x = Yb + 8 where §isin
the null coiumn space of A, This is the linear space

{8 AT6 =0} (10.1.9)

which has dimension n — m. The purpose of the matrix Z is that it has linearly
independent columns z,,2,,...,%,.., which are in this null space and therefore
act as basis vectors (or reduced coordinate dircctions) for the null space. That
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Figure 10.1,1 Reduced coordinates for the
feasible region

is to say, at any leasible point x any feasible correction 8 can be written as

n=m

d=Zy= 3 zy, {10.1.10)

1=1
where ¥,, ¥a,..., ¥, are the components (or reduced variables) in each reduced
coordinate direction (see Figure 10.1.1). Thus any leasible poinl x can be written

X =Yh + Zy. (10.1.11)

This can be interpreted (Figure 10.1.2) as a step from the origin to the feasible
point Yb, followed by a feasible correction Zy to reach the point x. Thus (10.1.11)
provides way of eliminating the constraints ATx = b in terms of the vector of
reduced variables y which has n — m elements, and is therefore a generalization
of {10.1.3). Substituting into g(x) gives the reduced quadratic function

W(y) =L¥"ZTGZy + (g + GYD)'Zy + 3(g + GYb)"Yb. (10.1.12)

If ZTGZ is positive definite then a unique mimmizer ¥* exists which (from
Vir(y) = 0) solves the linear system

(Z'GZ)y = — Z"(g + GYh). (101 13)

The solution is best achieved by computing LLT or LDLT factors of ZTGZ
which also enables the positive definite condition to be checked. Then x* is
obtained by substituting ino (10.1.11). The matrix Z"GZ in (10.1.12) is often
referred to as the reduced Hessian matrix and the vector Z%(g + GYh) as the
reduced gradient vecior. Notice that g + GYh = Vg(Yb} is the gradient vector of
g{x) at x=Yb (just as g is. Vg(0)), so reduced dervatives are obtained by a
matrix operation with ZT, In addition, premultiplying by YT in g*=Ai*
gives the equation

1* = YTg* = YT(Gx* | g) (10.1.14)

which can be used to caleylate Lagrange multipliers. Explicit expressions for
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x* and 4* in terms of the original data are
x*=Yb-Z(Z"GZ) 'Z"(g + GYb) (10.1.15)

and

1% =Yg+ Gx*)
= (YT Y'GZ(Z'GZ) ‘ZT)g
+ Y (G - GLZ'GZ) ' Z G)YD. (10.1.16)

These formulae would not be used directly in computation but are useful in
showing the relationship with the alternative method of Lagrange muitipliers
for solving equality constraint QP problems, considered in Section 10.2.
Depending on the choice of Y and Z, a number of methods exist which can,
be interpreted in this way, and a general procedure 1s described below for
constructing matrices Y and Z with the correct properties. However, one
choice of particular importance is obtained by way of any QR factorization
(Householder’s, for example} of the matrix A. This can be written

R
A=Q[ﬂi[Q1Qz][0]=Q1R (10.1.17)

where Q is n % n and orthogonal, R is m x m and upper {riangular, and Q, and
Q, are n x m and n x (n — m) respectively. The choices

Y=A'T=QR7T, 7Z=Q, (10.1.18)

are readily observed to have the correct properties. Mareover the vector Yb in
(10.1.11) and Figure 10.1.2 is observed to be orthogonal to the constrant
manifold, and the reduced coordinate directions z, are also mutually orthogonal.
The solution x* is obtained as above by setting up and solving (10.1.13) for y*
and then substituting into (10.1.11). Yb is calculated by forward substitution in
R™n=b followed by forming Yb=Q,u. The multipliers 2* in (10.1.14} are

!

Ly
¥h

Figure 10.1.2 Generahzed elimination 1n the
special case (10 1 18)
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calculated by backward substitution 1o
Ri* =Qlg*. (10.1.19)

This scheme is due to Gill and Murray (1974a) and I shall refer to 1t as the
orthogonal factorization method. 1t is recommended for non-sparse problems
because it 18 stable in regard to propagation of round-off errors (see beiow).

An example is given of the method applied to problem (10.1.6). The matrices
involved are

5 8 1
Y=4&! 4 —2f, Z=|-2
-1 4 -3

(unnormalized) and these can be represented by the QR decomposition

146 421 1184106 — /63
A=l 6 —1721 —2//14]10  J273|.
/6 221 —35/14l0 0

The vector Yh=1(2,10, — 6)T, and since g=0 and GYb=2Yb it follows that
Z'g+GYb)=0. Hence y*=0 and x*=Yb=12 10, -6)". Also g*=
g+ GYb=%2,10, —6)T so A* ={8, — )T and these results agree with those
obtained by direct elimination.

A peneral scheme for computing suitable Y and Z matrices is the following,
Choose any n x (n — mymatrix V such that [A: V] is non-singular. Let the inverse
be expressed in partitioned form

[A:V] = Dﬂ (10.1.20)

where Y and Z are n x m and » x (n — ) respectively. Then it follows that
YTA =T and ZTA = 0 so these matrices are suitabie for use 1n the generalized
elimination method. The resulting method can also be interpreted as one which
makes a linear transformation with the matrix [A:V], as described at the start
of Section 12.5. The methods described earlier can all be identified as special
cases of this scheme. If

0
V=[I] (10.1.21)

18 chosen, then the identity

A, 0! Apt 0 Y’
= = 10.1.22
[Az 1] [—AQA,‘* I yA ( )
gives expressions for Y and Z. Tt can easily be verified that in this case the

method reduces to thé direct ehmination method. Alternatively if the choice

V=0Q, (10.1.23)
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1s made, where Q, 1s defined by (10.1.17), then the above orthogonal factorization
method 15 obtained. This follows by virtue of the identity

R—l T
[AZVJ_I*[QlR:Qz]Ml_[ Q?]:|’ {10.1.24)
2
which can also be expressed as
A+
[Av] ! =[V+]a (10.1.25)

where A" =(ATA)"'AT is the full rank Penrose generalized inverse mattix,
and (10.1.14) can be written

A¥ = Atpg* (10.1 26)

in this case. In fact for any given Y and Z, a unique V must exist by virtue of
(10.1.20). However. if Z is given but Y 18 arbitrary then some freedom is possible
in the choice of V; this point is discussed further in Question 106. The
generalization expressed by (10.1.20) is not entirely an academic one; it may be
preferable not to form Y and Z but to perform any convenient stable
factorization [A:V] and use this to generate Y and Z indirectly: in particular
the simple form of (10.1.21) and (10.1.22) can be advantageous for larger problems
or for large sparse problems.

Another method which can be descnbed within this framework is the reduced
gradient method of Wolfe (1963a). In terms ol the active set method {Section 10.3)
the maltrix V is formed from normal vectors a, of inactive constraints which
have previously bcen active. Thus when a constraini becomes inactive the
column a; in A is transferred to V so that {A:V] ! need not be recomputed
and only the partition line 1s repositioned. When an inactive constraint becomes
active, the Incoming vector a; replaces one column of V. The choice of column
is arbitrary and can be made so as (0 keep [A:V] well conditioned. This excbange
of columns is analogous to that in linear programming (see equation (8.2.14))
and developments such as those described in Section 8.5 lor taking account of
sparsity or maintainng stability can be taken over into this method.

Other methods for QP also can be interpreted in these terms. Murray (1971)
gives a method in which a matnix Z 1s constructed for which

Z'GZ =D (10.1.27)

where D is diagonal. In this mcthod columns of Z can be interpreted as conjugate
directions, and arc related to the matrix (Z say) in the orthogonal factorization
method by Z=ZL"", where Z'GZ has factors LDL”. Beecause of this the
method essentially represents inverse matnx mformation and may be doubtfut
on grounds of stability. However, it does have the advantage that the solution
of (10.1.13) becomes trivial and no storage of factors of ZTGZ is required. Tt is
also possible to consider Beale’s (1959) method (see Section 10.6} partly within
this framework since it can be interpreted as selecting conjugate search directions
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from the rows of [A:V]™! In this case the matrix V is formed from gradient
differences y'! on previous iterations. However, the method also has some
disadvantageous features.

It is not easy to give a unique best choice amongst these many methods,
because this depends on the type of problem and also on whether the method
is to be considered as part of an active set method for inequality constraints
(Section 10.3). Moreover there are other methods described in Section 10.2,
some of which are of interest. However, the orthogonal factorization method
is advantageous in that calculating Z involves operations with elementary
orthogonal matrices which are very stable numerically. Also this choice (Z = Q,)
gives the best possible bound

K(Z'GZ) < K(G) (10.1.28)

on the condition number K(ZTGZ). This is not to say that it gives the best
wK(ZVGZ) itself, as Gill and Murray (1974a} erroneously claim. Indccd a trivial
modification to Murray's (1971) method above with D =1 enables a Z matnx
to be calculated for which k(ZTGZ)= 1. In [act the relevance of the condition
number is doubtful in that it can be changed by symmelric row and column
scaling in ZTGZ without changing the propagation of errors. Insofar as
(10.1.28) does have somc mcaning it indicates that x(Z"GZ) cannot become
arbitrarily large. However this conclusion can also be obtained 1n regard to
other methods if careful attention is given to pivoting, and | sce no reason why
these methods could not be implemented in a reasonably stable way. On the
other hand, an arbitrary choice of ¥ which makes the columns of Z very close
to being dependent might be expected to induce unpleasantly large growth of
round-off errors.

10.2 LAGRANGIAN METHODS

An alternative way of deriving the solution x* to (10.1.2} and the associated
multipiers A¥ is by the method of Lagrange multipliers (9.1.5). The Lagrangian
function (9.1.6} becomes

Fx A =5x"Gx+g'x —1T(AT™x — b} (10.2.1)
and the stationary point condition (9.1.7) vields the equations

V.9=0: Gx+g—Ail=0
V.9 =0: ATx—b =0

which can be rearranged to give the linear system

[—fx}T _GA](:)“ _(E) (10.2.2)

The coefficient matrix is referred to as the Lagrangian matrix and is symmetric
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but not postttve definite. If the inverse exists and is expréssed as

[_i "‘3] ]=L;’T ITJ {10.2.3)
then the solution to (10.2.2) can be written

x*=—Hg+Th (10.2.4)

A*=T'g—Ub. (10.2.5)

These relationships are used by Fletcher (1971b) to solve the equality constraint
problem (10.3 1) which arises in the active set method. Sincc b =0 in that case
only the matrices H and T need to be stored. Explicit expressions for H, T, and
U when G~ ! exists are

H=G '—G 'A(ATG 'A) 'ATG !
T=G 'A(ATG 'A)~* (10.2.6)
U= —(ATG 1A)!

and are readily verified by multiplying out the Lagrangian matrix and its inverse.
Murtagh and Sargent (1969) suggest methods for linear constraints which use
this representation by storing (ATG ~'A) ™! and G~ 1. However it is not necessary
for G~ ! to exist for the Lagrangian matrix to be non-singular. Neither of the
above methods are recommended in practice since they represent inverses
directly and so have potential stability problems. In fact if Y and Z are defined
by{10.1.20) then an alternative representation of the inverse Lagrangian matrix is

H=Z(Z'GZ) 'Z7
T=Y-ZZ'GZ) 'Z'GY (10.2.7)
U=Y'GZZ"GZ) 'Z*GY - Y'GY.

This can be vetified by using refationships derived from (10.1.20) (see
Question 10.7). Thus it can be regarded that the computation of Y, Z, and the
LLT factors of ZTGZ in any of the elimination methods is essentially a subtle
way of factorizing the Lagrangian matrix in a Lagrangian method. Equations
(10.2.7) prove that the Lagrangian matrix is non-singular if and only if there
exists Z such that the matrix ZTGZ is non-singular (see Question 10.11).
Furthermore x* is a unique local minimizer if and only if ZTGZ is positive
definite by virtue of the second order conditions (Section 2.1) applied to the
quadratic function (10.1.12).

These different representations of the inverse of the Lagrangian matrix have
their parallels in two differcnt types of method that have been proposed for
solving (10.2.4) and (10.2.5). Most general is the null space method in which Y
and Z and Choleski factors ZTGZ = LLT are assumed to exist. The null space
method is associated with representation (10.2.7) which is used to indicate how
(10.2.4) and (10.2.5) are solved. Of course intermediate expressions are simplified
where possible and inverse operations with triangular matrices are performed
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by forward or hackward substitution. In fact this just gives what has heen called
the generalized elimination method 1n Section 10.1. Various different null space
metheds exist according to different ways of choosing Y and Z and therr relative
merits are discussed in Section 10 I The alternative approach is a range space
method which requires the Hessian matrix to be positive definite, and makes
use of its Choleski factors, G = LL" say. The range space method is associaled
with the representation (10.2.6). The use of Choleski factors enables (10.2.6) to
be rearranged, and it is rcadily observed that the product L™ ' A occurs frequently.
Recent range space methods are based on using QR factors of L™ A, that 1s

_ R
L ]'A—[QNQZJ[OJEQJ{
and the matrices in (10.2.6) arc determined [rom

H=L "1-Q,Q,"L""
T=LTQ,R""
U=_—-R R T

Gill et al. (1984a) give one such method in which Q, (but not Q,) and R are
updated explicitly. Goldfarb and Idnani (1983) give a related method in which
they introduce the matrix 8 = L.~ TQ, and they store and update S and R. Clearly
the formulae above allow L~ TQ,; to be rcplaccd by 8;: it may be that the
method could be improved by only storing and updating S; and R. Powell
(19854) compares the Goldlarb and Idnani representation with a direct QR
representation, and concludes that, whilst the lormer may lack numerical
stability in certain pathological cases, it 15 entircly adequate for all practical
purposes. A furthcr matrix scheme might be called the low storage method
because 1t just updales R, replacing Q, by the product L~*AR ! in the above
formulae. This transformation squares the condition numher of the problem
(e.g. Biorck, 1985) and so is undesirable as it stands. However, it may he that
iterative refinement could be used to advantage 1n this context, along the lines
given by Bjorck. Range space methods are of most use when the Choleski [actor
of G is given a priori and does not have to be calculated. The operation counts
for these methods are most favourable when there are few constraints, and the
matrix operations do not allow much advantage to be taken of simple bounds.

Some other ohservations on the structure of the wverse in (10.2.3) are the
following. Firstly TTA =T so T! is a left generalized inverse for A. If Z'GZ is
positive definite, H is positive semi-definite with rank »n —m. It also satisfies
HA = 0 so projects any vector v into the constraint manifold (since ATHv = 0).
If x¥ is any feasible point then it follows that ATx™ = b, and g = g + Gx* is the
gradient vector of g(x} at x®. Then using (10.2.6) it follows that (10.2.4) and
(10.2.5) can be rcarranged as

x*=x® - Heg® {10.2.8)
1 * — TTg(k]. (102,9)
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Equation (10.2.8) has a closc rclationship with Newton’s method and shows
that H contains the correct curvature information for the feasible region and
socan be regarded asa reduced inverse Hessian matrix. Therefore these formulae
can be considered to define a projection mcethod with respect to a metric G
(if positive definile); that is if G is replaced by I thcn H=AA* =P which
is an orthogonal projection matrix, and the gradient projection method of
Scction 11.1 is obtained In fact it can be established that H=(PGP)', the
generalized inverse of the projecied Hessian malrix.

There arc methods for factorizing a general non-singuldr symmetric matrix
which 1s not positive definite, initially due to Bunch and Parlett (1971), which
can also be used. This mvolves calenlating LDL" factors of the Lagrangian
matrix (with some symmetric pivoting) in which D is block diagonal with a
mixture of 1 x I and 2 x 2 blocks This therefore provides a stable means of
solving (10.2.2), especially for problems in which G is indefinite. However, the
method does ignore the zero matrix which exists in (10.2.2) and so does not
take full advantage of the structure. Also since pivoting is involved the factors
are not very convenient for being updated in an activé set method. On the other
hand, the Lagrangian matrix is non-singular if and only if A has full rank, so
generalized elimination methods which form Y and Z matrices in a reasonably
stable way when A has full rank cannot be unstable as a means of factorizing
the Lagrangian matrix as long as ZTGZ is positive definite. Thus the stable
generalized elimination methods seem to be preferable.

Yet another way of solving the Lagrangian system (10.2.2) is to factorize the
Lagrangian matrix forward. Firstly LDLT factors of G are calculated whch is
stable so long as G is positive delinite Then these factors are used to eliminate
the off-diagonal partitions (— A and — A”) in the Lagrangian matrix. The 0
partition then becomes changed to — A'G~!A which is negative definitc and
sa can be factorized as — LDL" with D > 0. The resulting factors LDLT of the
Lagrangian matrix are thercforc given by

__mL _ D _
L“[BT EJ, D—[ _ﬁ] (10.2.10)

where B is defined by LDB= — A and is readily computed by forward
substitution. To avoid loss of precision in forming ATG™'A (the ‘squarnng’
effect), L and D are best calculated by forming D~L7"A and using the QR
method to factorize this matrix into QD 'L, This method is most advantageous
when G has some structure (for example a band matrix) which can be exploited
and when the number of constraints m is small (see Question 10.3). It is not
entirely obvious that the method is stable with regard to round-off-error,
especially when G 1s nearly singular, but the method has been used successfully.
The requirement that & is positive definitc 1s important. however, in that
otherwise computation of th¢ LDL" [actors may not be possible or may be
unstable. The method is cquivalent to the range space methoed using QR factors
as deseribed above. 1t is also closcly related to the dual transformation described
in (9.5.8) and (9.5.9) in the case that the constraints are equalities.
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10.3 ACTIVE SET METHODS

Most QP problems involve mnequality constraints and so can be expressed in
the form given in (10.1.1) This section describes how methods for solving equality
constraints can be generalized to handle the inequality problem by means of
an active set merhod similar to that described for LP probiems in Section 8.3.
Most common is the primal active set method and most of the section is devoted
to this method. It is described in the case that the Hessian matrix G is positive
definite which ensures that any solution is a unique global minimizer, and that
some potential difficulties are avoided. However, it is possible with care to
handle the more general case which is described in Section 10.4. Laler in the
section the possibility of a dual active ser method is considered, although this
is only applicable to the case that G is positive definite.

In the primal active set method certain constraints, indexed by the active set
&, are regarded as equalities whilst the rest are temporarily disregarded, and
the method adjusts this set in order to identify the correct active constraints at
the solution to {10.1.1). Because the objective function is quadratic there may
be m {0 < m < n) active constraints, in contrast to linear programming when
m=n. On iteration k a feasible point x* is known which satisfies the active
constraints as equalities, that is a]x™ = b,, ic.«#. Also except in degenerate cases
a;x* > b, i¢.of, so that the current active set .+ is equivalent to the set of
active constraints &% defined in (7.1.2). Each iteration attempts to locate the
solution to an equality problem (EP) in which only the activc constraints occur.
This is most conveniently done by shifting the origin to x® and looking for a
correction 8® which solves

minimize 38'Gd + 8Tg®
s {10.3.1)
subjectto a]6=0, ico

where g is defined by g = g + Gx™ and is Vg{x*) for the function g(x) defined
in (10.1.1). This of course is basically in the form of (10.1 2} so can be solved
by any of the methods of Sections 10.1 and 10.2. If §® is feasible with regard
to the constraints not in .o, then the next iterate is taken as x** = x% 4 §0,
If not then a line search is made in the direction of §* to find the best feasible
point as described in (8.3.6). This can be expressed by defining the sclution of
{10.3.1) as a search direction s*, and choosing the step o™ to solve

) . b —alx®
o =min{ 1, min ~—p—p— (10.3.2)
peer, A8
a}rs“‘](l)

so that x** D — x® 1 4g® |f 4® 1 iy (10.3.2) then a new constraint becomes
active, defined by the index (p say) which achieves the min 1n (10.3.2), and this
index is added to the active set 7.

If x* (that is & = §) solves the current EP (10.3.1) then it is possible to compute
multipliers (1% say) for the active constraints as described in Sections 10.1 and



Active Set Methods 241

10.2. The vectors x* and A™ then satisfy all the first order conditions (9.1.16)
for the inequality constraint problem except possibly the dual feasibility
conditions that 4,2 0, iel. Thus a test is made to determine whether A% > 0
Viea/® AL If so then the first order conditions are satisfied and these are
sufficient to ensure a global solution since g(x) is convex. Otherwise there exists
an ndex, ¢ say, ge/™n 1, such that A¥ < 0. In this case, following the
discussion in Section 9.1, it 15 possible to reduce g(x}) by allowing the constraint
¢ to become inactive. Thus ¢ i1s removed from &/ and the algorithm continues
as before by solving the resulting EP (10.3.1). If there is more than one index
for which A§” < 0 then it is usual to select ¢ to solve

min A%, {10.3.3)

e
This selection works quite well and is convenient, so is usually used. One slight
disadvantage is that it is notl invariant lo scaling of the constraints so some
attention to scaling may be required. An invariant but more complex test can
be devised based on the cxpected reduction in g(x) (Fletcher and Jackson, 1974).
To summarize the algorithm, therefore, if x*' is a given feasibic point and
of =.o/'M is the corresponding active set then the primal active set method is
defined as follows

{a) Given x"! and o, set k=1,

(b) If & =0 does not solve (10.3.1) go to (d).

(c) Compute Lagrange multipliers ' and solve (10.3.3); if A% = 0 terminate
with x* = x®, otherwise remove ¢ from .

(d) Solve (10.3.1) for s® (10.3.4)

(e) Find o® to solve (10.3.2) and set x*¥ 1 = x{ f ylkigl),

(f) Tfa® «< 1, add p to ..

{g) Set k=k+ 1 and go to (b).

An illustration of the method for a simple QP problem is shown in Figure 10.3.1.
In this QP the constraints are the bounds x = 0 and a general constraint a"x = b.

*2

Figure 10.3.] The primal active set method
for a simple QP problem
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At x the bounds x, 20 and x; 2 0 are both active and so x') (that 15 6 =0)
solves the current EP (10.3.2). Calculating 1'Y? shows that the constraint x, 2 0
has negative multiplier and so becomes inactive, so that only x; = 0 15 active.
The corresponding EP is now solved by x!? (or 6 = x12 — x%) which is feasibie
and so becomes the next iterate. Calculating '® indicates that the constraint
x; = 0 has a negative multiplier so this too becomes inactive leaving .»/ empty.
The corresponding EP is now solved by x* which is infeasible, so the search
direction s = x' — x@® is calculated from (10.3.1) and a hne search along s@
by solving (103 2) gives x** as the best feasible point. The general constraint
a'x = b becomes active at x*) so is added to .. Since x*) does not solve the
current EP, multipliers are not calculated, but instead the EP is solved, yielding
x™® as the next iterate. Calculaton of multipliers at x*? indicates that x' is
the solution of the inequality QP problem, and the algorithm terminates. A
numerical example with similar properties is given in Question 10.4.

Termination of the algorithm in gencral can be proved if each step «*' 5 0,
1n which case g(x) is reduced on each iteration. Tt is a consequence of (10.3.2)
(see Questian 10.10) that the vectors a, ic«, are independent so the EP in
(10.3.1) 15 always well defined. The termination prool relies on the fact that
there 15 a subsequence {x%} of iterates which solve the current EP. (Only when
a® < 11in (10.3.2) is x* "V not a solution (o the EP. In this case an index p is
added Lo .+/. This can happen at most n times in which casc x**'1s then a vertex,
50 solves the corresponding EP.) Since the number of possible EPs 1s fimite,
since each x* in the subsequence is the umque global solution of an EP, and
since g(x") is monotomcally decreasing, it follows that termination must oceur.
This proofl fa1ls when steps of zero length are taken and ¢(x*') docs not decrease,
m which cuse the algonthm can cycle by returning to a previous active sct 1n
the sequence. This 1s caused by degeneracy in the constraint sct and the situation
15 similar to that described in Section 8.6. Therc is the additional possibility of
a tie occurring when the value 2% = 1 (for which s solves (10.3.1)) 1s also the
value for which inactive constraints become active in (8 3 6). It is possible to
give perturbation results which enable tliese ties to be broken in such a way
as (o theoretically avoid cycling, as 1 Section & 6, but in practice there are some
difficultics (again see Section & 6} and most current algorithms ignaore the fact
that degeneracy can occur.

The primal active set method requires an nitial feasible point x*% this can
be calculated by the technigues described in Section 8.4, solving the auxiliary
problem (8.4.6). This calcuiates a fcasible vertex (possibly including some
pseudoconstraints), which becomces the required feasible point x*Y'. Factors of
the A matrix for the active set can also be passed on to be used 1n the main
algorithm. An alternative possibility which avoids the feasible point requirement
15 t0 bias the phase T cost function by adding to it a multiple pg(x} of the
quadratic function. For sufficiently small ¢, the problem can then be solved 1n
a single phase. This Jeads to a study of QP-like methods for the problem

minimize y(x) & g(x) + [|1{x) ™ |, {(10.3.5)
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(for inequality constraints I{x) 2 0), where 1(x) = A™x — b and ¢~ = max (— 4,0).
This is the L, QP problem which is an example of the use of an L, exact penalty
function, described in more detail in Section 12.3. An active set method is also
possible here which differs from (10.3.4) in a4 number of ways. One is that the
line search {(10.3.2} is changed to search for a minimizer of (10.3.5). if a constraint
1,(x) becomes active (zero) then it 1s added to &/ as before. Another difference
is that the first order conditions for (10.3.5) arc that multipliers A exist which
satisfy 0 4, <1 (see (12.3.9) and later in Section 12.3). Thus test (10.3.3) is
changed in an obvious way to choose 2, as that multiplier which violates these
conditions the most. Likewise inactive constraints have their corresponding
multiplier either 0 or 1 according to whether or not /{x)> 0 or <0. The EP
which is solved is
minimize g{x)— ¥ Ad{x)
x it

10.3.6
subject to  L(x}=0, e, { :

and the technigues of Sections 10.1 and 10.2 are again relevant, together with
suitable updating methods.

The relationship between the active set method (10.3.4) and some methods
derived as extensions of limear programming is described in Section 10.6.
Possible variations on (10.3.4) which have been suggested include the removal
of more than one constraint {with 4% < 0) from o/ in step (c) (Goldfarb, 1972),
or the modification of step (b) so as to accept an approximate solution to the
EP. Both these possibilities tend to induce smaller active sets. Goldfarb (1972)
argues that this is advantagcous, although no extcnsive experience is available
and I would expect the amount of improvement to be small. The modification
in which more than one constraint is removed also creates a potential difficulty
for indefinite QP associated with the need to maintain stable factors of the
curvature matrix Z'GZ.

A more recent method for convex QP 1s suggested by Goldfarb and Idnani
(1983) and can be interpreted as a dual active set method. In it a sequence of
vectors X, 4 is calculated which satisfy the KT conditions except for primal
feasibility. Initially x = — G~ 'g is the unconstrained minimizer of the quadratic
function, & = 5, and 4 = 0 is a vertex in the dual space. A major iteration of
the method consists of the following steps.

(i} Pick some g such that constraint g is infeasible in (10.1.1) and add ¢ to <.
(i) If a,espan{a, fes} then drop from ./ the index of an inequality
constraint that will then become positive in step (ifi).
(iii} Move towards the solution of the EP.
(iv) If any 4,0 iesf n I then remove i [rom & and go to (iii).

The major iteration is completed when the solution of the EP is reached in
step (iii). Major iterations are continued until primal fcasibility is recognized
in step (i) (x is an optimal solution) or until no suitable mdex in « to drop
can be found in step (ii} (the QP is infeasible). An unbounded QP cannot occur
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because G is positive deftmte. If the QP probiem that 1s dual to (10.1.1} 1s sct
up (see (9.5.8) and (9.5.9)} then the Goldfarb and Tdnani method is equivalent
to the primal active set method being applied to this dual problem, and it is
instructive to compare the properties of these primal and dual active set methods
with this in mind. Although the Goldfarb and Idnani method looks for and
removes primal infeasibilities, it is not necessarily the case that a primal
constraint stays feasible once it is made feasibie. The termination property of
the method is assured by the fact that each iteration increases both the primal
and dual objective functions. Dual feasibility 1s maintained throughout,

Good features of the method are that it can readily take advantage of the
avaitability of Choleski factors of the matrix G such as can occur in some SQP
methods for nonlinear programming (sce Section 12.4). The method is most
effective when there are only a few active constraints at the solution, and is
also able to take advantage of a good estimate of =7, Degeneracy of the dual
constraints 4; 20 icJ is not possible. The only difficully caused by degeneracy
in the primal constraints arses near the solution and it is claimed that this can
readily be handled by the use of tolerances. Adverse features of the method
include its lack of penerality, in that the matnx G must be positive definite. In
this respect, it is also the case that difficulties will arise when G is ill-conditioned,
for example large elements and hence large round-off errors can arise in the
vector x= — G~ 'g. However, Powell (1985a} claims that with care these
difficulties can be circumvented. The method 1s most readily associated with
the use of range space methods for solving the EP. Tt is aiso possible to develop
other what maght be called primal-duai methods for convex @P which allow
both primal and dual infeasibilities, and take steps similar to those in the
methods above (¢.g. Goldfarb and Tdnam, 1981). The transformation of 2 QP
problem to a linear complementarity problem as described in Section 10.6 can
also be regarded as giving risc to a number of primal-dual methods.

An important featurc of any active set method concerns efficient solution of
the EP (e.g (10.3.1}) when changes are made to /. As in linear programming
it 1s possible to avoid rcfactorizing the Lagrangian matrix on each iteration
(requiring O(n*) housckeeping operations) and instead to update the factors
whenever a change is made to . (O(n?) operations). Some carc has to be taken
in the different methods in choosing how the various factors are represented
to ensure that this updating is possible and efficient. These computations are
quite intricate to write down and explain, even for just one method, so I shall
not give details. Different ideas are used in different methods; amongst these
are simplex-type updates and the idea for representing QR factors of A without
requiring QQ, described in Sections 8.5 and 10.2. Use of rank one updates and
use of elementary Givens rotations often occur (Fletcher and Powell, 1975;
Gill and Murray, 1978a). Permutations (interchange or cyclic) in the constraint
or variable orderings are often required to achieve a favourable structure (for
example Fletcher and Jackson, 1974). A review of a number of these techniques
is given by Gill and Murray (1978a} for dense QP and by Gill #r al. (1984b)
for spurse QF. A description of the details in the case that the orthogonal
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factorization method 1n Section 10.1 is used to solve the EP is given by Gill
and Murray (1978b). Another important feature of a similar nature is that the
algorithms should treat bounds (when a; = + e,) in an efficient way. This is most
readily achieved in nuli space methods. For instance if the [rst p{ < m} active
constraints are lower bounds on the variables | to p, then the matrices A, Y,
and Z have the structure

I AT I 0 o
= —_ Z:
A l[o A] Y [Y{A? Yﬂ’ [z}

F m—p bl m—p n—m

where Y, is any left generalized for A, (YIA, =1). This structure cuts down
storage and operations requirements but makes the updating morc complicated
as Lhere are four cases to consider {adding or rcmoving either a bound or a
gencral constraint from /) instead of two.

10.4 ADVANCED FEATURES

A modern code for QP should be of wider application than has so far been
considered; it should be able to handle an indefimite QP problem, and 1t should
enable the user to cary forward efficiently information from a previous QP
calculation when a sequence of problems is being solved. These exlensions are
considered in this section. Indefinite QP refers to the case in which the Hessian
G is not required to be positive definite, so will often be indefinite, although the
negative and positive semi-definite cases are also included. For equality cons-
trained QP no difficulties arise and a unique global solution exists if and only
if the reduced Hessian matrix Z'GZ is positive definite. However when
nequalities are present, and excluding the positive semi-definite case, it is
possible for local solutions to exist which are not global. The problem of giobal
optimization, here as elsewhere in the book, is usually very difficult so the
algorithms only aim to find a local solution. In fact a modification of the active
set method is used which only guarantees to find a KT point for which the
reduced Hessian ZTGZ is positive definite. If i}F > 0, icI*, then these conditions
are sufficient for a local solution. However, if there exists Af =0, icI*, then it
is possible that the method will find a KT point which is not a local solution.
In this case there usually exist arbitranly small perturbations of the problem,
(a) which make the KT pownt a local solution or (b) which make the point no
longer a KT point so that the active set method continues to find a better Jocal
solution. Both these features are illustrated in Question 10.9. However, although
it is theoretically possible for these situations to arise, in practice (especiaily
with round-off errors) it is unlikely and the algorithm is usually successful in
finding a local (and often global) solution.

The main difficulty in solving indefinite QP problems arises in a different
way. The possibility exists for an arbitrary choice of . that the resulting reduced
Hessian matrix ZTGZ may be indefinite so that its LDL" factors may not exist
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or may be unstable in regard to round-off propagation. (Of course if G is
positive definite then so is ZTGZ and no problems arise.) To some extent a
null space method avoids the difficulty. Initially x*? is a vertex so the null space
(10.1.9) has dimension zero and the difficulty does not arise. Also if ZTGZ is
positive definite for some given & and a constraint is added to &4, then thc
new null space is a subset ol the previons one, so the new maltrix ZIGZ is of
one less dimension and is also positive definite.

The difficulty anises therefore in step (c) of (10.3.4). In this case x* solves the
current EP and Z"GZ is positive definite. However, when a constraint index
¢ is removed from ¢, the dimension of the null space is increased and an extra
column is adjoined to Z. This causes an extra row and column to be adjoined
to Z'GZ, and it is possible that the resulting matrix is not positive delinite.
Computing the new LDLT factors is just the usual step for extending a Choleski
factorization, but when ZTGZ is not positive definite the new element of D is
either negative or zero. (The latter case corresponds to a singular Lagrangian
matrix.} This implies that the correction 8" which is a stationary point of
{10.3.1} is no longer a minimizer, so some thought must be given to the choice
of the search direction s® in step (d) of (10.3.4). Since x*® is not a KT point,
feasible descent directions exist and any such direction can be chosen for st*),
One possibility is to consider the line caused by increasing the slack on constraint
g at x*. Thus b, 1s changed to b, +x and from (10.2.4} the resulting scarch
direction is s = Te,, the column of T corresponding to constraint ¢. In fact
when the updated D has a negative element this is equivalent to choosing
s® = — §% where ™ is the stationary point of (10.3.1) for the updated problem.
In this case the unit step ™™ =1 in (10.3.2) no longer has significance. Thus the
required modification to (10.3.4) when D has a negative element is to choose
§¥ = — §& in step (d), and to solve (8.3.6) rather than (10.3.2) to obtain «'® in
step (e). Ef D has a zero element it can be replaced by — & where & > 0is negligible.
This causes §* to be very large but the length of s is ummportant in solving
(8.3.6). It may be that (8.3.6) has no solution; this is the way in which an
unbounded solutien of an indefinite QP is indicated.

It can be seen therefore that in exact arithmetic, with the above changes,
there is no real difficulty at all. The situation in which D has one negative
element is only temporary since the algorithm proceeds to add constraints,
reducing the dimension of the null space, until the solution of an EP is found,
in which case the matrix Z'GZ and hence D is positive definite. No further
forward extension of the LDLT factorization is made which might break down.
The only adverse possibility is that there is no bound on the possible size of
the negative element of D. Thus when this element is computed the resuiting
round-off error can be significant. Therefore Gill and Murray (1978b) suggest
that this possibility is monitored, and if a large negative element is observed,
then the factors are recomputed at a later stage.

An alternative possibility which avoids this round-off problem is the foilowing.
When a constraint g is determined as in step (c), then it can be left in o/ as a
pseudoconstraint. The right-hand side b, is allowed to increase (implicitly) to
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b, + o and the search direction s* = Te, described above is followed. If a new
constraint p becomes active in the line search, then p is added to o and the
process is repeated. Only when the solution of an EP is located in a subsequent
line search is the index g removed from .«#. This approach has the advantage
that all the reduced Hessian matrices ZTGZ which are computed are positive
definite. The disadvantage is that additional degenerate situations arise when
the incoming vector a, in step (f) of (10.3.4) is dependent on the vectors a,
ie.f Ug. This arises most obviously when moving from one vertex to another,
as in linear programming. A possible remedy is to have formulae for updating
the factors of the Lagrangian matrix when an exchange of constraint indices
in & 15 made (as in the simplex mcthod for LP). An idea of this type is used
by Fletcher {1971} and should be practicable with more stable methods but
has not, I believe, been investigated.

Another important feature of a QP code is that it should allow information
to be passed forward from a previous QP calculation when the problem has
only been perturbed by a smail amount. This is an example of parametric
programmng (see Section 8.3 for the LP case). In this case it can be advantageous
to solve an initial EP with the active set .o/ from the previous QP calculation.
The resulting point x*" will often solve the new QP probiem. If A is unchanged
then Z need not be recomputed in most methods, and if G is aiso unchanged
then ZTGZ does not change so its factors need not be recomputed. There are,
however, some potential difficulties. If A changes it may be that it comes close
to losing rank, so that round-off difficulties occur. In indefinite QP problems,
if A or G change 1t may be that ZTGZ is no longer positive definite. However,
there are possible solutions to these difficulties without having to abandon the
attempt to use the previous active set. Another possibility 15 that the initial
solution x?? of the EP is infeastble with respect to certain constraints i€/, In
this case it is preferable not to have to resort to trying te find a feasibie vertex
as in Section 8.4. A better idea is to replace the right-hand sides b; of the violated
constraints by b, + & and to trace the solution of the QP problem as (1]0. An
alternative approach is based on using an exact penalty function as described
at the end of Section 8.4 and in (10.3.5) and (12.3.19).

Another aspect ol parametric programming is in finding the sensitivity of the
solution with respect to changes in g and b. The resulling rate of change of x*
and A* can be obtained by substituting in (10.2.4) and (10.2.3), and the effect
on g(x*) by using the definition of g(x) in (10.1.1). Notice howevcr that dg/db;
is approximated by A* by virtue of (9.1.10). These estimates may be invalid if there
exist multipliers for which A* =0, jer™

10.5 SPECIAL QF PROBLEMS

In some cases a QP problem has a special structure which can be utilized in
order to gain improved efficiency or stability. A number of these possibilities
are described in this section. An important case arises when the only constraints
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in the probiem are the bounds
[ <x;,<u, i=1L2,...,n {10.5.1)

where any u, or — [, may be oo and [; < u, Thus the vectors a; are + ¢, and it
is possible to express the EP {after permuting the variables so that the active
bounds are those on the first m variables) with

| 0 m
A—Y—|:0:|n_m, Z_v_[l]nm, (10.5.2)

and ZTGZ = G,, (see the definition before (10.1.3)). Thus no calculations on
Z are required and this can be exploited in a special purpose method. The only
updating which is required is to the LDLT [actors of ZTGZ. Also from (10.1.14)
the multiplicrs 4® at the solution to an EP are just the corresponding ¢lements
ofg® by virtue of the above Y. Another feature of this problem is that degeneracy
in the constraints cannot arise. Also there are no difficulties in dealing with
indefinite QP using the second method (bascd on pseudoconstraints) described
in Section 10.4. The only exchange formula which is needed is that for replacing
a lower bound on x; by its upper bound, or vice versa, which is trivial.
Pseudoconstraints (Section 8.4) are also important for calculating an initial vertex
for the problem, especially if w; and —1I; are large. Methods for this problem
are given by Gill and Murray (1976b) and by Fletcher and Jackson (1974). The
latter method updates a partial factorization of the matrix [gzz g‘z]; it Aow
21 11

seems preferable to me to update merely the LDLT factors of G,; as mentioned
above.

Another special case of QP ariscs when G is a positive definite diagonal
matrix. By scaling the variables the objective function can be written with G =1
as

gx)=4x"x +g"x. (10.5.3)

The resulting problem is known as a least distance problem since the solution
x* in (10.1.1) can be interpreted as the feasible point which is the least distance
(in L,) from the point x = — g (after writing (10.5.3) as 4| x + g |3 and ignoring
a constant term). Again a special purpose method is appropriate since the choice
Z =1Q, is advantageous in that Z*GZ = Z'Z =1. Thus no special provision
need be made for updating factors of ZTGZ and only the updating operations
on Z are required, for which the formulation of Gill and Murray (1978b) can
be used. Since G is positive definite, no special difficulties arise.

Yet another special case of QP occurs when the problem is to find a least
squares solution of the linear equations

Bx=¢ (10.5.4)

where B is p x n and ceR”, subject to the constraints in (10.1.1). In this case
the objective function is the sum of squares of residuals defined by

4(x) = (Bx — ¢)T(Bx —¢). (10.5.5)
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1t is possible to proceed as in the standard mcthod with G = B"B and g = — B,
after dividing by 2 and omitting the constant term. However, it is well known
that to form B'B cxphatly in a linear least squares calculation causes the
‘squaring effect’ to occur which can cause the loss of twice as many significant
figures as are necessary. It is therefore again advantageous to have a special
purpose routine which avoids the difficulty. This can be done by updating QR
factors of the matrix BZ. That 1s to say,

U
BZ:P[U]:PIU (10.5.6)

is dcfined where P is p x p orthogonal, U is (7 — m) x (# — m) upper triangular,
and P, is the first # —m columns of P. 1t follows that UTU 1s the Choleski
factorization of ZTGZ(=Z*B'BZ) and can thus be used to solve (10.1.3) or
(10.3.1). A null space algorithm of this type described by Schittkowski and Stoer
(1979} in which Z is delined from the QR factors of A. Alternatively if B = Q,LT
is the QR factorization of B itself, then L is the Choleski factor of G and could
therefore be used in any of the range space methods described above.

Finally the special case of least squares QP subject only to bounds on the
variables is considered. [t 1s possible to introduce a further special purpose
method, similar to those described above in which, using (10.5.2) and (10.5.6),
B is wrnitten [B:B,] and P,U factors of B, are used to solve the EP. An
alternative possibility is to transform the problem into a least distance problem
using the Wolfc dual (Theorem 9.5.1). For example the QF

minimize ix"B'Bx +g'x
x (10.5.7)
subjectto x =10

becomes
mazimize sx'B"Bx +g'x— 1Ty (10.5.8)
xd
subjectto B'Bx+g— 1 =0 (10.5.9)

Az0 {105 10)

using (9.5.1). Eliminating 4 from (10.5.8) using (10.5.9) and writing Bx = u vields
the least distance problem

minimize 1n'u

a (10511)
subjectto Bluz —g

The system can be solved by the methed described above giving a solution u*.
The solution x* of (10.5.7) can then be recovered in the following way. By
applying the dual transformation (Theorem 9.5.1) to {10.5.11) it 15 easily seen
that the dual of (10.5.11) is (10.5.7) so that the vector x is the multiplier vector
for the comstraints in {10.5.11). Thus x* =0 if / corresponds to an inactive
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constraint at the solution of (10.5.11). Furthermore a QR factorization of the
columns of B corresponding to the active constraints is available (see (10.1.17))
s0 the remaining elements of x* can be determined from Bx* = u*. Thus bounded
least squares problems can be reduced to least distance problems, and vice
versa. This result is a special case of the duality between (9.5.8) and (9.5.9)
given in Section 9.5. Another example of this correspondence is explored in
Question 10.15

10.6 COMPLEMENTARY PIVOTING AND OTHER METHODS

A number of methods for QP have been suggested as extensions of the simplex
method for LP. The earliest of these is probably the Dantzig—Wolfe algorithm
{Dantzig, 1963) which solves the KT conditions for the QP

minimize 3xTGx +g'x
. (10.6.1)
subjectto ATx = b, x=0.

Introducing multipliers 4 for the constraints ATx = b and x for the bounds
x = 0 gives the Lagrangian function

LA, m)=IxTGx +g'x —AT(ATx — b} — #"x. (10.6.2)
Defining slack variables r = ATx — b, the KT conditions (9.1.16) become

n-Gx+Adl=¢g

r—ATx=—b (10.6.3)

T X, Az0, 7Tx =0, r'i =0

The method assumes that G is positive definite which is a sufficient condition

that any solution to (10.6.3) solves (10.6.1). The system (10.6.3) can be expressed

in the form
w—Mz=q

10.6.4
w2z, =0, wiz=0 (10.64)

where

w=(’:), z=(:), M=[fT “ﬂ, q=(j). (10.6.5)

This has come to be referred to as a linear complementarity problem (LCP) and
there are other problems in game theory and boundary value calculations which
can also be expressed in this way. The Dantzig—Wolfe method for solving
(10.6.3) has evolved to give the principal pivoting method for solving (10.6.5)
which is outlined below. However all methods for solving (10.6.4} have some
features in common. They carry out row operations on the equations in (10.6.4)
in a closely related way to LP (Section 8.2). Thus the variables w and z together
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are rearranged into basic (B) and nonbasic (N) variables Xz and x. At a general
stage, a tableau representation

h(7)-S

of the equations in (10.6.4) is available and the variables have the values x5 = b
and xy = 0. A variable x,, geN, is chosen to be increased and the effect on X
from (10.6.6) 1s given by

(10.6.6)

xs=h—a,x, (10.6.7)

where 4, is the column of A corrcspondmg to variable x,. An element x,, ic8,
becomes zero therefore when x —bL/dM, angd this is used m a test similar to
(8.2.11}. This determines some vanable x, Which has become zero, and so p and
q are interchanged between B and N as in LP. The tableau is then rearranged
by making row operations which reduce the old x, column of the tableau
to a unit vector (the pivot step of LP —sce Scction 8.2 and Tabie 8.2.1). The
algorithms terminate when b 2 0 and when the solution is complementary, that
is z;e Berw,;eN and z;e Ne>w,eB, for all i.

The principal pivoting mcthod is initialized by Xy =w, Xy =2, A = — M, and
b= g This is complementary so the algorithm terminates if b 0. If not, there

Table 10.6.1 Tableaux for the principal pivoting method

B T, Ty r x4 X5 A, 57

T 1 —2 1 -1 -3

T3 1 @ -2 -1 0 fx, =310
ry 1 1 1 0 2

) 1 2 -3 -3 -3

X, 1 1 —2 —t 0 tx; ryl0
ry -1 1 @ | 2

i, 1 1 1 @ -1

Xy H 3 1 -3 3 T4 =,l0
X2 -% i 1 i 3

nl -t -1 tolo

Xy _% 3 % 1 3

X 3 -# 3 1 H
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is an element x,€8 for which 5, < 0 (the most negative is chosen if morc than
one exists). The complementary variable x €N is then chosen to be increased
(x, and x, are complementary iff (x,, x,) can be identified as (w,, z,) or {z,w) for
some 1.} The effect on the basic variables is observed by virtue of (10.6.7) As
long as all non-negative variables in B stay non-negative, then x, is increased
until x,10. Then x, and x, are interchanged 1n B and N and the tableau 1s
updated; the resulting tableau is again complementary so the iteration can be
repeated It may be, however, that when x, is increased then a basic variable
x,10. In this case a pivol interchange is made to give a non-complementary
tableau. On the next iteration the complement of x, 1s chosen to be 1ncreased
If this causes x,70 then complementarity is restored and. the algorithm can
proceed as described above. However, a different x, may become zero 1n which
case the same operation of increasing the complement is repeated. Excluding
degeneracy, each iteration increases x, so eventually complementarity is always
restored. An example of the method applied to the problem of Question 10.4
18 given in Table 10.6.1. The Dantzig—Wolfe method differs in only one respect
from the principal pivoting method, in that it allows basic variables that
correspond to A or x variables in (10.6.3) to go negative during the search.
The Dantzig—Wolfc method is illustrated in Table 10.6.2 and the differences

Table 10.6.2 Tablcaux for the Dantzig—Wolfe method

B T, i r, X5 X5 Ay i

7, . €2 i —1 -3

7 1 i 2 -1 0 | tx, w10

" 1 i 1 o 2

a |-t e

T2 } ! i —3 ‘—% 1 Txz 1 ]0
l 8 \ 3 1 @ —3 E 3

T 7
x, | =3 i 1 3 | 3
2 1 1 1 € | -1 1A wmlo
X3 3 3 1 —3 3
| 1 L 7 ]
BRI N : 2 ® 3
b 1
I I o
1 1
X2 % —% 3 1 H
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with Table 10.6.1 can be seen. It 1s not dufficult along the hnes of Question
8.17 to show that the Dantzig—Wolfe method 1s equivalent to the primal
active set method (10.34). A complementary solution is eguivalent to the
solution of an EP, and choosing the most negative x, 15 analogous to (10.3.3).
The case when x,10 is the same as choosing «® =1 1n (10.3.2}, and the case
x,| 0 is equivalent to «™® < ! when an mactive constraint becomes active in the
line search. These features can all be observed in Tahle 1062 Solving the
problem in the tablean form has the advantage of simplicity for a small problem
and can give a compact code for microcomputer applications. Otherwise,
however, the tableau form is disadvantageous; it does not exploit efficient
factorizations of the Lagrangian matrix and instead updates essentially an
inverse matrix which can be numerically unstable. Slack vanables for all the
inequalities are required so that the tableau can be large. Only a restricted form
(10.6.1) of the QP problem is solved and the method may fail for indefinite QP,
Thus in general a modern code for the active sel method is preferable.

A different algorithm for solving the lincar complementarity problem (10.6.4)
is due to Lemke (1963) (scc the review of Cottle and Dantzig, 1968). Tn this
method the tabieau is extended by adding an extra varable z, and a
corresponding extra column —e= —(1,1,....1)" to A. Problem (10.6.4) is
initialized by x = w, Xy =(z,, z),AA =(—e —M), b=gq, and the values of the
variables are xy =0 and x;=b. I b>0 then this is the solunon; other-
wise Z; i3 increased in (10.6.6) until all the variablcs w arc non-negative. The
algorithm now attempts to reduce z, down to zere whilst retaining feasibility
in (10.6.4). The effect of the 1mtial step is to drive a variable, x, say, to zero
(corresponding to the most negalive ¢;). Then x, and z, are interchanged 1n
the pivot step and the complement of x, 1s mncreased at the start of the second
iteration. In general the variable being increased and the variable which is
driven to zero are interchanged at the pivot step. The next variable to he
increased is then the complement of the one which is driven to zero. The
algorithm terminates when z, becomes zero, which gives a solution to (10.6.4).
An example of the method applied to the problem in Question 10.4 is given in
Table 10.6.3. An observation about the method is that including the z, term
makes each tablecau in the method a solution of a modified form of problem
(10.6.1) in which g is replaced by g+ zee and b by b —zge. Thus Lemke’s
method can be regarded as a parametric programming solution to (10.6.1) in
which the solution 1s traced out as the parameter z, 0. A step in which #; |0
or 4,)0 corresponds to an active bound or constraint becoming inactive as z,
is decreased. A step in which x;]0 and r, |0 corresponds to an inactive bound
or constraint becoming aclive. An advanlage that is claimed for Lemke’s
algorithm is that it does nol require special techniques to resolve degeneracy.
A form of Lemke’s algorithm without the z, variable arises if there is some
coluran m,, >0 in M such that m, >0 when ¢, < 0. Then an initial step to
increase z, 15 possible which from (10.6.6) makes w > 0. Then the algorithm
proceeds as above and tcrminates when complementarity is achieved (see
Question 10.13).
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Table 10.6.3 Tableaux for Lemke’s method

B o |
B T n r z x % FER N
1 2 1 [ 1_- __z B 1_
m, i @ -2 1t ’ﬁs
7y | g 1 -2 -1 1z, 7,10
ry 1 -1 i 1 0 2
zp | —1 1 2 -1 1 3
my | =1 1 @ -3 0 30 1%, 7,0
-1 1 3 0 1 5
P [ S — 1 1 1 1 |
1 1 H —1 0 1
X, 3 3 | Txy r]O
r 0 -1 1 ©) 1 2
] -+ -3 —4 1 @ 3
x| —% 0 3 ! 3 31 TA 20
Xa 0 _% % 1 3 %
I e T T 1|k
i X —% é % _% 1 g
X3 3 -3 3 —% i 4

There is an interesting more general form of an LCP problem. The L, QP
problem referred to in (10.3.5) can also be expressed using an LCP tableau, but
with lower and upper bounds on both primal and dual variables. This form is
discussed in more detail in Section 12.3 and it is shown that it has an elegant
symmetric dual property, in addition to its potential for solving the L QP
problem.

A popular early technique for QP was Beale’s method (Beale, 1959) which
was also developed as an extension of lincar programming. However the method
can also be described briefly as an active set method (Goldfarb, private
communication) in the following way. Consider the active set method for LP
in Section 8.3 applicd to minimize a quadratic function. If the kth line search
is terminated by reaching an uncenstrained minimum, then the difference in
gradients ™ = p** 1 — g™ 5 exchanged with the outgoing constraint normal
in the matrix A in (8.3.3). After a sequence of steps in which constraints are
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removed from &/ the effect is that the scarch direction s**1) is orthogonal to
the vectors ¥'2,..., y® and hence conjugate to 5%, ..., s*) Thus the possibility
of quadratic termination is introduced (sec Section 2.3). Unfortunately if a
previously inactive constraint then becomes active, the sequence of conjugate
directions is broken. To recover from this Beale’s method requires some
unproductive iterations in which the now irrelevant ¥ vectors are removed
from thc A matrix. The possibility of rearranging the tableau in order to avoid
these iterations has been studied by Benveniste (1979). The method is then likely
to be closely related to Murray’s (1971) method which also recurs conjugate
directions. Since essentially an inverse matrix is updated, the more stable
factorizations described in Secton 0.1 are preferred. The relationship between
the active set method, the Dantzig-Wolfe method, Beale™s method, and others
1s discussed more extensively by Goldfarb (1972).

QUESTIONS FOR CHAPTER 10

10.1. Consider the equality quadratic programming problem

3 —1 0 T
minimize g(x}/A3x" [=1 2 —lix+[1;x
0 -1 1 1

subject to x; +2x; +x3=4
Eliminate x, and express the resulting function in the form 3y"Uy +v'y,

X . . . .

where y = ), U is a constant symmetric matrix, and v is a constant
X3

vector. Hence find the solution x* to the QP. Find the Lagrange multiplier

A* of the equality constraint. Does x* solve the QP

minimize g(x)

subject to  x; +2x, + x3 = 4, xz0

10.2. Solve the equality constraint QP problem
minimize 82 - 8,8, + 82— 8,8, + 83 + 28, — 5,
8
subject to 34, —d, +d;=0
251 - 52 - 53 = 0

by eliminating the variables &, and d,. Exhibit the matrices A, A, A; and
Z,and a matrix Y such that YTA = I Hence find the multipliers of the two

constraints at the solution.
10.3. Solve the equality constraint QP

N
minimize Y ix?

i=1
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10.4.

10.5.

10.6.

10.7.

Quadratic Programming

subject to 3} x,=K (K>
i=1

by the method of Lagrange multipliers. Does this solution minimize the
function subgect to the constraints

20 i=,L2...,n and ¥ x=2K?
i=1

Give the explicit solution of the eguality constraint problem when n =3,
K=10

Starting from x'*! = 0, illustratc the steps taken by the primal active set
method to solve the QP problem

minimize  x? — x;x, + X3 — 3%

x

subject to x; =0
X2 }O
—Xp— X3 > — 2\

For simpilicity, solve each EP without making a shift of variabics. Verify
that the method is equivalent to the Dantzig—Wolfe mcthod
(Table 10.6.2).

Tlustrate the matrices ¥, Y, and Z when solving the QP problem in
Question 9.6 by (a) direct elimination, (b} orthogonal factorization.
Given matrices A and Z which are n x m and #n x (n — m) respectively
(1 < m < n) consider how to choose an n x (n—m} matrix V such that
(10.1.20) holds. Let the matrices be partitioned after the mth row as

A, Vv, Y, Z,
o) v ol 2]

Show that Y;=A;'(01—AlY,), V,=—-A,YIZ;YZ;" and V,=
Z; 11— ZTV)) define Y,, V,, and hence V, in terms of Y,. It follows
that V is under-determined to the extent of an arbitrary choice of the
(n —m) x m matrix Y,. Investigate the choice Y, =0.

Let matrices G, A, Y, and Z be nxn, nxm, nxm, and n x{(n-—m)
respectively (m < n), fet YTA =1, ZTA =0, and let the matrix [Y:Z] be
nonsingular, Show that there exists a unique n x (n — m) matrix V such that
[A:V] ' =[Y:Z]", and show that YYV=0,Z"V =1,and AY' + VZT=1.
Hence show that (10.2.3) holds where H, T, and U are defined by (10.2.7).
Show how the problem

minimize  $xTGx + g'x

X

subjectto A'x=h
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108,

10.9.

10.10.

1011

10.12.

10.13.

10.14.

can be solved by the method of Lagrange multipliers, and use (10.2.3) and
(10.2.7) to obtain explicil expressions for the solution x* and the
associated Lagrange mullipiier 4¥. Verify that these reduce to (10.1.15)
and (10.1.10) respectively.

Establish equations (10.2.8) and {10.2.9) and show that the matrix H in
(10.2 3) satisfies H=(PGP)* where P=1—AA"

Consider the indefinite QP problem

minimize —x,x,
X
subjeclto 2zx,+x, 20
2zx,—x, = —2

and show that if the active set method starts at the vertex x*''=(1, — 1)"
then the method terminates at a pont x* which 1s not a locat solution to
the problem. Show that there exist arbitrary small perturbations to the
constraints such that (a) x’ is a iocal solution, (b} the algorithm does not
terminate at x' but finds the global solution.

In the active set method assume that the initial active set .«#'!’ has the
property that the set of vectors a,, ie.«/'!), are independent. Show using
equation (10.3.2) that any vector a, which 15 added to the set is not
dependenl on the other veclors in the set, and hence prove inductively that
the independence condition is reiained.

If the Lagrangian matrix in (10.2.2) in non-singular, show A has full rank
and hence that a matrix Z can be chosen as in (10.1.18) with orthegonai
columns. If ZTGZ is singular, consider G + vI as v—0 and show that
{(10.2.7) becomes unbounded whereas (10.2.3) does not. This is a contra-
diction and proves that ZTGZ is non-singular.

Show that the least distance to a fixed point p of any point x which satisfies
the constaints AT™x = b can be found by solving a certain QP problem. If
all the constraints are active, show by the method of Lagrange multipliers
that the problem reduces to the solution of a system of linear equaticns. In
general, when there may be inactive comstraints, use the Wolfe dual
(Theorem 9.5.1) to show that the optimum multipliers satisfy a QP
problem with simple bounds only. How does the solution of this problem
determine the least distance solution?

State the linear complemcentarity problem arising from Question 10.4 and
show that it satisfics the conditions for the modificd form of Lemke’s
method {Scction 10.6) to be applicable, without introducing the variable
zo. Hence solve the problem in this way.

Show that the problem of finding the point of least Fuclidean distance
from the origin {in R3) subject to

X, +2XZ_X324

— Xy + Xy —x; €12
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10.15.

Quadratic Programming

can be formulated as a quadratic programming problem. By eliminating
x; and x,, calculate a solution to the equality problem in which both
constraints are active. Is this the solution to the least distance quadratic
programming problem?

The nearest point to the origin on a polytope

P={x:x=Ay, e'y=1, y=20}
{the convex hull of vectors a,,....a, which are columns of an nxm

matrix A) is given by the QP

minimize || Ay||3
subject to y=0 ahd efy=1

The solution y* of this problem can be obtained by solving the problem

minimize | Ayl +(eTy — 1)
subject to y=0

giving a vector v say, and normalizing to get v* = y'/eTy’. Derive the least
distance problem obtained by taking the dual of this problem.



Chapter 11

General Linearly Constrained
Optimization

11,1 EQUALITY CONSTRAINTS

The next class of problem which it is convenient to consider is that in which
the objective function 1s gencral but the constraints remain linear, that is

minimize  f(x)
subject to  alx =bh,, icE (1L.1.1)
alx = b, icl.

The methods for handling the linear constraints are largely those used in
quadratic programming, but the non-quadratic objective function introduces
an extra level of difficulty. One aspect of this is that in general the problem can
no longer be solved finitely so the solution x* is obtained in the limit of some
iterative sequence {x*}. The equality constraint problem (I = ¥) is considered
in this section and is readily handled by generalized elimination, so that the
main features are essentially those relating unconstrained optimization as
described in Part 1. Methods for calculating Lagrange multipliers at the solution
of an equality constraint problem are also considered at the cnd of this section.
Incquality constraints can be handled by an active set method (Section 11.2)
which is generalization of that used in quadratic programming. A new decision
which occurs is how accurately to soive each equality problem which arises; a
poor decision in this respect can lead to the phenomenon of zigzagging which
can slow down the rate of convergence appreciably. Methods for overcoming
this problem are described in Section 11.3. In addition, some alternative
possibilities for handling inequality constraints by way of a reduction to a
sequence of quadratic programming problems are described at the end of
Section 11.2.
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The rest of this section is devoted to finding the solution x* of the equality
constraint problem
minimize f(x)
: (11.1.2)
subjectto A"x=h
in which A is n x mand beR™ As in Section 10.1 it is assumed that rank (A) = m.
The generalized elimination method of Section 10.1 15 used to provide a reduction
to an unconstrammed problem and includes both the elimination of variables
method and the orthogonal factorization method, amongst others. Thus matrices
Y and Z arc introduced such that YTA =1, Z'A =0, and [ Y:Z ] is non-singuiar.
If the current iterate is the feasible point x® then a general feasiblc point can
be expressed as

x=xW45=x®4 Zy (11.1.3)

where & = Zy is a feasible correction in the null space of A (see (10.1.9) and
{10.1.10)). Thus an equivalent form of (11.1,2) is to solve the reduced uncon-
strained problem

minimize Yiy) A f(x™ + Zy). (11.1.4)
¥
For computational convenience and stability it is usuaily best to define a new
reduced function on each itcration as (11.1.4) indicates. By using the chain rule
in (11.1.3}) it follows that

V,=Z'V, (11.1.5)
and so derivatives of (11.1.4) are given by

V,(y) = Z7g(x) {11.1.6)
which is the reduced gradient vector, and by

Vip(y) = Z'[G(x)]Z (11.1.7)

which is the reduced Hessian matrix.

It is possible to apply any appropriate technique for unconstrained optimiza-
tion described in Part 1 to solve the reduced problem (11.1.4) and most of the
remarks in Chapter 2 about the structure of methods apply here also. From
{(11.1.6) and (11.1.7), sufficient conditions for x* to be optimal are that ZTg* =0
and Z'G*Z is positive definite, and necessary conditions are that ZTg* =0 or
Z'G*Z is positive semi-definite. These conditions are readily shown to be
equivalent to those described in Sections 9.1 and 9 3 (see Question 11.1). The
initial feasible point x‘!! can be x''=Yb, which is the closest feasible point
to the origin in the orthogonal factorization method, or more generally
xM=x' 1 ¥(b — ATx’) which is the closest feasible point to any given point x'
Asin Chapter 3 it 15 important to start by considering Newton’s merhod which
is based on the quadratic model obtained by truncating the Taylor series for
¥(y) about y = 0, that is

¥Ay) = q®y) =f 9 + ¥y ZTg® + JyTZTGWZy. (11.1.8)



Equality Constraints 261

The origin in y-space corresponds to the point x* in x-space {see (11.1.3)) so
f® g% and G® refer 1o quantities evaluated at x*.. The model quadratic g*(y)
refers to the function obtained on 1tcratton k. Thus the basic Newton’s method
chooses y* to minimize g"\y). A umique minimizer ¢xists il and only if Z'G™Z
is positive definiie and is obtained by making Vg'**' = 0, that is by solving

(ZTGWZ)y = — ZTg® (11.1.9)

for y = y*, in which case the next iterate 1s x** ¥ = x® + Zy® from {11.1.3). If
any x® is sufficiently close to x* then the method converges and the order is
second order. However the method can fail to converge, and moreover is
undefined when ZTG™Z is not positive definite. Changes to correct these
disadvantages include the use of a line search and the possibility of modifying the
reduced Hessian matrix to become positive definite. The latter includes the 1deas of
restricted step and Levenberg—Margquardt methods. All of this development is
given in Section 3.1 and Chapter 5, and the reader is referred there for further
details. One point of interest is that a step restriction ||y ||, < A*! can be handled
by a modification ZTG®Z. + vI [or some v = 0 as in Section 5.2 and corresponds
to a restriction || x — x%||, < k% if the orthogonal factorization method is used
to reduce the problem. However for other generalized ¢limination methods this
correspondence does not hold.

It 15 often the case that the user is unable or does not wish to supply formulae
for second derivatives so it is important to consider methods which require
only first derivative information or even no derivatives at all. When first
derivatives are available, one possibility is a finite difference Newton method
{see Section 3.2). In this case the differences are best taken in y-space so that
the ith column of the reduced Hessian matrix is defined by

ZT(g(x™ + z:h) — g®)/h (11.1.10)

for some small h, and after symmetrization this matrix is used to replace ZTG®Z
in (11.1.9}. Only n — m additional gradient evaluations are required per iteration
so the method might be useful when » —m is small, especially as a way to
estimate an initial reduced Hessian approximation.

However for the reasons described in Section 3.2 it 1s usually preferable to
select a quasi-Newton method to solve the reduced problem (11.1.4). Various
suggestions (see below) have been made but the most satisfactory in view of
the development given here is due to Gili and Murray (1974c). The reduced
Hessian matrix 1s approximated by a positive definite matrix M®* given in
factored form

ZIGWZ, ~ M® = [T (11 1.11)
The search direction in y-space is then defined by solving
M®p = — ZTgt® (11.112)

for p=1p™, by analogy with (11.1.9), and f(x) i$ minimized approximately by a
search along the line x* + as™®, where s*! = Zp™. The conditions [or terminating
the line search are those described in Sections 2.5 and 2.6. More in keeping
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with the ‘old-fashioned’ development of Section 3.2 1s to represent M* by the
inverse reduced Hessian apptroximation

H® = [M®] ! 2 [2'GWZ] ! (11.1.13)
and to compute s* from
§4 — _ ZHWZTgls, {11..1.14)

In view of the remarks at the cnd of Section 3.2 it may be that (11.1.13) is no
less stable than {(11.1.11) whilst being somewhat more convenient to use. After
each iteration H® (or the factorization of M™) is updated to incinde the
additional curvature information obtained in the line search. For the reasons
described in Chapter 3 the BFGS formula is currently preferred. The required
qunatities ™ and 6" (in (3.2.12) say) become differences in reduced gradients
and variables, that is y® = ZT(g* """ — g®) and §% =y® —0=y"®, The initial
choice HY can be any positive definite matnx; H" =1 is usually chosen in the
absence of any other information. The propertics described in Section 3.2 relating
amongst others to the maintaining of positive definitc matrices H® and to
quadratic termination (here in » — m iterations) also hold good.

Another possibility for a smtable algorithm 1s to apply a conjugate gradient
method {Section 4.1) to the reduced problem. This 15 likely to be preferable only
for large problems in which the matrix H* cannot conveniently be stored. In
this case it is also important to give some thought to storage for the matrices
Y and Z. The best possibility is to define these implicitly by factorizing the
matrix [A:V] in such a way as to retain sparsity as much as possible. Likewise
a choice of V which retains sparsity should be made, for example that given in
(10.1.21) corresponding to elimination of variables. For no-dertvative problems
the experience of Scction 3.2 again suggests using 4 quasi-Newton method with
difference approximations to derivatives. These arc best calculated in the space
of the reduced variables so that the ith element of Z"g® 1s estimated by

(F(x™ + z;h) — " N/h (11.1.15)

for some small interval b, which requires only n—m additional function
evaluations. Near the solution it is preferable to use the corresponding central
difference formula

(¥ +2h) — f(x® —z))/h. {11.1.16)

Conjugate direction set methods as in Section 4.2 are also possible (Buckley,
1975) but there is no cvidence to suggest that they are preferable. Least squares
problems (f(x) Ar{x)"r(x)) with linear constraints can be handled readily:
the Jacobian matrix in the reduced coordinates 15 V,(r'*")=ZTA® where
A = VT, and analoguses of the Gauss—Newton method, etc., are obtained by
using the estimate Z"G%Z = 2ZTAWAMTZ in (11.1.9); the resulting properties
are the same as those described 1n Section 6.1,

Historically the earliest methods for solving (11.1.2) used steepest descent
searches as typified by Rosen’s (1960) gradient projection method. This is equi-
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valent to choosing & search direction p% = — Vi = — ZTg® as the steepest
descent vector in the reduced coordinates and hence s = — ZZTg® as the
search direction in x-space. When Z is defined by the orthogonal factorization
method it follows that s¥ = — Pg® where P=ZZ' =1 AA" is a projection
matrix which projects into the null space of A. Rosen suggests calculating this
matrix although it is preferable to use the implicit definition P = ZZ". The 1dea
for using an active set method also derives from Rosen (1960). Quasi-Newton
methods for linearly constrained problems were first considered by Goidfarb
(1969) although he updates the n x n matrix

H% = ZH%Z! (11.1.17)

which is positive semi-definite with rank n» — m and is related to the H matrix
in (10.2.3). Tt is easy to show that updating H*® by any formula in the Broyden
family, using reduced differences as above, is equivalent to updating H® by the
same formula with unreduced differences (Question 11.2) The choice HY! =1 is
equivalent to choosing HY = ZZT which is the projection matrix P when the
orthogonal factorization method defines Z. However computing the search
direction using s® = — H®g® causes problems due to round-off errors in that
s™ no longer remains in the null space of A when x* is close to x*, and so the
implicit representation through (11.1.14) is preferable. Another early quasi-
Newton method is due to Murtagh and Sargent (1969), and updates estimates
of G~ 1 and (ATG ~1A) ™! using the rank one formula, and uses the representation
(10.2.6) to solve the gquadratic/linear approximating subproblem. However,
neither matrix neads to be positive definite and the rank one formula is
potentially unstable, so again this method would not be recommended. The
observation that a variety of methods can be classified as generalized elimination
methods is due to Fletcher (1972¢) and the implementation via Y and Z matrices
to Gill and Murray (1974a).

Finally it is of interest to consider the computation of the Lagrange multiplier
vector A* at the solution to (11.1.2). This information is required when the
equality problem is a subproblem in the active set method, but can also be
useful in a sensitivity analysis as described in Section 9.1. Essentially 4 * is defind
by g* = A*1* and is readily computed by (10.1.14) or {10.1.19). There is the
additional complication however that x* and hence g* cannot be compuled
exactly due to the non-finite nature of methods for solving (11.1.2). Thus
the effect of calculating approximate multipliers A% at a point x* which
approximates x* is considered. In particular in the active set method x* might
be quite a poor approximation to x* so the errors involved may not be negligible.
The obvious possibility from (10.1.14) is to compute A% from

A0 = yTg (11.1.18)

which can be regarded as a first order estimate of A* since g® — g* = O( || x® — x*{|).
Unlike (10.1.14) the resulting 1% depends on how Y is chosen because the
equations g® = A1% are no longer consistent. The orthogonal factorization
method in which YT=A" has a nice interpretation in that it gives the
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least squares solution of these equations. Another left inverse for A with special
properties is the matrix TT defined 1n (10.2.3). Thus another possibility is to
compute A™ from

A0 o TTglel {11.1.19)

T includes curvature information about the problem and it can be shown that
the resulting 19 is a second order estimate of A * {see (10.2.9) and Question 11.3).
Given that T is available and that x* i3 sufficienty close to x*, then (11,1.19)
gives a more accurate estimate of A¥, However for reasons of convenience or
numerical stability it may be preferable to use (11.1.18).

For no-derivative problems, if differencing is carried out as in (11.1.15) or
(11.1.16) to estimate reduced derivatives, then no information is available to
compute Lagrange multipliers. In this case an additional m function evaluations
are required to estimate the Lagrange multipliers A% by using

A& (f0 + yiy = f®ih (11.1.20)

where y; 18 the corresponding column of the matnx Y.

11.2 INEQUALITY CONSTRAINTS

Most problems of interest involve inequality constraints and so can be expressed
as in (11.1.1). This section describes how the methods of the previous section
can be generalized to handle this problem by means of a primal active set
method similar to that described in Section 10.3. Some alternative possibilities
are also discussed at the end of the section. In the primal active set method
certain constraints indexed by the active set o are regarded as equalities and
the rest are temporarily disregarded as described in Section 10.3. Fach iterate
x® is a feasible point and each iteration atfempts to locate the solution
of the EP

minimize f{x® + §)
d

subjectto alé =0, icof (11.2.1)

obtained by shifting the origin to the point x*, The initial point x) can be
found by the methods of Sections 84 or 10.3. The solution of (11.2.1) yields a
search direction s* according to Lthe method used, and x** 1 is taken (ideally}
as the best feasible point on the line x¥ + «s™, In quadratic programming there
is a clear distinction either that x%* ¥ solves the EP or that a previously inactive
constraint becomes active in the line search. This is not so in the more general
case (11.1.1) and the minimizer of the EP is only located in the limit of a
sequence of iterations with the same /. Thus on each iteration a decision must
be taken as to whether x* (that is & = ) is an acceptable solution of the EP;
if not, then one or more iterations are carried out with the same active set. The
definition of an acceptable solution must be made with some care and is
considered in more detall in Section 11.3. If x*' is accepted as the solution to
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the EP, then Lagrange multipliers 1% are examined to determine whether or
not x® is a KT point. If so then the iteration terminates; otherwise the mndex
q of an inequality constraint for which A% < 0 is least is removed from & as
in (10.3.3),

The line search for finding the best feasible point in this more general case
is also not a finite process and is therefore more complicated than (10.3.2). As
in Sections 2.5 and 2.6 it 1s necessary to choose conditions which define a range
of acceptable o-values, and to locate such a value by a combination of
interpelation and sectioning in such a way that the iteration is guaranteed to
terminate. Exactly the same holds good here, but there is the additional
complication that « must not exceed the value &%, say, defined as in (8.3.6) by

T, (1
e . bi—ax
gt A8
a"_l's(kJ<0

Thus the initial choice for # in the line search, or any o-values détermined by
extrapolation, must be reduced to ¥ if they would otherwise exceed this value.
It may be that 3 is the end point of a brackel which cannot be guaranteed to
contain acceptable a-values in the sense of Section 2.6 (i.e. conditions (2.6.3) are
not satisfied). In this case 2™ = &* is chosen. It is in this way that the value o®
in the line search in step {€) of (11.2.2) below i1s determined. Thus the primal
active set method for solving (11.1.1) can be summarized as follows.

(a) Given x' and & = &#(x'), set k= 1.

(b) If & =015 not an acceptable solution of (10.3.1), go to (d).

(e) Let A% solve min 2™, iel ~ ;i 4% > 0, terminate with x* = x™, otherwise
remove g from o,

(d) Solve (11.1.1) for s® (11.2.2)
fe) Choose x* 1 = x*® 4 x®4% a5 3 near best feasible point along the line
x® 4 g™,

) If o™ = @* add p to .
(g) Set k=k +1 and go ta (b).

Note that after an index g is removed from = in step (c) it is assumed that the
search direction s** which 1s calculated in step (d) is downhill (s*"g® < Q) and
strictly feasible with respect to the deleted constraint (s®"a, > 0). This can be
donc in most common methoeds (scc Question 11.7). The choice of method for
solving (11.1.1) 1n step (d) 15 otherwise any of the methods considered in
Section 11.1, and depends on what derivative information 1s available, amongst
other things. Possible difficulties caused by degeneracy are no less severc than
those described in Section 10.3 and elsewhere and it is usual, albeit somewhat
unsatisfactory, to assume that it does not occur. In this case convergence of the
algorithm depends on how the choice of an acceptable solution in step (b) is
made, and this is considered in more detail in Section 11.3.

An important feature of an active set method concerns the efficient solution
of the EP (11.1.2) when changes are made to .. It is possible to avoid
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recalculating Y and Z 1n O(n*) operations and instead to update thcse matrices
in O(n?) operations, taking advantage of the fact that a column is either added
to or removed from A. Updating of other matrices may also be possible. Again
details of these computations are not given but the references towards the end
of Section 10.3 are relevant. It ;s interesting however to review the changes to
the reduced Hessian matrix Z'"G*®Z when a change is made to the active set
o, and hence to Z. For the basic Newton method G* also changes in a general
way so no advantage can be taken of updating techniques. However the situation
is more favourable when using a quasi-Newton method. First of all consider
the case when a® = & in step (e) of (11.2.2) so that a constraint becomes active,
It is possible that the curvalure estimate 74 <0 may occur (see Section 3.2}
in which casc the matnx H* must not be updated. The new Z matrix has one
fewer column than the old matrix; by making a linear transformation of the
columns of Z it is possible to arrange matters so that column z,_,, is removed
from Z. In this case the new matrix M® in (11.1.11) 1s obtained by removing row
and column n —m from the old matrix M™ (after transformation). This is the
same operation that is carried out in quadratic programming and details are
given for example by Gill and Murray (1978b). A corresponding formula fot
updating H® can also be obtained (Question 11.4); in terms of the matrix H®
used in Goldfarb’s method {see (11.1.17}) the recurrence relation is
_  Haa™®

b= — D38 11.2.3
HH a'Ha ( )

suppressing superscript k, where a is the column that is added to A. When a
constraint index 1s removed from & as in step {c) of (11.2.2), an extra column
Z,_ 4, 18 adjoined to Z. This extends the space of the free variables to one
higher dimension, and no curvature information is available in the new direction.
Hence M™® must be extended in an arbitrary way: the most convenient way is
to assign

(k}
M®):=— [N;T ﬂ (11.2.4)

which is in the spirit of an initial choice of M =L H® is updated in an
analogous way and corresponds to an update

ﬂ(k):z I:I(k)+zn—m+lz3—m+1 (1125)

in H®

It is interesting to consider quadratic termination results for the active
set/quasi-Newton methods when the above updating formulae are used. If the
active set is changed ¢ times in all, and m,, i =0,1,.. ., ¢, is the number of active
constraints after the ith change, then an obvious bound for the total number ¢
of exact line searches is

= i {(n—m,).
i=0
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However, Powell (1972¢) shows that this is unduly pessimistic and that a better
bound is

t<c+n,

which shows that introducing arbitrary information when using (11.2.4) does
not increase the bound by more than one. This result also allows for additional
inexact line searches to be mixed with exact line searches. it secems that the
tighter bound

t€c+n— maxm,
U<ige
also follows from Powell’s paper, which can be important for large almost linear
problems. These bounds all beg the question as to whether the algorithm does
terminate, that is whether there exists a finite ¢. This is by no means obvious
since the algorithm can return to a previous active set, so the finiteness of all
possible active scts docs not immcdiately imply termination.

Another obscrvation rclating to the active sct method when using a
Levenberg—Marquardt parameter is also of interest. It is desenbed 1n Scction 5.2
how it is possible to control the iteration in two ways, either using the parameter
7™ (algorithm (5.1.6)) or the parameter v¥* (algorithm (5.2.7)). In an active set
method it is far preferabie to control the algorithm using #* (Holt and Fletcher,
1979), since a suitable value of "™ is likely to be little affected by changes in
active set, whereas this is not true for the v parameter. An interesting example
of the potential difficulties is described in Question 11.5.

Finally a mcthod for solving (11.1.1) is described which aveids using the
active set mcthod. The mcthod is a version of Newten’s method in which at
an itcrate x*, a quadratic Taylor series approximation

JE® + &)~ q™8) =P + §Tg™ + 567GHa (11.2.6)
is made, and the subproblem

minimize ¢*¥&)
&

subject to  ald = b, —ax™, K (1127

alé=b —alx®, el

derived directly from (11.1.1) 1s solved. To énsure global convergence a step
restriction

[ 8] < o (11.2.8)

is used in an algorithm like (5.1.6). Usually the L, norm is chosen in (11.2.8)
so that the method solves a sequence of quadratic programming subproblems
with inequality constraints. The method is a special case of the SQP method
described in Section 12.4. A disadvantage is that each iteration is relatively
expensive and advantage cannot usually be taken of the updating techniques
of quasi-Newton methods to reduce the overall operation count to O(n?)
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operations per itcration. However the solution of this subproblem docs enable
the correct active set to be determined quickly and also avoids the problem of
zigzagging (see the theorems at the end of Section 11.3} so may converge more
rapidly when remote from the solution. Certainly if the function and derivatives
are expensive to compute, this approach can be preferable A guasi-Newton
version of the algorithm is given by Fletcher (1972b), although it might be better
to use as an updating formula the version of the BFGS formula due to Powell
(1978a) based on (12.4.18).

11.3 ZIGZAGGING

A feature which can adverscly affect the rate of convergence of any type of
method for handling inequality constraints is known as zigzagging. Although
the set of active constraints &/* at a local solution 1s well defined, 1t may be
that the sets &#/™ (as defined in (7.1.2)) obtained at the iterates x™ 1n some
method do notsettle down (so that ./ = o/* forall k 2 K where K 1s sufficicntly
large) but oscillate between different subsets of the constraints 1n the problem.
For linear constraints, this corresponds to zigzagging between different lincar
manifolds corresponding to the feasible region in (11.2.1) for different o (sce
Figure 11.3.1}. If the active set does settle down (with &/® = o7* Vk = K) then
the order of convergence becomes that for an equality constraint mcthed
(Section 11.1) which is usually supctrlinear for most good methods. However if
zigzagging occurs then the order can degenerale to being linear with a rate
constant which is not small, and 1n some cases the method can fail to converge
to a solution.

For the active set method of algorithm (11.2.2), the likelihood of zigzagging
is correlated with the test for an acceptable solution implied in step (b). If it is
possible to solve any EP exactly in a finite number of steps, and 1f step (b) tests
for an exact solution to the EP {(as in quadratic programming, (10.3.4), step (b)),
then it 18 not possible [or zigzagging to occur (excluding degenerate cases). This

Figure 11.3.1 Zigzagging
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is because the algorthm terminates for the reasons described in Section 10.3;
once a constraint index is removed lrom the active sel =™ in step (c), then the
algorithm can no longer return to that active set by virtue of the optimality of
x™ and the lact that /™ is monotonically decreasing. However, it is not possible
to solve any EP exactly when f(x) is a general function, and 1t is inefficient to
find the solution to high accuracy because the solution to the EP may not
correspond to the solution of (11.1.1). The opposite possibility therefore is to
allow step (¢) to be taken on every iteration. It is this strategy which 15 most
likely to cause zigzagging, especially when the multiplier estimates are poor.
An example is given by Wolfe (1972)in which zigzagging causes non-convergence
to a solution (see Question 11.6). The example 1s somewhat pathological because
the objective function 15 not €2 and the steepest descent method is used to
determine s™ in (11.2.2) step (d). Nonetheless it has been observed in practice
with quasi-Newton methods and smooth functions that this strategy can induce
a slow rate ol hncar convergence. Thercfore what 1s required on step (b) is to
have some compromise between these two extrernes which eliminates the
possibility of zipzagging and yet which enables an active set #* to be changed
when it has become likely that it is not the same as o™

Various ad hoc rules to prevent zigzagging arc revicwed by Flctcher (1972¢)
and can work well enough in practice. However it seems preferable in view of
the above discussion to try to eliminate zigzagging by looking at the accuracy
to which the current EP has been solved. This 1s done by Rosen (1960). Goldfarb
(1969), and Murtagh and Sargent (1969). They all suggest similar strategies
which are typified by, although different to, the following (Fletcher, 1972¢). At
x*, a second order estimate of the reduction in f(x) by keeping the same active
set is given by

AR = L@ Z k7T (11.3.1)

by virtue of (11.1.8) and (11.1.9). H* is positive defimite and is either equal to
or an approximation to the inversc reduced Hessian matnx, as in (11.1.13). I
A® is a sccond order multiplier estimate, and A% «< 0, then the additional
function reduction obtained by removing the ith constraint index from .&#™
{assuming ief) is

1A

T
iy

Al — (11.3.2)
where #' is the diagonal element of the matrix U defined by (10.2.3) at x*.
This result is valid when u{?? <0 which is implied by (10.2.6) when G™ is
positive definite. Hence a possible strategy is io find the integer p which
maximizes A¥ over the set {14’ < 0} and then to define x® as an acceptable
sotution (and hence remove the pth constraint) if A = A™. The motivation
for such a test is that a greater reduction in f(x)is likely to occur by removing
the constraint than by not doing so. For a quasi-Newton method a recurrence
relation for the quantities 1 can be determined. An advantage of this test 1s
that it is invariant under both linear transformations of the variables and scaling
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of the constraints. [f G® {or its approximation) 1s not positive definite, something
has to be done to gencralize the defimtions of A gnd A%, One possibility is
to define A® = oo if H® is not positive definite and to have x*® as not being
an acceplable solution. Otherwise, iff 4! = 0, then A¥ = co is defined and p
is chosen to minimize A% over the set {i:2% <0, A% = o}, Strategies based
on comparing quantitics like (11.3.1} and (11.3.2) have been used successfully
in practice.

The dependence of the above test on the quantities ¥ makes it somewhat
unwieldy and it is preferable to have a more simple test for an acceptable
solution with good invariance properties. [t is also important to consider whether
it can be proved that the resulting method coverges to the solution of (11.1.1)
and avoids zigzagging. A test which meets these critenia to 4 certain extent can
be derived in the following way. Let {{(k}},k=1,2,..., be a sequence of integers
such that i{k) ( < k) is the greatest previous iteration index on which a constraint
is removed from o, or {(k)=1 if no such index exists. Then a point x® is
acceptabie in step (b) if

A  fU) _ i) (11.3.3)

that is if the predicted funcilion reduction for the current . is less than the
total reduction since a constraint was last removed from . An alternative
possibility is to define the right-hand side of (11.3.3) as the total function
reduction since &/ was last changed. The motivation for this test is that when
zigzagging occurs the right-hand side of (11.3.3) gocs to zero, which ensures that
A® goes 1o zero, which usually cnsurcs that comvergence occurs for the
subsequence of points with the same 7. If X% is accepted as a solution of the
EP then the decision as to which constraint to remove 1s that given in (11.2.2),
step (c). If the constraints are prescaled then these tests are invariant under linear
transformations of variables and constraint scalings. The test must also be
incorporated with the termination test which 1s conveniently choscnto be A% < ¢
where £ > 0 is some preset tolerance on the accuracy required in f *. The detailed
form of steps (b} and (c) is therefore

(b) if A® > F16) (8 then go to (d)
{c) () calculate 1% from (11.1.18) or {11.1.19) and
let % minimize 2{¥, iel n.o; (11.3.4}
(i) if A% = 0 then (if A® < ¢ then terminate else go
to (d)) else remove g from <.

Note that no special attention 1s required to detect the case that x* is a vertex.
Here A® =0, (11.3.3) is truc, and hence step (c} in (11,3.4) is always carried out.

In some cases it is possible to prove that convergence without zigzagging
takes place when (11.3.4) 15 used in (11.2.2). Such a result is given below. To
some extent this depends on the properties of the method used for finding the
solution and multipliers of the EP. To make the result easy to state, it 18 assumed
that the feasible region R is not empty, that f(x} is C* on R, and that the
smallest eigenvalue p, of the Hessian matrix G(x) satisfies p,(x) = a >0 on R,
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an assumption which implies strict convexity of f on R. Newton’s method with
line search is used and the search can be termmated by any of the conditions
described in Section 2.5, so that convergence results like Theorem 2.5.1 can be
applied. It is also assumed for any xeR that the vectors a, iesf(x), are
independent. In this case either (11.1.18) or (11.1.19) can be used to calculate
A9 all that is required is that if x* — x* for some fixed .o then A® - 1%,

Theorem 11.3.1

Under the above assumptions then the above method converges to the solution of
(11.1.1) from any initial feasible point x™*. In addition if strict complemeniarity
holds at x* then no zigzagging can occur and &% = of* for all k sufficiently large.

Proof

If /™% is constant for all k sulficiently large then x"™ —x* by Theorem 2.5.1
applied to the reduced problem. Otherwise the integers k) — oo; also the
assumptions imply that f(x) is bounded below so f® |f® and fU&) — f® 0
which implies that A% -0 on the subsequence of 1terations for which (11.3.3)
holds. Let K be sufficiently large such that any set .&® k > K occurs infinitely
often and restrict attention to k2 K. Let & be the corresponding subsequence
of iteration indices. Using positive definiteness and independence assumptions
it follows from A® =0 that Z'g™ -0 for ke and hence that there exists a
unique limit point x* say, which minimizes f(x) on a/x = b, iead™, ke, and
that g7 = 3_,wa A7, Also A% - 7 for all ies™, ke

Since the number of possible different active sets is finite, it follows for k2 K
that on the basis of «#*! the main sequence can be divided into a finite number of
disjoint subsequences %, %,,...,5, which have different limit points
x%1i=1,2,...,t Tt is proved by contradiction that t=1. Let ¢ > 1, and let &,
and %; be any two subsequences {i #j) such that ke, and k+1c%, an
infinite number of times. Since x**Y {5 acceptable in the line search, (2.5.3)
holds, and from a Taylor series and p, = a

FEEL 5 p0 ) gWT( D g0 4 L) & +D oy 00)2
Substituting this into {2.5.3) and rearranging gives
(1= RN — x) 3 Jall x4 - x|

and substituting into (2.5.3) again gives

FOZ D ga b x D @
—p
In the limit f® s f®, &0, apd &1 _ ® 5 x% — x%12£ ) which con-
tradicts the inequality. Thus t =1 and the main sequence converges.
Let the limit point be x*. By independence and the equation for g“ above, it
follows that g® =Y, ,wai® and so A = 0 for all iel_j,a"\[),«#™. Also by
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continuity and since A® is also chosen as in (11.34), step (c) (i), it foliows that
AP 20 iel N,™ Hence x*, A% is a KT point and by convexity solves (11.1.1). If
strict complementarity A¥ >0 ies/* 1 holds then the set | J,.o/®\ [, ¢® is
empty and hence +/™ is constant for sufliciently large k. Also o#/* = &/* follows
since otherwise 1* =0 ieof*\ /™ is implied which is a contradicion. [J

This proof corrects a non-trivial crror in the version given in the previous
edition. Note that the proof avoids difficultics over degeneracy, cycling, lincar
dependence, etc. by making a blanket assumption about mdependence. This is
am unsatisfactory feature i a theorem because it tends to hide potential situations
in which the aigonthm might fail. A somewhat more general result is given by
Byrd and Shultz (1982) but in general degenerate situations can be expected (o
cause difficulties for this algorithm.

The rest of this section concerns the algorithm defincd in (11.2.7) and (11.2.8)
(based on extending the trust region algorithm (5.1.6)). An advantage of this
algorithm is that a much stronger result about global convergence can be proved,
requiring no assumptions about the linear independence of vectors a; ie.® at
a limit point x*. This shows that the algorithm cannot converge 1o a
non-stafionary limit point of this nature, so that the algorithm is less likely to
fail.

Theorem 11.3.2

For the algorithm of (11.2.7), and (11.2.8), if x®eB < R" Yk where B is bounded,
and if f eC? on B, then there exists an accumulation point X which satsifies first
order {KT) necessary conditions and a weak form of the second order necessary
conditions, that is

s§G¥s 20 vsals=0 ied™ {11.3.5)

Proof

By considering whether or not infh™® = 0,3 a convergent subsequence x* - x=
ke for which either

1) #®<0.25 A**1 50 and hence ||6%| -0, or
(i) »® 3025 and infh® > .

In either case the necessary conditions are shown to hold. In case (1) let 3 a
feasible direction s (|8} = 1) at X, 50 that se F* (see (9.2.2)) and

slg== —d d=0. (11.3.6)
A Taylor series for f{x) about x* gives

SO+ 3%) = g(3) + (| 3 17)
and hence

A = Ag® + o 6%3). (11.3.7)

For ke consider a step of length &* = | §%|| along s*. For & sufficiently
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large, /™ < o™ and hence F® o F*. Thus sef® and %™ is feasible in
(11.2.8). Gptimality of * in (11.2.7) and continuity yield

Aq”‘) = q(kJ((}) — q”"( e®g) = — g®gTg® 1 o(e™) = g®d + O(E(k))

from (11.3.6), Tt foltows from (5.1.8) that #* =1+ o(1) which contradicts
r& < 0,25 Thus (11.3 6) is contradicted and so s*g® = 0 for all seF=. Tt follows
from the corollary to Farkas’ Lemma (Lemma 9.2.4) that first order (KT)
conditions arc satisfied at x*.

Now let 3 a second order feasible descent direction s (|[sl = 1) at x*, so that

TG =—4d, d>0, afs=0 view™< (11.3.8)

For ke consider a step of length & along os, choosing ¢ so that a5Tg® < 0.
For sufficiently large k, &/® = .o/® so sscF™®, and the step 5e®s is feasible in
the subproblem. Then by optimality and continuity, it is possible as in
Theorem 5.1.2 to deduce that r® = 1 + o(1) and contradict ¥® < 0.25. Thus there
is no s satisfying (11.3.8) and so (11.3.5) {ollows. Thus both first und second
order necessary conditions are shown to hold when infa®* =0,

In case (@), f %V —f© 2 3, ,Af® and so r'® 2 0.25 implics that Ag* -0 ke,
Define g™(8)=f" + 6"g® + 16'G™8. Let h satisfy 0 <h<infh® and et &
minimize g*® (&) subjcet to |8 <k and x® + §eR (R denotes the feasible region
of the constraints in (11.1.1)) Define & =x*“ + &. Observe that for sufficiently
large k, X —x™ is feasible in the subproblem (11.2.7) and (11.2.8)} (since X&R,
xMeR and [ X —x®| < | 8] +o()<h +o{)<hY) s0

q(k)(i - x(k)) = q{k)(‘s(k)) :f(k) — Aq(k)

As in Theorem 5.1.1, taking the limit shows that 8 =0 also mimmizes ¢*( §)
onx*® + =R and || 8| < h. As thelatter condition is inactive, and the constraints
that define R are linear (needed for regularity), it follows that the first and
second order necessary conditions also hold in this case. [

The remarks following Theorem 5.1.1 are equally valid here. With additional
mild assumptions at x* and for sufficiently large &, the possibility of zigzagging
can be excluded, the trust region bound is shown to be 1nactive, and the algorithm
becomes equivalent to Newton’s method applicd to a reduced optimization
problem

Theorem 11,3.3

Let the accumulation point X* of Theorem 11.3.2 have lincarly mdependent veciors
a, icof *. This implies the existence of unique multiphers A% it is assumed that
these satisfy strict complementarity A > 0iel n.s#®. Assume also that sSTG®s > 0
Jor all s # 0 such that sTa; =0 ie? ™ (a strong form of the second order sufficient
conditions). Then for k in the main sequence x® = x®, ¢ o1, infh% > 0, and
for k sufficient large o/ =of™ and the algorithm is equivalent to Newton's
method applied to the reduced optinization problem defined by eliminating
the constraints indexed by iexd ™.
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Proof

Let Y and Z be the generalized elimination matrices of Section 10.1 for
the matrix A whose columns are the vectors a, ie.s=. Denote ¢* as the vector
of elements aTx™ — b ic.af®, and I*® = I n.o/®. Feasibility of x* is maintained
by the algorithm which implies that ¢ =0 icE and ¢ 2 0 ieI™. Consider a
sufficiently large index ke%. If ¢® =0 then it is possible to proceed as in
Theorem 5.1.2 applied to the reduced problem: minimize ¢*{Zy). Additional
observations are required that constraints i¢ &/® do not affect feasibility of the
step as™ in the subproblem, and that the Newton step for the reduced problem
is also that which solves the subprobiem, by continuity of the multipliers (sce
(11.3.9) below). The results of Theorem 5.1.2 are therefore deduced, and also
the fact that ¢® = 0 for all k in the main sequence, which implies that o#® = 7*
for such k.

Consider therefore the case that ¢® 0 for sufficient large k€% and consider
a step—a®¥Ye® in the subproblem, where o® = min(1,2™/|| Yc®||). Note that
e(x® — g @Yk = oW ®IATY® = (1 — y®)e® showing that the step remains
feasible for constraints ic.o/*, and | — a®Ye™| < B® showing that the step
remains feasible in the trust region bound. Since ¢ — 0 the step is also feasible
for constraints ie/® for k sufficiently large. Thus the step is feasible in the
subproblem, so by optimality of §% and continuity

Ag® 2 g¥(0) — g©( — aP@YeH) = gWghTY® | o(h®),
The definition of & ¢nsures that

oc""g”‘)TYc[“ = h(k)g(k)TYc(k)/” Y Il
Since YTg® —» 1 it follows that

Ag® 3 R =Te® || Ye® || + o(h®),
Now ¢® 0 implies ¢ s 0 for at least onc ici™, and since A* > 0 for iel®
itis possible to bound 4 *Te®/| Ye™ || = d > O where d is independent of k. Then
Aq™® z h®d 4+ o(h™) and it follows as in Theorem 11.2.2 that r* =1 + (1) and
therefore that % arises from case (ii} and the trust region bound is inactive.

Thus second order conditions and strict complemetarity at x®, 1® ensure that
&%, 2™ gbtained from

G AR s - g(k)
[_ A(R]T 0 ][l(k}] = { C{k)jl (l 139]

give the minimizer and multipliers for the subproblem for k sufficiently large,
and it follows that 6% -0 (i.c. X** 1 - x®) for ke&. Also ¢%* 1 = 0 by linearity.
Hence 1t 15 again possible to consider the reduced problem on iteration k + 1
as described at the start of the this proof, and deduce the conclusions of theorem.

Corollary
If in addition X* s a vertex (|of ™| =n) then the algorithm terminates finitely.
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Proof

This follows because there is a neighbourhood of x* in which x* is the only point
for which .o#(x) = .. Thus .o&/*’ = o/ ® cannot occur nfinitely often. [

Thus the algorithm is shown to behave in a very satisfactory way and
the remarks after Theorcm 5.1.2 are again valid. Finally the possibility of
approximating G® in (11.2.6) by a matrix B® which 1s updated after cach
iteration is discussed. Under mild conditions [B® bounded is sufficient, but
weaker conditions are possible, e.g. (Fletcher, 1972b)] global convergence to 4
KT point {(the first part of Theorem 11.3.2) and vertex termination (corollary
of Theorem 11.3.3) are proved in a similar way. Necessary and sufficient
conditions on B® for superlinear convergence are | ZTB®Zy® ||/ y* || - 0 where
6™ = Zy®_ following the Dennis and Moré theorem (Theorem 6.2.3) for the
reduced problem.

QUESTIONS FOR CHAPTER 11

11.1. Relate the conditions ZTg* = 0 and ZTG*Z positive definite arising from
(11.1.6) and {11.1.7) to the first and second order conditions of Sections 9.1
and 9.3 applied to problem (11.1.2) when rank (A) = m. Show that ZTg* =0
is equivalent to g* = AL *. Also show that the columns of Z are a basis for
the linear space (9.3.4) and hence that (9.3.5) is equivalent to the condition
that ZTG*Z is positive definite.

11.2. Consider any Broyden method with parameters ¢, k= 1,2,...,applied to
solve the reduced problem (11.1.4) using the positive definite inverse
reduced Hessian matrix H® in (11.1.13). Show for the original problem
{11.1.2) that an equivalent sequence {x*} is obtained if the same ¢*® are
used in a Broyden family update of the positive semi-definite matrix
H®defined in (1.1.17), when s® 15 calculated from s* = — H®g®. Assume
that the initial matrices are related by H'Y' = ZHVZT.

11.3. If h®™ = x® — x* where x* solves (11.1.2} show that the vector 1% in
(11.1.18) satisfies A% = 1 * 4+ O(} h™ ) and is therefore a first order estimate
of 1* If 4™ is computed from (11.1.19) show that A* = 1% ~ O({|h*||?).
Use a resuit like {(10.2.9) and assume that rank(A)=m, that Z'G*Z is
positive definite, and that the expansion g® = g* + G*h® + Q(|h*® |} is

valid.
11.4. Assume that n x n matriccs are related by
. M b
M =
[br ﬁ}

and let =M ™'and H=M"". Show that H and H are related by

- H 0
H—,ulmT=|:0T 0]
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11.6.

11.7.
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where either T = (bTH: — 1} and g = 1/(f — b"Hb) oru=He, and g =u. !,
depending whether it is H or H that is known. Hence deduce (11.2.3).
For fixed x’, show that adding a linear equality constraint o problem
(11.1.2) cannot increasc the condition number of the reduced Hessian
malrix at x’, assuming that x' is feasible in both problems. It might be
thought in general therefore that adding linear constraints cannot degrade
the conditioning of an optimization problem. This is not so as the following
example shows. Consider best least squarcs data fitting with a sum of
exponentials ae® + be”. The unknown parameters a, %, b, f must be chosen
to best fit some given data. The problem usually has a well-defined (albeit
ill-conditioned) solution. Consider adding the linear constraint & = . Then
the parameters a and b become underdelermined and the reduced Hessian
matrix is singular at any feasible point. Explain this apparent
contradiction.

Consider the linear constraint problem

minimize ${x? — x.x, - x})F - x5
X

subjectto x5 <2, x=0

due to Wolfe (1972). Show that the objective function is convex but not C?
and that the solution is x* =(0,0,2)". Solve the problem from x‘=
(0,4,0)* where 0 < a < ,/2/4 using algerithm (11.2.2). Allow any point to be
an acceptable solution in step (b) and use the steepest descent method 1n
step (d). Show that x'?) = X4, 0, /a)" and hence that, for k =2,

X0 — 0,2 p)! if k15 odd
(2,0, 5} if k 1s even

where o= (3)*"‘a and §=43%22(a/2")"2. Hence show that x®—
(0,0,(1 +4./2),/2a)T which is neither optimal nor a KT point.

After a constraint index g is removed from & in step (c) of the active set
method, consider proving that the subsequent search direction s* is down
hill (s*"g® < 0} and strictly feasibie (s*"a, > 0). The Z matrix is augmen-
ted by a column vector z as Z:= [ Z:z]. Show that the required conditions
are cbtained if Z'G¥ Z is positive definite for the new Z matrx. I ZTG®Z
is positive definite for the otd Z matrix only, show that the choice s™ =Te,
described in Section 10.4 has the required properties. In both cases assume
that a second order multiplier estimate (11.1.19) is used.

Consider proving the same result for a quasi-Newton method when
update (11.2.3) is used, when a first order estimate (11.1.18) for 1% is used,
and when the orthogonal factorization method delines Y and Z. Show that
the column z which augments Z1sz = a;” which is the column of AT = Y)
corresponding to constraint ¢. Hence show that s® g™ < 0and s® s, = I,
which satisfies the required conditions.



Chapter 12

Nonlinear Programming

12.1 PENALTY AND BARRIER FUNCTIONS

Nonlinear programming is the general case of (7.1.1) in which both the objective
and constraint functions may be nonlinear, and is the most difficult of the
smooth optimization problems. Indeed there is no general agreement on the
best approach and much research is still to be done. Historically the earliest
developments were sequential minimization methods based on the use of penalty
and barrier functions as described in Sections 12.1 and 12.2. These methods suffer
from some computational disadvantages and are not entirely efficient.
Nonetheless, especially for no-derivative problems in the absence of alternative
software, the methods of Section 12.2 can stll be recommended. Also the
simplicity of the methods in this section (especially the shorrcut method—
see later) will continue to attract the unsophisticated user. Thus sequential
penalty function techniques still have a useful part to play and are described
tn some detail. Another apparently attractive idea is to define an exact penalty
function in which the minimizer of the penalty function and the solution of the
nonlinear programming problem coincide. This avoids the inefficiency inherent
in sequential techniques. Most popular of these 1s the L, exact penalty function
described in Section 12.3. However, this is a non-smooth function which cannot
adequately be minimized by techniques for smooth functions (Part 1), and the
best way of using this penalty function is currently being researched. Smooth
exact penalty functions arc also possible (Section 12.6) but there are some
attendant disadvantapes,

Penalty and barrier functions constitute a global approach to nonlinear
programming and an alternative way to proceed 1s to consider local methods
which perform well in a neighbourhood of the solution as described in
Section 12.4. Applying Newton’s method to the [irst order conditions that arisc
in the method of Lagrange multipliers. (Section 9.1) is a key idea. (Indeed it is
a consequence of the Dennis—Moré theorem (Theorem 6.2.3) that any nonlinear
programming method converges superlinearty if and only if 1t is asymptotically
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equivalent to this method.) It is gshown in Section 12.4 that this method
generalizes to give the Sequential Quadratic Programming { SQP) method. This
method converges locally at second order and has the same standing for
nonlinear programming as Newton’s method does for uncenstrained mini-
mization. Thus quasi-Newton variants of the SQP method have been suggested
when second derivatives are not available. The global properties of the SQP
method are improved by associating 1t with an exact penalty function, and it
is shown that this can be done in a number of ways When a non-smooth
penalty function is used then the presence of derivaiive discontinuities can cause
slow convergence, for examplc in the Maratos ¢ffect, and ways of avoiding these
difficultics arc discusscd. Current roscarch interest in all these aspects 15 strong
and further developments can be cxpected, although some software for this type
of method is alrcady available. No-derivative methods, possibly using finite
differences to obtain derivative estimaltes, can be expected to follow once the
best approach has been determined. However, it is likely that the effort involved
in deriving cxpresstons for first denivatives will usually pay off in terms of the
efficiency and reliability of the resulting software.

Another idea which has attracted a lot of attention 1s that of a feasible direction
method which peneralizes the active set type of method for linear constraints
{Chapters 10,11}, and aims to avoid the use of a penalty function. This 1s
described in Section 12.5 and it 18 shown that the idea 1s essentially equivalent
to a nonlinear generalized elimination of variables. Although software 1s
available for this type of method, there are nonethcless difficulties in determining
a fully reliable method. Some other interesting, but not currently favoured
approaches to the solution of nonlinear programming problems are reviewed
in Section 12.6.

To simplify the presentation, methods are discussed either in terms of the
equality constraint problem

minimize f(x)
x (12.1.1)
subject to e(x)=10

where ¢(x) is R" -+ R", or the inequality constraint problem

minmize  f(x}
* (121 2)
subject to ¢,(x}=20, i=1.2,....m

Usually the generalization to solve the mixed problem (7.1.1} is straightforward.

When solving a general noniinear programming problem in which the
constraints cannot easily be eliminated, it is necessary to balance the aims of
reducing the objective function and staying inside or close to the feasible region,
in order to induce global convergence (that is convergence to a local selution
from any initial approximation}. This 1nevitably leads to the idea of a penalty
Junction which is some combination of f and ¢ which enables f to be minimized
whilst controlling constraint violations (or near constraint violations} by penaliz-
ing them. Early penalty functions were smooth so as to enable efficient techniques
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Figure 12.1.1 Convergence of the Courant penalty function

for smooth unconstramed optimization to be used. For the equality problem
the earliest penalty function (Courant, 1943) is

b(x,0) =f(x) + 70} {c{x))*
=£(x) + Jae(x)Te(x). (12.1.3)

The penalty is formed from a sum of squares of constraint violations and the
parameter ¢ determines the amount of the penalty. Some graphs of @(x,a)
are given in Figure 12.1.1 for the trivial problem: minimize x subject to
cx)Ax—1=0 for which ¢=x+3s(x — 1) If the solution x*=1 is
compared with the points which minimize ¢(x, 7), it is clear that x* is a limit
point of the latter as o — 0. Thus the techmique of solving a sequence of
minimization problems is suggested. This is traditionally implemented as foliows.

(i) Choose a fixed sequence {¢%} — co, typically {1,10,10% 10%,...}.
(ii) For each #™® find a local minimizer, x(s™) say, to min ¢(x, ™).
{iti) Terminate when e(x(¢™)) 15 sufficiently smail. (12.1.4)

The effect of this iteration on the problem

minimize = — x; — X,

subject to 1 —x?—x2=0 (12.1.3)
for which the solution and optimum Lagrange multiplier is x¥ = x§ = 1% =
1//2, is shown in Table 12.1.1 It can be seen that x(¢™) = x* and that linear
convergence is obtained with one extra decimal place being obtained at each
iteration. This behaviour can in fact be justified for all problems, and this is
done in Theorem 12.1.2, equation (12.1.13), below. It must be cmphasized
that in practice step (1) 1n (12.1.4} is done numerically, that is by the application
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of an unconstrained mmimization method. The choice of this method will depend
on whether or not derivatives are available and on the size of the problem (see
Part 1). Often x(¢™)) is used as an initial approximation when minimizing
#(x, 6% 1), and other information such as inverse Hessiun approximations can
also be passed forward from one iteration to the next. In fact algorithm (12.1.4)
s 1dealized in that step (i) cannot be solved exactly in a finite number of
operations. [t is assumed that x(¢%®)) is obtained as accurately as possible,
although bounds on the accuracy can be given (equation (12.1.21) below) which
guarantee convergence. It has heen assumed that the local minimizer x(c™)
exists. This may not be so, not only when the nonlinear programming problem
is unbounded, but also in cases when local solutions exist. In the latter case a
remedy (not guaranieed Lo work) 1s to increase the initial value o' and repeat.

A variety of resuits relating to the convergence of this sequential penalty
function can be given. In doing this this, quantities derived from o® like x(s™)),
F(x(@™)), ete., are denoted by x®, @, etc. It 15 assumed for the first theorem
that f(x} is bounded below on the (non-emtpy} feastble region so that

f*=inff(x)  V{x ¢x)=0} (12.1.6)

exists. If global solutions can be computed in (12.1.4), step (i1), then the most
simple result is the following,

Theorem 12.1.1 (Penalty function convergence)
i {a™} 1o then

(1) {H(x®, 6"} is non-decreasing,
(i) {e® et IS non-mcreasing,
(ilfy { /% is non-decreasing.

Also ¢ > 0 and any accumulation poini x* of {x"'} solves (121.1).

Proof
Let 6% < ¢ then from the delinition of x® and (12.1 3),
X, o) < (x, o) < PUx, o) < Yix, o)
The first two inequalities give casc (i) Subtracting the mner and outer
inequalities gives
(0 — 6@ (W T — cBTey 5 0

and hence case (ii). Substituting in the first inequality then gives case (iii). By
definition of x®,

Hx®, 6Wy < inf (x,oM)=f* (12,17

aexi=1

by (12.1.6). Thus using case (1i1) above m (12.1.3), 5™t oo implies ¢* -0, If
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x® — x* it follows that e(x*) =0, so f(x*) = /¥ as defined in {12.1.6). But from
(12.1.3) and (12.1.7), f® < f* so it follows that f(x*)=f%, that 1s x* solves
(12.1.1. O

It is interesting to observe that this result is obtained in absence of differenti-
ability or Kuhn-Tucker regularity assumptions.

It is also possible to prove similar results when local minima are computed
(with different assumptions on the problem), and also to get asymptotic estimates
of the rate of convergence. In doing this the vector

Al — _ et (12.1.8)

is defined, and can be regarded as a Lagrange multipher estimate by virtue of
(12.1.9). The notation h® = x® — x* a,=Vc, and g = Vf, etc., as in Chapter 9
is used.

Theorem 12.1.2

If 6% = o0 and x® = x* is any accumulation point, and if rank A* =m, then x*
is a KT point and it follows that

A® = 2* 4 o(1) (12.1.9)

e® = — 1%/5%™ 4 o(1/g) (12.1.10)

e Te® = 1¥T 1+ /50 4 6(1/a). (12.1.11)
Fuarthermore if second order sufficient conditions (9.3.5) hold at x*, A¥ then

fr=¢%*=p® 4+ La®c® c® L o(1/a) (12.1.12)

h*% = — T*1*/6™ + o{1/0) (12.1.13)
where T* is defined by

=1
L:; _3*} {_;‘:T —'Il‘;} (12.1.14)
Proof

The fact that x® solves (12.1.4), step (ii), implies that

Vox®, ¢®) = g% + g®A®® = @ (12.1.15)
and hence from (12.1.8) that

g = A B (12.1.16)

Since rank A* = m it follows that A%!* exists and 1s bounded for all k sufficiently
large and hence that

A= AB+gld — 2% 4 (1) 12.1.17)
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where A* is defined by A * = A** g*, It also follows from {12.1.16) by continuity
that g* = A*A*, and from (12.1.17) and (12.1.8) that €® = — 4 */0% + o(1/0) so
that ¢* =0 in the limit 6™ ~» oo, Thus x* satisfies KT conditions (Section 9.1)
and (12.1.9) and (12.1.10) are established. Equation (12.1.11) follows directly and
shows that lim ¢® A ¢* =f* Without assuming second order conditions it
is also possible to show from a Taylor series for f(x) about x** and (12.1.16) that

J* =5 BG4 o KW )
:fﬂ‘) — hRTAR R 0( th"‘) ()
- f(k} — T o( Ith”‘) 1

using a similar Taylor series for e(x). Thus
O* = ¢® 4 1MW 4 o( | h® ) (12.1.18)

from (12.1.4} and (12.1.8). Second order suflicient conditions for the equality
constraint problem (9.3.5) and rank A¥ =m imply that the Lagrangian matrix
is nonsingular at x*, 4 ¥ so that the inverse in (12.1.14) exists (see Question 12.4).
An expansion of the Lagrangian function about x*, 1*, and using (9.1.7) and
(12.1.16} gives

0 W+ —A* h®
(cm){_ &= b ](am l*)+o(max(||hf*’u,u1‘*’—a*m.

It foliows from (12.1.10) and the existence of (12.1.14) that h* = O(1/s) which
extends (12.1.18) to give (12.1.12). Multiplying on the left by (12.1.14) and using
(12.1.8) then gives (12.1.13). L[]

The convergence of (12.1.9) and (12.1.10) can be observed easily in Table 12.1.1
and also the convergence of ¢® - f* = /2 which (12.1.11) implies. The other
results of Theorem 12.1.2 can be used in a more sophisticated algorithm.
Equation (12.1.12} gives a o(l/c) estimate of f* which is better than the O(l/g)
estimate given by ¢ itself. The asymptolic form of h* in (12.1.13) can be used
in an extrapoilation scheme 1o estimate X* (as given by Fiacco and McCormick
(1968) in the context of barrier functions.)) These estimates can be used to
terminate the penalty function iteration and also to provide better initial
approximations when minimizing ¢(x, ). It is also interesting to observe that
the rank assumption on A* cannot easily be relaxed. For example if (12.1.3)
has no feasible point then ¢* # 0 must occur and so as ¢— o0 it is necessary
from (12.1.8) and {12.1.15) that A®¢®™ — 0, that is A* has dependent columns.

This well-developed theoreticai background may make it appear that, apart
from the inefficiency of sequential minimization, the method is a robust one
which can be used with confidence. In fact this is not true at all and there are
severe numerical difficulties which arise when the method is used in practice.
These are caused by the fact that as o™ — o0, it is increasingly difficult to solve
the minimization problem in (12.1.4), step (11). To illustrate this behaviour, the
contours of ¢(x, #)in (12.1.3} for the problem (12.1.5) are shown in Figure 12.1.2
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for increasing values of 6. For ¢ =100, it can be seen that whilst the solution
x(100) is well determined 1n a radial direction, this is not so tangential to the
constraint boundary, so that the exact location of x(100) is very difficult to
determine numerically. This is expressed mathematically by the fact that (for
0 < m < n) the Hessian matrix Y2g(x*, ¢*) becomes increasing iil conditioned
as o™ s o0, This result follows by virtue of

V2h(x®, @) = Wk 4. gl AEIAET (12.1.19
where (12.1.8) is used in the definition
W = v2 (x40, {12.1.20)

The cAAT term in (12 1.19) has rank m and so there are m eigenvalues of V3¢

1
1
I

o L)

o =100 |

Figure 12 1.2 Increasing ill-conditioning 10 penalty functions (contours of
¢ — dpin In powers of 2)
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which approach oo as ¢® — oc. That the remaining cigenvalucs are bounded
is a consequence (see Lancaster, 1969) of the Courant—Fisher theorem. Thus
the condition number of V2¢ approaches oo. In practice this shows up in that
large values of ¥¢ are obtained whilst the minimization routine is unable to
make progress in reducing .

These remarks have mplications for the choice of the sequence {o™®}.
Choosing a very large o), or increasing a very rapidly in the sequence, gives
minimization problems which are very difficult to solve accurately. The
alternative of choosing ' small and increasing o slowly keeps x® close to the
minimizer of ¢(x, o™ and makes it easier to pet accurate solutions, but is
very 1nefficient. The typical sequence in (12 1 4), step (i), is a trade-off between
these two elfects. Probably o) should be chosen to balance the f and toc'c
terms in (12.1.3) or to mimmize the magnitude of ¥¢. This discussion also
highlights the fact that it may not be possible to make good use of an accurate
estimate of x* in algorithm (12.1.4) since x*"’ will be remote from x*. In fact
many users do not carry out the sequential technique at all, but carry out a
shortcut method in which they minimize {12.1.3) for a singie largish value of o.
In doing this they must be prepared to accept errors in the extent to which
first order conditions are satisfied. Such users would be well advised to observe
the constraint errors, and to estimate both the error in objective function using
(12.1.12) and the error in the KT condition g® = A®A% in order to decide
whether these errors are acceptable. If not, then it s quite easy to go on to use
a multiplier penalty function as in Section 12.2. However, if derivatives and
software permit, a Lagrangian method (Section 12.4) is likely to prove to be
more efficient in the long run.

As mentioned earlier, algorithm (12.1.4) and Theorem 12.1.1 are idealized in
that they assume exact minimization of the penalty function. In fact it is
straightforward to give the same results as in Theorem 12.1.2 when approximate
minimization is allowed. To do this let the test for terminating the minimization
of ¢(x,6®) with an approximate minimizer x* be

IVx™, @) | < vl e®], (12.1.21)

where v > 0 is pre-set and where ¢® = ¢(x™), etc. With the same assumptions as
in Theorem 12.1.2, and using the fact that there exist & constant « > 0 such that

|A®C® || 2 o | | (12.1.22)

for k sufficiently large (see Question 12.5), it follows from (12.1.21) and (12.1.15)
that

vie® | = || g® + oA | 2 oW f | — | g® .
This shows that ¢® —0. Then (12.1.21) yields
g(kl = Ak 3 k) + 0(1}

and the rest of the results in Theorem 12.1.2 follow as before. It is interesting
to relate (12.1.21) to the practical difficulties caused by ili-conditioning, in that
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(12.1.21) definitely limits the extent to which large gradients can be accepted at
an approximate minimizer of ¢(x,s™®).

A penalty fupction for the inequality constraint problem (12.1.2) can be given
in an analogous way to (12.1.3) by

@(x,0) =f(x) + 30 3 [min (c,(x),0)]*. (12.1.23)

An illustration is provided by the trivial problem: min x subject to x = 1. Then
Figure 12.1.1 also illustrates the graph of ¢, except that ¢ and f are equal for
x > 1. Likewise if the constraint in (12.1.5) is replaced by 1 — x§ — x3 > 0 then
Figure 12.1.2 iilustrates contours of ¢, except that inside the unit circle the
linear contours of — x, — x, must be drawn. These figures illustrate the jump
discontinuity in the second derivative of (12.1.23) when ¢ =0 (for example at
x*}. They also illustrate that x*? approaches x* from the infeasible side of the
inequality constraints, which leads to the term exierior penalty function for
(12.1.23). Exactly similar results to those in Theorems 12.1.1 and 12.1.2 follow
on replacing ¢ by min (¢, 0).

Another class of sequential minimization techniques is available to solve the
inequality constraint problem (12.1.2), known as barrier function methods. These
are characterized by their property of preserving strict constraint feasibility at
all times, by using a barrier term which is infinite on the constraint boundaries.
This can be advantageous if the objective function is not defined when the
constraints are violated. The sequence of minimizers is also feasible, therefore,
and hence the techniques are sometimes referred to as interior point methods.
The two most important cases are the inverse barrier function

061 =) + 7Y [ex)] (12.1.24)
(Carroll, 1961) and the logarithmic barrier function
¢{x, 1} = f(x)— "Z log{c;(x)} (12.1.25)

(Frisch, 1955). As with ¢ in (12.1.3) the coefficient  is used to control the barrier
function iteration. In this case a sequence {r®} -0 is chosen, which ensures
that the barrier term becomes more and more negligible except close to the
boundary. Also x(r™) is defined as the minimizer of ¢{(x,r®). Otherwise the
procedure is the same as that in (12.1.4). Typical graphs of (12.1.24) for a sequence
of values of ¥ are illustrated in Figure 12.1.3, and it can be seen that x(#¥) — x*
as ¥® —0. This behaviour can be established rigorously in a similar way to
Theorem 12.1.1 (Osborne, 1972). Other features such as estimates of Lagrange
multipliers and the asymptotic behaviour of h* also follow, which can be used
to determine a suitable sequence {r™} and to allow the use of extrapolation
techniques {see Questions 12.6 and 12.7).

Unfortunately barrier function algorithms suffer from the same numerical
difficulties in the limit as the penalty function algorithm does, in particular the
badly determined nature of x{(r*) tangential to the constraint surface, and the
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Figure 12.1.3 Increasing ill-conditioning in the barrier
function (121 24)

difficulty of locating the minimizer due to ill-conditioning and large gradients.
Moreover there are additional problems which arise. The barrier {function is
undefined for infeasible points, and the simple expedient of seiting it to infinity
can make the line search inefficient. Also the singularity makes conventional
quadratic or cubic interpolations in the linc scarch work less efficiently. Thus
special purpose line searches are required (Fletcher and McCann, 1969), and
the aim of a simple-to-usc algorithm is lost. Another difficulty 1s that an initial
interior feasible point is required, and this in itself 15 a non-trivial problem
involving the strict solution of a set of inequalities. Tn view of these difficulties
and the general inefficiency of sequential techniques, barrier functions currently
attract hittle interest for nonlinear programming. However, recent developments
in polynomial time algorithms for linear programming (Section 8.7) do use
techniques closely related to barrier functions.

12.2 MULTIPLIER PENALTY FUNCITONS

The way in which the penalty function (12.1.3) is used to solve (12.1.1) can be
envisaged as an attempt to create a local minimizer at x* in the limit 6% — oo
(see Figures 12.1.1 and 12.1.2). However x* can be made to minimize ¢ for finite
¢ by changing the origin of the penalty term. This suggests using the function

¢(X, 6! 0') :f(X) + %EJL(CI(X) - G|)2
= (%) + He(x) — ) S{cx) — &) (12.2.1)
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(Powell, 1969), where #, 0eR™ and § = diags,. The parameters 8, correspond
to shifts of origin and the ; > 0 control the size of the penalty, like 5 in (12.1.3).
For the trivial problem: minimize x subject to x = 1 again, if the correct shift # is
chosen (which depends on ¢), then it can be observed in Figure 12.2.1 that x*
minimizes @(x, &, ¢). This suggests an algorithm which attempts to locate the
aptimum value of & whilst keeping o finite and so avoids the ili-conditioning in

be
8=
\ =10
g1
et
1u—~
Fex
£ ]
[ l x
0 1 2

Figure 12.2.2 A multiplier penalty function
{c=1,0=1//2) (contours of ¢ — ¢, in powers of 2)
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the lvmit & — oo, This is also illustrated for problem (12.1.5) with o = 1, in which
the optimum shift is # = 1/,/2. The resulting contours are shown in Figure 12.2.2
and the contrast with Figure 12.1.2 as ¢ - oo can be seen.

In fact it i1s more convement to introduce different parameters

IL' = 8!‘0-1', 1= 1, 2, PR 1] (12.2.2‘)
and ignore the term 1) 0,62 (independent of x) giving
$(x, £, 0) = £(x) — ATe(x) + Le(x) Se(x) (12.23)

{Hestenes, 1969). There exists a corresponding optimum value of 4, for which
x* minimizes ¢(x, 4, &), which in fact is the Lagrange multiplier i* at the
solution to (12.1.1). This result is now true independent of &, so it is usually
convenient to ignore the dependence on & and write ¢{x,4}in (12.2.3), and to
use 4 as the control parameter in a sequential minimization algorithm as
foliows.

{i) Determine a sequence {4} — 4%,
(ii} For cach 4* find a local minimizer, x(1™) say,
to min, H(x, ). (12.2.4)
(iii) Terminate when ¢(x(1®)) is sufficiently small.

The main difference between this algorithm and {12.1.4) is that 4 * is not known
in advance so the sequence in step (i} cannot be predetermined. However, it is
shown below how such a sequence can be constructed. Because (12.2.3) is
obtained from (12.1.3) by adding a multiplier term — 4 Te, (12.2.3} is often referred
to as a multiplier penalty function Alternatively (12.2.3)is the Lagrangian function
(9.1.6) in which the objective f is augmented by the term 4¢Sc. Hence the term
augmented Lagrangian function is also used to describe {12.2.3).

The result that 4* is the optimurm choeice of the control parameter vector in
(12.2.3) is expressed in the following.

Theorem 12.2,1

If second order sufficient conditions hold at x*, 1* then there exists ¢’ =0 such
that for any & > ¢', X* is an isolated local minimizer of ¢(x,A*, @), that 1s
x* =x(i*).

Proof
Differentiating (12.2.3} gives
Vo(x,i* o)=g— Ai” + ASc, (12.2.5)

The second order conditions require x*. ¥ to be a KT point, that is p* = A*4*
and ¢* = 0, so it follows that V¢{(x*, 1%, ¢) = 0. Differentiating (12.2.5} gives

V29(x,4,0) = W+ ASATA W, (1226)
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say, where W=V — ¥ (i, — 0,c,¥?¢;, and hence
WE A VIG(x*, 1%, 0) = W* + A*SA*T, (12.2.7)

Let rank A* =r <mand let B (n x #) be an orthonormal basis matrix (B"B = I}
for A* so that A* = BC where C(=B"A*) has rank r. Consider any vector
u#0 and let u =v + Bw where B'v=0= A*"v. Then

uTWHu = vIW*y 4+ 2vTW*Bw + wTB"W*Bw + w CSCTw,

From (9.3.5) and (9.3.4) there exists a constant a > 0 such that vW*vza| v||].
Let b be the greatest singular value of W*B and let d= |B"W*B|,. Let
o = mina; > 0 and let >0 be the smallest eigenvalue of CC™. Then

WWrazalv|3—2bfvi;|wl+(op—dlw]i

Since ||v|| =||w} =0 cannot hold, il 5> ¢ where ¢ =(d + b*/a)/u then it
follows that n™W*n> 0. Thus both V(x*, 4% a)=0 and Vig(x* A* a) is
positive definite so x* is an isolated local minimizer of ¢(x, A *, &) for & sufficiently
large. O

The assumption of second order conditions 1s important and not easily relaxed.
For example if f =x} + x,x, and ¢=x, then x* =0 solves (12.1.1) with the
unique multiplier A* =0. However second order conditions are not satisfied,
and in fact x* =0 does not minimize $(x,0,0)=x}+x;x, +30x3 for any
value of ¢. Henceworth it is assumed that second order sufficient conditions
hold and ¢ is sufficiently large.

The minimizer x(4) of ¢(x, 4) can also be regarded as having been determined
by solving the noniinear equations

Véix,4)= 0. (12.2.8)

Because V2¢(x*, 1 *) is positive definite and is the Jacobian matrix of this system,
it follows from the implicit function theorem (Apostol, 1957) that there exist
open neighbourhoods Q; = R™ about A* and ), = R*about x* and a C' function
X(A)(Q; - Q,) such that Vé(x(1), 1)=0. Also V3¢(x, 1) is positive definite for
all xeQ, and 48, so x(1) is the minimizer of ¢(x, 1). Tt may be that ¢(x, 1)
has local minima so that various solutions to (12.2.8) exist: it is assumed that
consistent choice of x(4) is made by the minimization routine as that solution
which exists in £,. The vector x(4) can also be interpreted in yet another way
as the solution to a neighbouring probiem to (12.1.1} (see Question 12.14) and
this can sometimes be convenient.
It is important to examine the function

YA} A p(x(4), 1) (1229

which is derived from A by first finding x(4). By the local optimality of x(4)
on Q, for any 1 in Q; it follows that

Yld) = dix(4), 4) < p(x* 1) = S(x*, 1%) = yi(2%) (12.2.10)
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(using ¢* =0). Thus A* is a local unconstrained maximizer of Y(4). This result
18 also true globally if x(4) is a global maximizer of ¢(x, 4). Thus methods for
gencrating a sequence 4™ — i* can be derived by applying unconstrained
minimization methods to — (4 ). To do this requires formulae for the derivatives
Vi and V24 ofy with respect to 4. Using the matrix notation [éx/84 ], ; to denote
6x;/24, it follows from the chain rule that

[dy/di] = [Op/ax][x/0A] + [3¢p/A],
using the total derivative to denote variations through both x(4) and 1. Since
[6¢/0x] =0 from (12.2.8) and d¢/dr, = — ¢, from (12.2.3} it follows that
V(i) = — e(x{4}). (12.2.11)
Also by the chain rule
[de/di] = [de/ex][0x/04] = AT[ox/64].
Operating on (12.2.8) by [d/d4] gives
[AV(x(A), A)/dA] =[dVe/ox][ox/éd] + [aVp/ai]=0.
But [dVd/dx] = V2H(x(1), 1) =W, and [dVy/8i] = — A so it follows that
V()= —[de/da]= — AW AL, (12.2.12)
Since ¢(x(4*)) = ¢{x*) = 0 and W* is positive definite it follows that Viy(d*} =10
and {(when rank A* = m) that V{4 *) is negative definitc, which reinforces the
maximization result in (12.1.10).
The most obvious sequence {1™} 1o be used m step (i) of algorithm (122.4)

is obtained by using Newton’s method from an initial estimate 4V, giving the
1teration

AkEh a0 (ATW_'A)! CLM(M] (12.2.13)

(Buys, 1972). This method requires W,, and hence explicit formulae for second
derivatives, which is disadvantageous. However when only first derivatives are
available and a quasi-Newton method is used to find x(4®), then the resulting
H matrix (see Section 3.2) is a very good approximation to W, '. Using this
matrixin (12.2.13)(Fletcher, 1975) enables the advantages of Newton’s method lo
be obtained whilst only requiring first derivatives. A different method is suggested
by Powell (1969) and by Hestenes (1969), and is best motivated by the fact that for
large o,

(ATW, 1A 1 xS (12.2.14)
(see Question 12.12). When this approximation is used in (12.2.13) the iteration
AlEH o g0 _ Gelk) (12.2.t5)

is obtained. No derivatives are required by this formula so 1t 15 particularly
convenient when the routine which minimizes ¢(x,4) does not calculate or
estimate derivatives. Furthermore by making S sufficiently large, an arbitrarily
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fast rate of linear convergence of A™ to 1* can be obtained (see Question 12.13).

An iliustration of the methods based on using (12.2.13) or (12 2.15), applied
to solve the problem (9.1.15), is given in Table 12.2.1, starting from A’ =0. It
can be observed that 1 — 1* and ¢* -0 in all cases. The Powell-Hestenes
method exhibits linear convergence at a rate 0.26 when o =1 and 0.034 when
¢ =10. This illustrates the fact that increasing &, by 10 will asymptotically
reduce the rate of convergence of ¢; by one-tenth. Newton’s method is seen to
converge at an order which is approximately quadratic and is a little better
than the Powell-Hesienes method with ¢ = 10.

Although these methods have good local convergence properties, they must
be supplemented in a general algorithm to ensure global convergence. This can
be done by an algorithm due to Powell (1969).

(i) Tnitiaily set 1 =1, ¢ =6 k=0, ||, =
(i) Find the mimimizer x(4, o) of ¢(x, A,) and denote
c=c(x(A, o))
(i) If e, > $e® I, set 6, =100; Vit |¢| > 319,
and go to (ii). (12.2.16)
(iv) Set k=k+1, A% =4, 6®=0g,cM=c
(v) Set A = A% —8§®c® ang go to (ii).

The aim of the algorithm is to achieve linear convergence at a rate of 0.25 or
better. If any component ¢, 1s not reduced at this rate, the corresponding
penalty &, is ncreased tenfold which induces more rapid convergence (see
Question 12.12). A simple proof that ¢*)— 0 can be given along the following
lines. Clearly this happens unless the inner iteration ((ni}— {i1}) fais to terminate.
In this iteration A is fixed, and if for any i, |¢;| > 1/ €® ||, occurs infinitely often,
then a,— o0. As in Theorem 12.1.1 this implies ¢;— 0, which contradicts the
infinitely often assumption and proves termination. This convergence result is
true whatever formula is used in step (v) of {12.2.16). It follows as in
Theorem 12.1.2 that any limit point is a KT point of (12.1.1) with x* —x*
and A% —S®c® 2% For formulae (12.2.13} and (12.2.15), thc required
rate of convergence 18 obtained when & 1s sufficiently large, and then the basic
iteration takes over in which o stays constant and only the 1 parameters are
changed.

In practice this proof is not as powerful as 1t might seem. Unfortunately
increasing & can lcad to difficulties caused by 1li-conditioning as described in
Section 12.1, in which case accuracy in the solution is lost. Furthermore when
no feasible point exists, this situation is not detected, and o is increased without
bound which is an unsatisfactory situation. I think there is scope for other
algorithms to be determined which keep o fixed at all times and induce
convergence by ensuring that (1) is increased sufficiently at each iteration, for
example by using a restricted step modification of Newton’s method (12.2.13),
as described in Chapter 5.

There is no difficulty in modifying these penalty functions to handle inequality
constraints. For the inequality constraint problem (12.1.2) a suitable modifica-
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tion of (12 2.3) (Fletcher, 1975) is
$(x, 8, 0) = () + 1Y oicix) — 6)° (12.2.17)

where a_ = min(a, Q). The cffect of this on the problem: minimize x subject to
x z 1 can aiso be seen in Figure 12.2.1, the only difference being that for ¢ = 6
{that is x= 1+ @) the graph of ¢ is identical with that of /. Thus although
@(x, #,6) has second derivative jump discontinuities at c{x) =48, these are
usually remotc from the selution and in practice do not appcar to affcet the
performance of the unconstrained minimization routine adverscly. Another
example of this is the inequality constraint version of problem (12.1.5). The
surface ¢(x) =0 = 1/\/2 on which this discontinuity occurs 1s illustrated by the
dotted circic 1n Figure 12.2.2, which 1s remotce from x*. The contours of (12.2.17)
differ from thosc given only within this dotted circic, where they become the
unpenalized lincar contours of f(x). As with (12.2.1) it is possibie to rearrange
the function, using (12.2.2) and omitting terms independent of x, to give the
multiplicr penaity function

(x4, 0) =)+

1

—de,+iec? e, <A,
{ iC) 20 26,0, ! C; :/ﬂ-z (122 18)

—323/o; ife; 2 A,fo,
where ¢; = ¢(x). Rockafeller (1974) first suggested this type of function, and as
with (12 2.3) it is the most convenient form for developing the theory.

Most of the theoretical results can be extended to the inequality case. If strict
complementarity holds then the extension of Theorem 12.2.1 1s immediate,
although the result can also be proved in the absence of this condition (Fletcher,
1975). The dual function (1) is again defined by (12.2.9) and an analogous
global result to (12.2.10) is

W(A) = p(x(4), A1) < p(x*,4)
: — i t+iocft ef < Ao
— {* o [l 2 4 HE )
/ +Z{"’5/}~f/0'f et = A/fo;
_ 1. %2
<f*+ 20
/ Z{%if/ci
Lf* = Px*, %) = (A %).

This result is also true locally if strict complementarity holds and can probably
be extended in the absence of this condition. again by following Fletcher (1975).
Derivative cxpressions analogous to (12.2.11) and (12.2.12) arc casily obtained as

dy(A)/d4, = —min(c,8), i=12,...,m (12.2.20y
where ¢; =c¢{x(4)) and 8, = 4,/5,, and

—A'Wo 1A 0
Vﬂb(l)—[ ’ - }
0 ~87 |

(12.2.19)

(12.2.21)
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where the columns of A correspond to indices i:c; < 6, and those of $7! to
indices i:c; = f.. Algorithms for determining the sequence {A®} in step (i) of
algorithm (12.2.4) can be determined using these derivative expressions. An
equivalent form of Newton's method (12.2.13) is possibie, although in view of
the implicit inequalities 4 > 0 it is probably preferable to choose A% 1 (o solve
a subproblem

maximize g*{4)
" (12.2.22)
subject to A >0

where ¢™(4) 1s obtained by truncating a Taylor series for (1) about A* after
the quadratic term. In fact the simple structure of (12.2.21) enables a more
simple problem to be solved in terms of just the indices it¢; < 8, The result in
(12.2.14) can also be used to determine an extension of (12.2.15), that is

AFHD =20 min (0™, 29),  i=1,2,...,m. {12.2.23)

ivi o

These formulae can be incorporated in a globally convergent algorithm like
{12.2.16)} by using || V¥ ||, in place of ||¢il_, to monitor the rate of convergence.
A selection of numerical experiments is given by Fletcher (1975), which seems
to indicate that whilst both the Newton-like formulae or the Powell-Hestenes
formulae for updating A% are effective, the Newton-like method is somewhat
more efficient. Local convergence is rapid and high accuracy can usually be
achieved in about four to six minimizations. When this occurs with modest
values of & then no difficulties due to ill-conditioning and loss of accuracy are
observed. Furthermore the Hessian matrix can be carried forward, and updated
il o, is increased, so the computational effort for the successive minimizations
goes down rapidly. Since ¢(x, 4, &) is always weli defined, there is no difficulty
in coping with infeasibie points, and it is easy to program the method using
an existing quasi-Newton subroutine. The main disadvantage is that the
sequential nature of the method is less efficient than the more direct approach
of Section 12.4. Also the global convergence result based on increasing o, whilst
powerful in theory, does not always work well in practice, and there are practical
applications in which it has caused ili-conditioning and low accuracy.

Two final points are worthy of note. Firstly if the problem is a mixture of
linear and nonlinear constraints, then 1t may be worth incorporating only the
nonlinear constraints into the penalty function, and the linear constraints can
be included when ¢(x, 4, ¢) is minimized, for example at step (i1} m algorithm
(12.2.4). This is especially true for bounds on the variables, since minimization
with bounds is not & significant complication on an unconstrained minimization
routine. Another point 1s that approximate minimization of the penalty function
(see (12.1.21) for example} can also be considered, and a review of recent work
in this area is given by Coope and Fletcher (1980). In this case the algorithms
start to become more like the direct methods of Section 12.4 and Coope and
Fletcher give an algorithm which incorporates the Lagrangian correction defined
in (12.4.5).
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123 THE L, EXACT PENALTY FUNCTION

An attractive approach to nonlinedar programming is to attempt to determine
an exact penalty function ¢(x) by which 1s meant a function, defined in terms
of f(x), c(x) and possibly derivatives thereof, which 1s mimmized locally by the
solution x* to (7.1.1). This holds out the possibility that the solution can be
found by a single application of an unconstrained minimization technique to
o(x), as against thc sequential processes described in Sections 12.1 and 12.2.
The simplest exact penalty function is that described in this section in which
constraint violations are penalized by weighted L; terms. Unfortunately this
function is non-smooth or non-differentiable so that the many effective techniques
for smooth minimization described in Chapters 3,4 and 5 cannot adequately
be used. A more realistic approach 15 to use the exact penalty function as a
criterion function to be used in conjunction with other iterative methods for
nonlinear programming such as those described in the next section. The most
satisfactory approach of all is to apply methods of non-smooth optimization
which take account of the special structure of ¢(x) and such methods are
described in Chapter 14.

This section constders the most frequently used type of cxact penalty function
which is the L, exact penalty function. This function has been researched widely,
for example by Pietrzykowski (1969), Conn (1973), Han (1977), Coleman and
Conn (1982a, b), Fletcher (1981) and Mayne (1980) in. nonlincar programming
applications and by Barrodale (1970) int L, data-fitting problems, amongst others.
For the nonlinear programming problem (7.1.1) with both equations and
inequalities the associated L, penalty function is

$(x) = vf(x) + ZEICI(X)I +;C.‘(K)7 (12.3.1)

where ¢~ A max(— a.0). The parameter v {v > 0) provides a means of weight-
ing the relative contribution of f(x) and the penalty terms: equivalently a
parameter ¢ = v~ ' can be used which multiplies the penalty terms. As an
illustration, the nonlinear programming problem: minimize — x, — x, subject to
1—x?—x3>0 with solution x}=x}=A*=1//2 is considered. The
corresponding L, exact penalty function is

XY =¥~ x;— xa)+max(xi +x3—1,0) (12.3.2)

where v takes any value in the range 0 < v < 1/4* = /2. The contours of $(x)
for v=1 are shown. in Figure 12.3.1 and it is clear that x* minimizes ¢(x). The
non-smooth nature of ¢(x) having a curved ‘groove’ on the unit circle (broken
line) can also be seen.

The penalty function (12.3.1) is exact in the sense that for sufficiently small
v, local sclutions of the nonlinear programming problem are equivalent to local
minimizers of (12.3.1) to a large extent. Practical considerations in choosing v
are discussed at the end of this section. The main situation m which there is a
discrepancy between solutions of the nonlinear programming problem and the
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*2

Figure 12.3.1 Contours for the exact pen-
alty funetion (123 2)

exact penalty function problem arises when the minimizer x* of the latter is
not feasibie in the nonlinear programming problem, even though feasible points
do exist. This is the same situation as that illustrated in Figure 6.2.1: it is an
inevitable consequence of using the penalty approach as a way of inducing
global convergence. To circumvent the difficulty is a global minimization
problem and hence largely impracticable Corresponding advantages are that
best solutions can be detemined when no feasiblc point exists in the nonlinear
programming problem, and the difficulty of finding an initial feasible point is
avoided. In practice the most likely unfavourable situation which arises when
actually applying an exact penalty function is that a sequence is caleulated for
which ¢% = — oo, which is an indication that the calculation should be repeated
with a smailer valuc of w

The main aim of this section is to provide a simple denvation of optimality
canditions, both first and second order, suitable for an introductory study of
the L., penalty function A more general treatment is given in Section 14.3. Also
in this section the equivalence of local solutions of the nonlinear programming
problem and loeal minimizers of the exact penaity function is considered. Finally
the usc of (12.3.1) in linear and quadratic programming and the cquivalence to
hnear complementarity problems 1s discussed. To simplify the presentation 1t
is assumed that the set E 1n {(12.3.1) 1s cmpty, and that the function has arisen
as an exact penalty function for the inequality problem (12.1.2). Results
applicable to the general case are also stated. The notation for the directional
derivative of ¢ at x’

A A g D) — B(X)
Dyp(x) 4 lim === ——=

is uscd, where x(#) = x" + s is a ray from x' or more generally may be an arc
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or a directional sequence. Also Z = Z(x) = {i:c{x) =0} denotes the set of zero
valued constraints at any point.

First order necessary conditions for x* to minimize $(x) are readily derived
if the assumption is made that the vectors a¥ ieZ* are linearly independent.
In this respect the result is weaker than that given in Chapter 14 but it does
have some useful constructive aspects. It follows from (12.3.1) (with E empty) that

Dyp(x) = vs'g— 3 os'a, + 3 (sTa)” (12.3.3)
itz ieZ

where ¢;=11if ¢, < 0 and ¢, =0 if ¢, > 0. Consider the proposition that

Dp* A Dp(x*) 20 (12.3.4)
if and onty if there exist multipliers A* ieZ* such that

vg* — 3 oka¥ = ital (12.3.5)

rYAd icZ*
EWLES VAL (12.3.6)

The 5f’ result is straightforward since substituting (12.3.5} and (12.3.6} into
{12.3.3) yields

Dp* =3 ((s"a¥)” + AfsTa}} 20 (12.3.7)

ieZ*

For the converse result, it is assumed that there are no multipliers 4 ¥ which
satisfy both {12.3.5) and (12.3.6), and a direction s is constructed for which
D* <0, thus contradicting (12.3.4). Denote by A* the matrix with columns
af ieZ* I (12.3.5) cannot be satisfied then [ollowing the construction in (9.1.4)
there exist vectors A and g # 0such that both A*Ty = 0and g* = A*1 + u where

gt =vg*— > oral. {12.3.8)
A
Then s = — g gives rise to

Dsqb* = STg* = _ﬂTJu <07

and hence s is the required descent direction. Alternatively (12.3.5) may be true
but (12.3.6) false for some peZ*. Consider the vector s=A*"Te, where
A* =(ATA)"'AT exists by virtue of the independence assumption. 1t follows
that s"a* =1 and s"a¥ =0, ieZ*, i # p. Then
Do* =Y ((sTa¥)™ + AFsTaf) = 1%
=z

If (12.3.6) is false because A} <0, then this construction provides a descent
direction. Finally if (12.3.6) is false because i%>1 then the direction
s=—A**Te gives D,¢* =1 — 1} and again s is a descent direction.

To summarize this result, a first order necessary condition for x* to minimize
@(x) is that D™ = 0. The above discussion shows that this condition is
equivalent to (12.3.5) and (12.3.6). If multipliers A¥ = ¢} are defined for i¢Z*
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then it is possiblc to write these conditions as

vgt= 3, Ara? (12.3.92)
felUE

0gi¥<l

c}>0=if=0 > iel (12.3.9b)

cF<0=1¥=1

L THES .

c*#0= if = —sign c:‘} ek (12.3.9¢)

In fact (12.3.9) gives first order conditions in the general case: the conditions
for ieE are readily deduced in a similar way, or by using |¢]|=¢' + ¢ =
(—¢) +¢ toinclude the E terms with the I terms. The differences between
this system and the KT conditions (9.1.16) for the equivalent nonlinear
programming problem (7.1.1) are not great. The parameter v appcars in (12.3.9)
and not in (9.1.16). However, if (7.1.1) is scaled so that f{x) is replaced by vf(x)
(v>0) (this does not change local solutions ol (7.1.1)) then the equation
vg* =3 a*1¥* is also present in the KT conditions. Infeasible points of (7.1.1)
are allowed in (12.3.9), but if x* is infeasible for some constraint ¢;(x), then the

corresponding multiplicr must take the value A* = —signc*. Thus the terms
in (12.3.1) which ar¢ locally smocoth at x* can be written as
Fy=vfx)— Y Afelx} (12.3.10)
HZ*

and in fact g* in (12.3.8) is the gradient vector of these terms. Moreover x*
equivalently solves the problem
minimize  f(x)

X

(12.3.11)
subject to  e{x)=0 ieZ*

and the multipliers 4¥ jeZ* are also the Lagrange multiplicrs of this probicm.

The other significant difference between (9.1.16) and (12.3.9) 1s the prescnce
of the bound A} < 1 for ief in the latter. A simple interpretation of this is the
following: assume that A% > | for some constraint peZ* in (12.3.11). Then
following the construction above, the direction s = — A** e, is infeasible with
respect to constraint p, and has a directional derivative D¢* =1— ¥, the
— A% term being the slope of the smooth part (12.3.10) and the 1 being the
slope of penalty term ¢, . Because Af > 1, the contribution of the penalty term
does not have sufficient weight to dominate the smooth part and create a local
minimum of ¢{x) at x* The situation is illustrated for a single constraint term
in Figure 12.3.2. The cases where Ai* is outside [0,1] are illustrated in (ii) and
(ili) and it is secen that the penalized function ¢ =f + ¢~ does not have a
minimizer at ¢* = 0, whereas (iv) shows that for 1* 1n {0, 1}, adding in the penalty
term does create a local minimizer. If it is desired to create a minimum in case
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= re
- ¢
f
T i
(i} Penalty term for u constraint (i) W=dr¥de <0, ¢ canbe
¢ 20 reduced by increasing ¢
when ¢¥=0.
A
b=Frc”
—>— >
f
(i) X' =dF*/de>1, ¢ conbe (v} O < AF =dF*/de <1; b is
reduced by decreasing minimized when ¢*= Q.

¢ when ¢*=0.
Figure 12.3.2 Optimality conditions for an L., exact penalty function

(iii) where 2* > 1, it is clearly necessary to increase the weight of the ¢~ term, or
equivalently to scale down the function f'by replacing it by vf where 0 < v < 1/4%,
This argument also enablcs the threshold value of v for which ¢(x) is minimized
by x* (where x* 1* is a KT point of (7.1.1}) to be stated H

v 1/ A% ), (12.3.12)

then the first order conditions (12.3.9) and the KT conditions for the scaled
problem are both satisfied, and both problems are solved by x* to first order.
If however v=> 1/||A* ||, then for the scaled problem A} =1 for some p and
the penaity function can be decreased by leaving x* in the direction s constructed
as above. Note that the threshold value of v depends only on first order
information, and not second order information as in Sections 12.1 and 12.2.
The same approach can be used to obtain insight into second order conditions.
Let the first order conditions (12.3.5) and (12.3.6) {for E empty) hold at x* and,
in addition let 0 < i¥ < 1 for all :eZ* (essentially an extension of the concept
of strict complementarity in Section 9.1). If sTa* #0 for any ieZ*, then the
inequality (12.3.7) is strict and it follows that all such directions are strict ascent
directions (D* = 0), for which second order effects are not significant. However,
for any s such that s"a} = 0 for all icZ*, then D ¢* = 0 from (12.3.7) and second
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order cffccts arc important. For any such s an arc x(8) 80, 8) can be constructed
such that x(0) = x*, x(0) = s and ¢,(x{#)) = 0 for all ie Z* using the independence
assumption, as in Lemma 9.2.2. Using the Lagrangian function (9.1.8), it follows
from (12.3.1) and (12.3.9b} for sufficiently small 8 that

P(x)= L(x(0), A*) = ¢* + F6TW* 6 + o(678) {12.3.13)

by using a Tayler expansion, where W* = V22(x* 1% and § = x(0) — x*. By
minimality of ¢* and taking the limit #}0 it follows that

s"W¥ =0 Vs:sTa*=0 ieZ* (12.3.14)

and this is a second order necessary condition for x* to minimize $(x). It can
be shown that second order sufficient conditions are obtained if the inequality
(12.3.14) is strict (in addition to (12.3.5), (12.3.6) and strict complementarity). A
more general derivation of all these results 15 presented in Chapter 14. As with
the first order conditions, there is a close correlation between the second order
conditions for nonlinear programming (cf. (9.3.8a)) and those {or the L, penalty
function. In fact if x* is feasible and A* < 1 15 assumed then the conditions are
cquivalent. (A* < 1 is required for equivalence with (12.3.6) and A% < 1 for strict
complementarnity: in the absence of this condition the resuit is not true—sce the
example below).

The above discussion on cquivalence of optimality conditions cnablcs
statements to be made about the equivalence of solutions to the exact penalty
function and the nonlinear programming problem. It is necessary o assume
that x* is feasible in the latter, in which case the above results can be summarised
as foliows. If v 1/]| A%, then minimizers to first order (that is KT points) are
equivalent. If a regularity condition holds (e.g. linear independence of the vectors
af ic/™) and v < 1/ A* |, then minimizers to second order are equivalent. If
in addition x* satisfies the second order sufficient conditions, which are also
equivalent, then x* 15 a strict local solution to both problems. Some simple
examples which illustrate non-equivalence can easiiy be given. For the problem

minimize O subject to x3 +3x2+3=0,

x* =0 minimizes the L, penalty function but is infeasible in the nonlinear
programming problem. In all the following cases x* =0 solves the nonlinear
programming problem but does not minimize the L, penalty function with
v =1 for the reason given. For the problem

minimize x subject to x% <0
x* is not a KT point and linear independence does not hold For the problem
minimize x* subject to x5 >0,

the curvature condition is not strict {(x* is a minimizer to second order). For
the problem

minimize x — 3x* subject to 0 < x < 1,
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* =1 and hence the condition v < 1/||A*|, is not strictly satisfied (x* is a KT
point, that is a minimizer to first order). Finally for the problem

minimize 2x — x% subject to 0 < x < 1,

A* =2 and the condition v< 1/| 4*|,, is not satisfied and x* is not even a
minimizer to first order. However, given that x* is feasible and a valid choice
of v is made, these exceptions only occur as limiting cases and it can be assumed
that the nonlinear programiming problem and the L, penalty function have
equivalent solutions for all practical purposes.

Another useful set of first order conditions arises when ¢(x} is minimized
subject to simple bounds

1<x<u (12.3.15)

and is readily obtained by extending the argument above or as a special case
of the result in Section 14.6. Assuming 1 < w without loss of generality, a single
multiplier ¥ can be assigncd to cach pair of bounds in (12.3.15) and the
necessary condition is that x* 15 feasible and that there exist multiphers A*
which satisfy (12.3.9b,c} and #* such that

vg* = ) AFa¥ 4 ot

icefwE
w¥z0 if xF=1

wf<0 i xF=u i=12,.. .n (12.3.16)

xf =0 otherwise

Second order conditions analgous to (12.3.14) are also readily obtained.

A particular case of the L, penalty function is the L,LP problem in which
the functions f(x) and ¢4{x) in (12.3.1) are lincar. It is of some importance as it
provides a way of combining the phase 1 and phase 2 parts of an LP algorithm
(cf. Section 8.4) in an efficient way. A convenient format which ailows different

relative weights to the constraints, and different constraint types is
minimize e¢'x —p(A™X bt + ¢ (ATx —b)”
. a } ( ) (123.17)
subject to 1<x <u

where AsR™*™, p < ¢ and 1 <wu. For example for a unit weight one would set

s — : T
pi= 0, o=1 f[oraconstraint a;x2zb,
pi=—1, o,=0 foraconstraint a/x<b, and
p,==1, g,=1 fora constraint a/x=b,

An nteresting resuit that (12.3.17) has a symmetric dual is given in
Question 12.22. First order necessary conditions (which are also sufficient by
convexity) are that if x solves (12 3.17), then there exist multipliers zeR",
AeR™ such that

c=Al+rx
I<x<u primal feasibility
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pEilxge dual feasibility
1, >0 = x, =1
T 0= =
ri> 0= /J =p;
?’J < 0 = /.j = fTJ

primal complementarity (12.3.18)

dual complementarity

where r; denotes aJTx — b;. These conditions are readily established by adding
extra variables to convert (12.3.17) into an LP problem and this provides one
way of solving the L,LP problem However an active set method for solving
(12.3.17) can also be suggested along the lines of Sections 8.3 and 84 and can
be expected to be more efficient. An active set .« of n constraints (either from
the bounds or the L, terms in (12.3.17)} determines the current point x**). The
multipliers of the inactive L, terms are set so as to satisfy dual complementarity
in (12.3.18). The smooth part of the L, function is then defined by ¢'x =
(c—}:fé_@,l,a,-)Tx. As in (8.3.3), ¢ is used to define multipliers for the active
censtraints. I these multipliers are feasible 1n (12.3.18), then x* is optimal,
otherwise the most viclated multiplier indicates which constraint to relax,
as i (8.3.5). A line search for the best feasible point is carried out, and
the new constraint which thus becomes active replaces the constraint being
relaxed in the active set. A version of this algonmthm which also gives
guaranteed termination in the presence of degeneracy is suggested by Fletcher
{1985a).

Another speaial case of the L, penalty functicn is the L, QP problem. This
can arise when combining the phase | and phase 2 parts of a QP algorithm,
and also as a subproblem in the SL,; QP algorithm for nonlinear programming
(see Section 12.4). It 1s again convenient to pose the problem in the form

minimize  g'x +Ix"Gx — pTATx — b)* + 6 T(ATx — b~

12.3.1
subject to  I<x < ( 9)

This problem can be transformed into a regular QP problem by adding extra
variables, but as above it is more convenient to look for an active set method
{(e.g Conn and Sinclair, 1975; Fletcher, 1985b). The active set comprises the
currently active L, terms or bounds. At the current point x* a line search is
carried out towards the minimizer of the smooth part of the L, function for
the current active set using any of the methods described in Section 10.1. The
step 1s chosen to reach the last knot before the unconstrained minimizer (if such
a knot exists: a knot is a point at which a derivative discontinuity occurs) or
otherwise the unconstrained minimizer. If neither of these possibilities gives a
feasible point, then a step to the nearest bound is taken. An index is added to
the active set whenever a knot or bound is reached by the hine search. If the
minimizer of the smoath part of the L., function is reached by the line search,
then the gradient of the smooth part g = g + Gx — 3, , 44, 15 used to determine
multipliers for the active constraints, again using any of the methods of
Section 10.1. Either the multipliers are feasible and the current point is optimal,
or the most infeasible multiplier deterrmnes which constraint to relax, and a
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further line search is made. Fletcher (1985b) gives brief details of how the
necessary matrix factors can be handled in this approach.

Another observation of interest is that the L, QP problem can be written as
a linear complementarity problem {cf. (10.6.4) for QP)in the form of the system

O-Ta o100 ()
(n)<(G)=(2)

together with the complementarity conditions of {12.3.18). This can be solved
by the methods of Section 10.6, suitably modified to allow for lower and upper
bounds on the (x,4) vanables. The advantages and disadvantages of this
approach to L, QP are the same as those outiined in Section 10.6.

Finally some remarks about the practical choice of the parameter v are made
when the L, penalty function is used, particularly in the general context of
nonlinear programming. The smailer v is, the more f is damped out relative to
the penalty terms in ¢(x), and the less accurately is the solution located in
the tangent plane of the active constraints (cf. Figure 12.1.2, ¢ = 100). Also when
following a ‘curved groove” along the surface c{x)=0 by a sequence of line
searches, if v 15 decreased then the length of the correction which will reduce
¢ is decreased, and hence the total number of line searches 1s increased. Thus
it is advantageous to keep v reasonably large, yet less than the threshold value
1/|A*¥ ], Too small a value of v is indicated by the multipliers of the active
constraints being uniformly small. Then it can be advantageous to increase v
until these multipliers are within say about a power of 10 of their threshold
valuc. On the other hand, a sequence ¢*® — — o0 may occur which may require
a smaller value of v or a different starting point to be chosen. If the active
multipliers differ widely in magnitude this may be an indication the constraints
should be rescaled. Some algorithms allow this to be done automatically, in
which case it can be better to use a format for the penalty function analogous.
to (12.3.17), that is

B(x) =F(x)— pT{e(x))" + 6T {elx)) (12.3.21)

in which each constraint function has its own weighting constant and their
relative magnitude can be adjusted.

(12.3.20)

124 THE LAGRANGE-NEWTON METHOD (SQP)

A penalty function method is a somewhat indirect way of attempting to solve
nonlinear constraint problems. A more direct and efficient approach is to iterate
on the basis of certain approximations to the problem functions f(x) and ¢(x),
in particular by using linear approximations to the constraint functions &(x).
This has to be done with some care to ensure rapid convergence propertics
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close to the solution, and one particular method is seen to be fundamental in
this respect. This method is most simply explained as being Newton’s method
applied to find the stationary point of the Lagrangian function (9.1.6), and hence
might be referred Lo as the Lagrange— Newton method. The Lagrangian function
is defined in terms of vamables x and 4, s0 a feature of the resulting methods
is that a sequence of approximations x®, 1% (5 both the solution vector x*
and the vector of optimum Lagrange multipliers 4* is generated.

In the first instance, consider applying the method to the equality constraint
problem (12.1.1Yand define ¥ as in (9.1.8) so that cquation (9.1.7)1s the stationary
point (KT) condition at x*, A*. As usual a Taylor series for ¥.% about x*,
A% gives

Vﬁf‘(x(“) + 5x,l‘”+ di)= A BRI [sz(“)](gZ)'F (12.4.1}

where ¥ #0 = ¥ (x® 1®@) etc. Neglecting higher order terms and setting the
left hand size to zero by virtue of (9.1.7} gives the iteration

[wzpe(®X ) _ y e, (12.4.2)
i
This 1s solved to give corrections dx and §4 and is of course Newton's method for

the stationary point problem. Formulae for ¥ % and ¥ % are readily obtained
from (9.1.6), giving the system

“FUC) — AR Sx — g(k} + A(k]l(k}
|: AT 0 ](51) = ( o ) (12.4.3)
AW is the Jacobian matrix of constraint normals evaluated at x* and
W = sz(x('”) ! lek)vzci[x”‘]) (12.4.4)

7
is the Hessian matrix VZ2(x® 1™, In fact it is more convenient to write
AT = 2% 4 52 and 6™ = §x, and o solve the equivalent system

Wk AW/ gtk
|:_ AT 0 :|(;_) = ( c“") (124.5)

to detcrmine 6 and A%*Y, Then x®** 1 is given by
X1 — i sl (12.4.6)

The method requires initial approximations x™ and 2™, and uses (12.4.5) and
(12.4.6) to generate the iterative sequence {x*,1%¥},

Just as with Newton’s method in Section 3.1, it is possible to restate this
method in terms of one in which the subproblem involves the minimization of
a quadratic function. Consider the subproblem

minimize  §*(d)
s (12.4.7)
subject to  1%(8) = 0
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where

¥ (6) 2 36TWWG + g®T§ 4 18 (12.4.8)
and

19(8) A AR § 4 9, (12.4.9)

From (10.2.1) and (10.2.2), first order conditions for (12.4.7) are given by equations
(12.4.5) so that é® is a stationary point of (12.4.7). If the Hessian matrix W®
is such that the reduced matrix ZWTWH®ZE s positive definite (equivalently if
6% satisfies second order suflicient conditions for (12.4.7)), then 6™ minimizes
(12.4.7). (These conditions are ensured by continuity when x®, 1™ is sofficiently
close to x* A% and second order sufficient conditions hold at x* A% see
Question 12.17)) Thus the following 1terative method is suggested, given initial
estimates x! and 11,

Fork=1,2,...
(i) Salve (12.4.7) (or {12.4.11)) to determine 6% and let 1%+ be

the vector of Lagrange multipliers of the linear constraints. {12.4.10)
(i) Set x+ 1 — g S8

If a unique minimizer exists to (12.4.7) for all k then the iteration sequence so
defined is identical to that given by the Lagrange-Newton method (12.4.5} and
(12.4.6). In fact iteration (12.4.10) is preferable to (12.4.5) because the latter can
cause convergence to a KT point of (12.1.1) which is not a minimizer. The
situation is analogous to that in which Newton’s method for unconstrained
minimization is best interpreted as sequentially mimmizing certain quadratic
approximations ¢®(&) (Section 3.1).

The subproblem (12.4.7) bears a nice relationship to the original problem
(12.1.1). The constraints in (12.4.7) are obtained by replacing the nonlinear
constraints ¢(x) =0 in (12.1.1) by their first order Taylor series approximation
19(8) =0 about x®, given by (12.4.9). Likewisc the objective function f(x) in
(12.1.1) is replaced by the quadratic function g*(8) in (12.4.8). This is a second
order Taylor series approximation about x% but with the addition of
constraint curvature terms in the Hessian. Including second order constraint
terms in the subproblem is important in that otherwise second order convergence
for nonlinear constraints would not be obtained. This is well illustrated by
problem (12.1.5) in which the objective function is linear so that it is only the
curvature of the constraint which causes a solution to exist. In this case the
sequence determined by (12.4.10) is only well-defined if the constraint curvature
terms are included.

This interpretation of (12.4.10) rcadily suggests a generalization for solving
the nonlinear inequality constrant problem (12.1.2). Replacing ¢(x) by 1%(8)
and f(x) by ¢®(8) leads 1o the subproblem

minimize g¥(8)

s 12.4.11
subject ta  1¥(8) = 0. ( )
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This can be used in an iterative framework like (12.4.10) in a similar way. -Both
(12.4.7) and (12.4.11) are guadratic programming subpreblems and (12.4.10) has
come to be known as the sequential guadratic programpmng (SOP) method. Ths
type of method is first mentioned by Wilson (1963) as the basis of his SOLVER
method (see Beale, 1967).

An alternative way of derrving (12.4.7)1s to observe that second order sufficient
conditions at x*, 1* imply that x* (that is = 0) solves the problem

minimize Zx*+ 4 4%
¢ (12.4.12)
subject to  A*Td=0

because (9.3.5) and (9.3.4) ensure strictly positive curvature in the feasible region.
Adding 0 = 1*TA*T§ = g*T§ into the objective yiclds an equivalent problem

minimize 16"W*s+ g*To+ /*
subject to A*Tg=0

(12.4.13)

which is also solved by 6 =0 and has Lagrange multipliers 4 *. The constraints
in (124 13) are linear approximations to ¢(x) = 0 at x* so by analogy, if x®, 1®
are approximations to x*, 1%, the solution of subproblem {12.4.7) is suggested.
It follows clearly from this observation that the SQP method (12.4.10) has a
fixed poinl property at x*, 1*. Tt also follows from this derivation that the
Hessian W® of #(x,1%), and not G®, should be used in defining ¢“¥(8).

A numerical example which illustrates many of the features of the SQP method
is given by the inequality constraint problem (9.1.15) from x* = (4 1)T and
A =0 (see Table 12.4.1). Since 1) =0 no constraint curvature terms occur
in W, which 1s therefore the zero matrix since f(x) is linear. Thus the initial
subproblem is a Mnear programming problem and x® is the vertex of the
constraints linearized about x'*', In facl, even though the constraint ¢,(x) =0
is not active at the solution, the presence of its linearization is necessary to
permit the first subproblem to be solvable. Moreover there exist different x*
for which the mmtial LP 1s unbounded, all of which illustrates that the
well-behaved nature of (12.4.7) only holds necessarily in a neighbourhood of
x* A* In this case however the solution to thc LP is well defined, and
AN =47 is the multiplier vector at its solution, indicating that both

Table 12.4.1 The SQP method apphed to (9.1.15)

k P x® Aty iy et s

1 L 1 0 0 2 -4

2 u 2 1 2 —0.173611  —0.284722
3 0747120 0.686252 0 0730415 0.128064 —0.029130
4 0708762  0.706789 0 0706737 0204445 —0.001893
5 0.707107 0707108 0 0707105 0207108 —028,,—5
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linearized constraints are active. Thus for the second iteration

ww:o—%[z ()]%[ﬁ2 —2}[2 %]

which 1s nicely positive definite. Solving the resulting QP problem causes
128) =0 to becomc inactive so that A% =0. Thus the correct active set is
established. and the rapid convergence associated with Newton’s method is
observed on subsequent iterations. In comparing this with Table 12.2.1 say, it
should be remembered that in the latter, each iteration requires an unconstrained
minimization calculation and therefore many evaluations of the problem
functions and their derivatives. In contrast, the SQP method only requires one
evaluation of the problem functions and derivatives to determine the coefficients
of the finite quadratic programming subproblem Thus the SQP method, if it
works, is generally considerably superior in terms of the number of function
and derivative evaluations which are required.

An important feature of the method which Table 12.4.1 illustrates is that
vitimately the convergence is sccond order. If second order sufficicnt conditions
for the equality constraint problem (12.1.1) hold at x*, 4*, and if rank A* = m,
then the Lagrangian matrix

wt —A*]

I (12.4.14)

vigr z[
15 non-singular (see Question 12.4). The second order convergence of iteration
(12.4.5) and (12.4.6) then follows by virtue of Theorem 6.2.1 applied to the system
of n+m equations ¥.#(x,1)=0. This requires both x® and 1% to be
sufficiently close to x* and 1* for some k. In fact the multiplicr estimates A%
play a relatively minor role, in that they only arise in the sccond order term
involving W%, and this can be exploited to give a stronger result.

Theorem 12.4.1

_AT g P

non-singular, and if second order sufficient conditions hold at x*, 1% with
rank A* = m, then the Lagrange—Newton iteration (12.4.5) and (12.4.6) converges
and the order is second order. If A" is such that (12.4.7) is solved uniquely by
8 then the same is true for the SQP method.

w(l) _ A(l)
If X'V s sufficiently close to x*, if the Lagrangian matrix

Proof

Define errors % = x® — x* gnd A® = A% — 1* and assume that f and the ¢
are C? and the elements of their Hessian matrices satisfy Lipschitz conditions,
so that the Taylor series about x%

c* = ¢l _ AWTR® -+ 0( I h® ||2)
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g* — g(k) _ VZf(k)h(k) + O( “ h* ”2)
af =al — VPR L O(|h® )% =12, ,m,

are valid, Tt follows from (12.4.5) that k%D AF~ D gatisfy the equations

w AW h =+ 1 _ ZiAEk)VZC?‘)hm + O( H ht*} H 2)
|:_A(k)1' 0 :|(A(k+1)) =( O(Hh(k)HZ) )

B (O(II h®)2) + O(f ¥ | A® *s))
B O W42 '
(12.4.15)

At x*, A% the Lagrangian matrix is non-singular (see Question 12.4) so for x*,
A™ in some neighbourhood of x*, 4%,

h(k+ 1)
(Am 11) = O([h™]17} + O W | A% )

and so there exists a conslant ¢ > 0 such that
max ([ b 2L 1A%} < | h® fmax ([W®], |A® ). (f2.4.16)
Thus, 1n a smalier neighbourhood, if 1 > ¢ max(|h®], [|A¥{)=u, say. then
max ([[h** VATV <o |h® || < amax ([h¥f, | AR ),

so the iteration converges and the order 1s seen to be quadrane from (12.4.16),
Now let only x‘M be in a ncighbourhood of x*, so that A"} has full rank, and
let 1Y be such that the Lagrangian matrix is non-singular. Then [|A || 2 [[h® |
and so as above there exists a constant, d say, such that

max ([, | AP )< d WD AL,

If x"' is sufficiently close to x* in that ||h'Y| < L/{cd|A™Y]) then
max (|h?|, |A® )< 1/c and so x'?,1® is in the neighbourhood for which
CONVErgence OCCLIS.

The Lagrange—Newton method is equivalent to the SQP method if % in
the solution to the former 15 the unique solution of (12 4.7) for all k. This is
assurcd by continuity of second order sufficient conditions when A js
sufficiently close to A* (see Question 12.17} and this 15 true for k> 2 by the
above discussion. However, it is necessary to make the a priori assumption that
A ig suitably chosen so as to deduce the last part of the theorem [

Essentially the minor role played by A% is illustrated by the fact that || A™ |
only occurs linearly on the right-hand side of (12.4.15), and it is this fact that
is exploited in the theorem. For example, if xM = x* then x!¥ = x*and A% = A *
irrespective of errors in A™). This suggests that when using the method, it is
more important to have x'V accurate than AV, This is in contrast to the
multiplier penaity function method of Section 12.2 where an inaccurate value
of A1) definitely limits the extent to which x(1‘") agrees with x*, assuming &
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is fixed. There is no difficulty i e¢xtending the theorem to handie inequality
constraints and the details are sketched out in Question 12,18,

A possible disadvantage of the SQP method is the need to compute sccond
derivatives to calculate the matrix W™, Variations of the method have been
suggested in which updating formulae, analogous to these used in quasi-Newton
methods, are used to revise a matrix B¥ which approximates W*. Han (1976}
suggests using the DFP formula (see Seclion 3.2} but with ™ being defined by

y9 = V.@(xH D L6+ 1) Y gy, kD) (12.4.17)

and shows that the resulting algorithm is superlinearly convergent. Powell
(1978a) prefers to use the BFGS formula on account of its success in solving
unconstrained minimization problems. He also prefers to keep the matrix B®
positive definite so that the solution to the subproblem is always well delined.
This is done by defining the vector

7® = Gy ® 1+ (1 — B, 0<f<1 (12.4.18)
(7" as in (12.4.17)) that is closest (o0 y™® subject to the condition that
5“&]""(!&) > 0.28%TR®GE.

#™ is then used in place of ™ in the updating formula. Tt might be thought
that this device is somewhat artificial since the matrix W* may not be positive
definite, so that B*™ may never be a close approximation to W*. However the
projections of B and W™ into the tangent hyperplanes of the active constraints
are likely to be close, and this 15 the important part of B® insofar as the
solution of the subproblem is concerned. Powell (1978b) is able to exploit this
observation to prove superlinear convergence even when W# is indefinite.

This quasi-Newton version of SQP has proved successful in practice on small
and medium scale problems. There is, however, the difficulty that the matrix
B® is dense and the method does not therefore ¢xploit any sparsity that is
present in the matrix W®. This limits the size of problem that can be handled
effectively. This point is considered further at the end of the section where it is
shown that current research gives some hope for improvements.

These results show that the local properties of the SQP method are very
satisfactory, so that the main difficulty which exists is the fact that the method
may fail to converge remote from the solution, and that the solution to the
subproblem ((12.4.7) or (12.4.11)) may not even exist (it may either be unbounded
or infeasible). Te induce global convergence requires some measure of goodness
of x®, 1% to be available which is minimized locally at the solution. One
possibility is to introduce the error in the KT conditions

Px, 1) = |lel3 + g~ AA|3

where ¢ = ¢(x) etc., but this 15 not entirely satisfactory in that it does not give
any bias to minimizing the ohjective function and can therefore cause conver-
gence to any KT point to occur. A more suitable idea is to use an exacl penalty
function, that is a [unction ¢(x), defined in terms of f(x), e(x) and possibly
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derivatives thereof, which is minimized locally by x*. A popular choice has been
the L, exact penalty function described in Section 12.3. Han (1977) suggests
using the correction § defined by (12.4.5) (with W* approximated by B®} as
a direction of search, along which an inexact line search is carried out, using
the L, exact penhalty function as a criterion function. Han shows that if
v< 1/ A%* D[ then & is a descent direction for this function. He gives a global
convergence result assuming that the matrices B® are positive definite and B*®
and B®~! are bounded. He also assumes that the multipliers A% are bounded
together with another assumption which excludes in inconsistent linearization
which can occur when the vectors a®ie2/™ are dependent. Powell (1978a) aiso
uses a line search with an L, exact penalty function, and changes the penalty
parameters (& and g in (12.3.2)) in order to obtain descent. Good practical
results have been obtained with these algorithms on a number of standard test
problems which substantiates to some extent the claim that they provide a
robust practical realization of the SQP method. Table 12.4.2 compares the
number of function and gradient evaiuations required to solve Colville’s (1968)
first three problems and gives some idea of the relative improvement that is
obtained. Even allowing for the fact that a QP calculation is required on each
iteratton, the improvement is still substantial. In fact if the QP software is able
to use the fact that the active set on one iteration is likely to be a good estimate
of that for the next iteration, then considerable savings are likely to be made
in the time required for this part of the calculation.

Nonetheless difficulties do arise with the SQP method, not only when the
subproblem is infeasible or unbounded, but also in a situation in which {x'¥}
approaches a limit point x® (not necessarily a K'T point) and the active constraint
gradients aPies#™ are dependent. In this case the multipliers A*** are not
bounded, which can have serious implications. The requirement to get descent
forces v]0, and also the matrices B® can become unbounded through the
dependence of the updating formulae on A%+ D (see (12.4.17)). Thus Chamberlain
(1979 reports failure of Powell’s algorithm, Powell (1977¢) finds some difficulty
i solving the Dembo 7 problems (as also do Coope and Fletcher (1980) with
an augmented Lagrangian mcthod) and Fletcher (1981) also gives two problems
on which the SQP mcthod with a Ly line search fails. The situation is analogous
to that in Section 6.2 1n which the Newton-Raphson method with line search
can fail when A™ is rank deficient (Powell, 1970b).

The most successful way of inducing global convergence for unconstrained

Table 124.2 Comparison ol nonlincar programming techniques

Extrapolated Multiplier SQP method
Problem barrtier function penalty function {Powell, 1978a)
TP1 177 47 6
TP2 245 172 17

TP3 123 73 3
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minimization is arguably the restricted step or trust region approach or the use
of a Levenberg—Marquardt parameter (Chapter 5). Both these ideas have been
suggested in the context of SQP-like methods (in fact a step restriction does
occur in Beale’s (1967) description of the SOLVER method). Modifying W®
by adding a Marquardt-Levenberg term vI may help to ensure that (12.4.7)
or {12.4.11) is not unbounded, but no longer has the effect of giving a bias
towards steepest descent. In fact for a nonlinear equations probiem (m = ) the
correction & is unchanged, so the modification has no effect and therefore does
not provide a guarantee of convergence. If a step length restriction |61 < h®
is added to (12.4.7) or (12.4.11) then the possibility of an unbounded correction
is entirely removed. In this case the difficuity is that if x* is infeasible and h®
is sufficiently small then the resulting subproblem has no feasible point. Thus
the 1dea in Section 5.1 of forcing convergence by reducing ™ if necessary so
as to give a descent step, 1s no longer valid. Therefore the straightforward
generalization of the SQP method in this way is unsatisfactory. However,
Fletcher (1981) shows how 1o use a step restriction (or trust region} so that all
the above difficulties are removed. The method is easily explained: instead of
substituting the Taylor series approximations (12.4.8) and (12.4.9) into the non-
linear programming problems ((7.1.1} in the general case), they are substituted
directly into the L, exact penalty function (12.3.1), giving a piecewise quadratic
approximating function ¥*}4) and hence a subproblem

minimize  ¥0(8) Avg™(8) + 3 |HPEN + Y. (I0(8))”

? = ! 12.4.19)
subject to || 8], < B {
This subproblem 15 of a similar complexity to the QP subproblem (12.4.11),
and m fact is an example of the L, QP problem described in Section 12.3.
Subproblem (12.4.19) differs from (12.4.11) in that there are no explicit constraints
denived from the linear approximations 1%'(8). Thus there are no difficulties
with an infeasible subproblem. The use of a trust region guarantees boundedness
of the subproblem: in practice the variables should be rescaled to ensure that
the use of the L,, norm s realistic. The radius &% of the trust region is adjusted
adaptively in a similar way to that described in Section 5.1. In fact this algonthm
is a special case of the SNQP alporithm with trust region described in Section
14.5 in which the L, terms are represented by the composite function A(1¥(8)),
and more details can be obtained by referring to (14.5.6). In the context of the
L, exact penalty function, this algorithm is referred lo as the sequential L, QP
(or SL, QP) method.

Gilobally the properties of SL, QP are much superior to SQP. The multipliers
A%+ D are bounded by virtue of (12.3.16} and (12.3.9b.c) and this can be exploited
a8 in Section 14.5 to prove global convergence to a stationary point, with no
a priori assumptions on linear independence of the vectors a®). Preliminary
results (Fletcher, 1981} are favourable and the method solves problems for which
SQP fails. A quasi-Newton variant is possible which updates an approximation
B® to W% as for SQP. Asymptotically thc mcthod is equivalent to SQP and
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1t shares the same local convergence properties. Far from the solution however
the methods differ and the trust region is seen to play an important part. Because
the hnearized constraint functions /&) appear only 1n the penalty term in
(12.4.19), not all of these may be zeroed by the solution of the subproblem-—even
if they are equality constraints Those that are zeroed can be interpreted as
locally active constraints. The fact that this set is a usually subset of the active
constraints in an SQP caiculation gives some indication as to why dependent
constraint gradients and unbounded multipliers do not give rise to difficulties
in SL, QP, in contrast o SQP.

One adverse feature of using the L, exact penalty function (both in SQP and
SL,QP) is the lack of smoothness caused by the L, terms. The derivative
discontinuities give rise to ‘grooves’ in the surface and if they are curved and
steep-sided they become difficult for an algonthm to follow. For example
consider the equations

@ax) =0, —x3) (12.4.20)

c(x)=1-x,;
derived from Rosenbrock’s problem (122). The L, exact penalty function
@(x})=|e(x)]; has a groove along the parabola x, =x7 and increasing ¢
increases the jump discontinuity in derivative across the groove. The
performance of the SL,QP method from the standard starting point
x"={—1.2,1) is given in Table 12.4.3. It 15 clearly seen that the performance
deteriorates as the steepness factor ¢ increases. This occurs because the size of
step along the linearized discontinuity that can reduce @(X) is progressively
reduced, and this is also seen in the tuble. Another consequence of derivative
discontinuities is the Maratos effect in which x® 1% may be arbitrarily close
to x*, A ¥ but a unit step of the SQP or SL, QP mcthod may fail to reduce the
L, exact penalty function. The effect 1s1llustrated in Figure 14.4.5 and is discusscd
in a more general setting in Section 144 1t is shown there that the effect can
be avoided by recalculating the step 6% after making a correction for second
order errors that arise (the second order correction (SOC) step). Apart from an
additional evaluation of the vector ¢(x), this can he done with ncgligible cxtra
complication and cost.

Currently 1 regard 5L, QP as the most promising algorithm for nonlinear
programming, particularly when second derivatives arc available, and my

Table 124.3 Siow convergence caused by
derivative discontinuitics

a 10 100 1000
MNumber of
1terations 12 193 ~ 2000

Typical trust
region rachus 0.25 0.008 (L0007
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impression is that the SOC step adequately handies the difficulties caused by
the non-smooth penalty function. However, some researchers view these
difficulties in a more serious light and have considered using the SQP step in
conjunction with a smooth exact penalty function. Schittkowski (1983} and Gill
et al. (1986) consider using the augmented Lagrangian function ¢@(x,4,e)
described in Section 12.2. However, this is only an exact penalty function if
A = 1% is chosen, whereas an algorithm must necessarily work with an estimate
A® of A* Any changes to 4™ redefine the penalty function, so it is not
immediately clear that this can be used as a merit function in the same way
say as the L, exact penalty function. Nonetheless the resulting method does
seem capable of solving test problems effectively. However, Powell (1985¢) shows
that the algorithm runs into difficulties 1n the presence of near-linear dependence
in the active constraint gradients. Boggs and Tolle (1984) and Powell and Yuan
{1986) use the SQP method in conjunction with the smooth exact penalty
function of Fletcher (1973) which is described in Section 12.6. These techniques
are of some 1nterest but it is as vet too early to assess what their impact will be,

Much research has recently been conducted into the quasi-Newton aspects
of the SQP method, and this is summarized in the rest of this section. In
particular there is now a much greater understanding of the extent to which
B® should approximate W* in order to get rapid convergence. This theory is
relevant only to the case of an equality constaint problem, so the rest of the
section concentrates on this case. Assume therefore that (12.4.7) 1s uscd, with
B™ replacing W®, so that the SQP subproblem essentially solves

BR® —_ AW/ g _g{k)
|:_A(k)'r 0 :|(l(k+1)):( cm) (12.4.21)

using the methods of Sections 10.1 or 10.2. Since only asymptotic properties
are being studied, it is assumed that the unit step given by (12.4.6) is taken, and
A%+ 1 g jgnored, or may possibly be used to update B®. Let Z = Z(x) be any
null space matrix for A (ATZ = 0) such that Z(x) is C' in a neighbourhood of
x*. Then (12.4.21) can be written as

ZOTRRT 707 g®
|: Al :|5‘)=—( ) . (12.4.22)

By virtue of the vector on the right, this can be regarded as a guasi-Newton
method for the n x n system of nonlinear equations

(ZTE) —0 (12.4.23)

c

(g = g(x) ¢tc.) which is a multiplier-free realization of the KT conditions. Writing
p'Z = (g — AL)'Z, operating with V, and noting that (g — A1)* =0, it follows
that

V{(gTZ)* = W*Z*. (12.4.24)
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Therefore the Dennis—Moré theorem (Theorem 6.2.3) gives a characterization
of superlinear convergence for the SQP method as

i [
AT o AT

8%
From the continuity of A and Z, this is more simply expressed as

H Zik)T(B(k) _ W*)&Ui] ”
! “ WO g 12.4.26
169 ¢ (12429

lim =90. (12.4.25)

lim

This is essentially the result of Boggs, Tolie and Wang (1982), aithough this
simpie derivation is similar to that of Tapia (1984) who gives other references.
This result implies for example that it is sufficient for superlinear convergence
to have Z*"'(B® — W*}— 0 and that it is not necessary that B® — W=,

Equation (12.4.21) can also be rearranged in a differcnt way using the matrices
Y and Z of Section 10.1 (e.g. (10.1.20)) and cxpression {10.1.15) giving

M = _ ZE(ZWTROZEN - ZERT gk _ 76T BRYReE) _ yie
(12.4.27)

This shows the need for the reduced matrices Z® B®Z® and Z'™" BYY® but
not Y®"B®Y® and this reinforces the result in (12.4.26). However, il x® is a
feasible point, so that ¢® =0, 1t follows from (12.4.27) that only the (n —m) x
(n — m) reduced approximate Hessian matrix,

M® = Z® g7 ® (12.4.28)

say, is required to compute §%. When quasi-Newton algorithms for linear
constraints are considered, it has already been observed (c.g (11.1.11)) that this
amount of information 1s sufficient. Several recent publications (e.g. Womersley,
1981; Coleman and Conn, 1982a,b; Nocedal and Overton, 1985; Womersiey
and Fletcher, 1986) have considered using only M* in the context of noniinear
constraints, essentially by setting Z¥B®Y® =0 in (12.4.27). It is particularly
attractive to do this if n 1s large, A is sparse and n — m « 1 because then it can
provide a substantial reduction in the storage capacity required. Powell (1978b)
gives the following argument to show that not a great deal is lost in neglecting
the term 1nvolving ZXOB®Y® in (12.4.27). Let M* be close to Z*TW*Z* and
let x'* be an arbitrary point in a neighbourhood of x*. On iteration k the term
—Y®™e® ig 3 Newton step on to the constraints which causes the constraints to
be satisfied to second order, whilst the term in the range of Z* does not affect
this property since ATZ = 0. Therefore ot iteration k + | the vector ¢** 1 is
negligible and hence the step 8%* % is arbitrarily close to the step given by the
quasi-Newton SQP method (12.4.27). Thus the iterates can exhibit 2-srep
superlinear convergence in which |x*72 — x*||/|x® —x*| -0 and this is
satisfactory for all practical purposes. Powell (1978b) shows that a suitable
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definition of closeness 1n the approximate reduced Hessian matrix is
[(M® — ZOTWAZOWE" 58 |1 50 | -0, (124.29)

and that this is sufficient to ensure 2-step superlinear convergence.

The effect of the term— Y ®¢* is very similar to that of the SOC step referred
to earlier in this section (see also (12.5.3)), and Coleman and Conn (1982a, b}
suggest an alternative algorithm in which the SOC step 15 calculated. They
define 6% by §® = h™ 1 v where

h# = — ZWNMEI~ 1 287 g8

v = y®iex® | B (12.4.30)

are the ‘horizontal’ step and ‘vertical' (SOC) step respectively. The use of
c(x™ +h®) in (12.4.30) n place of ¢™ (cf. (12.4.27) with ZMB®Y® = () gives
the Coleman-Conn iteration both a 2-step superlinear convergence property
as above, and a 1-step superlinear convergence property involving the errors
at x* + h*® (Byrd, 1984), assuming that (12.4.29) holds.

Algorithms based only on using M® also need to update M® after each
iteration based on changes in first derivatives. Because Z*TW*Z* ig positive
definite if second order suflicient conditions hold at x*, it i quite natural to
attempt to impose this condition on M® for all k. If Z®y"™ defines the
component of the step 8%* in the range of Z® (see {(10.1.11}), the discussion of
Section 11.1 ((11.1.4) £.£) suggests that it is appropriate to use the BFGS method
to update M™, replacing y® by Z&* ' DTgk+1) _ Z®'a® and 5% by y®. Some
other formulae which are asymptotically equivalent to this are given by Nocedal
and Overton (1985). They also point out that if the component of §® in the
range of Y® 15 substantial, then there may be difficulties in using this update.
For example the scalar that replaces y*" 8™ 1n the BFGS formula may not be
positive, leading to loss of positive definiteness. Thus Nocedal and Overton
recommend that M%* U = M® is set under certain circumstances, and the BFGS
formula is not always used Another pitfall to consider is that in practice Z%
may not be delined in a continuous manner (e.g. because of 4 different pivotal
choice in variabie elimination, or a switch of sign in Householder QR, or a
change in the number of active constraints il an inequality problem is being
solved). In this case the following procedure can be used. Given only M™, the
best available estimate of B* is the matrix B* = VOM®V®T (¥ 45 in (10.1.20)).
B™® can then be reduced using a matrix Z%* Y calculated differently from Z®
by M® = Z#*VTBWZ%+ ) Clearly only the matrix VO Z®+ 1 g required to
calculate M® from M™. M® is the best estimate that can be constructed from
M®, consistent with the available information. In the inequality case, if the
dimension 7 — m increases then M® is singular and an additional change is
needed to ensure positive definiteness. One possible method is that given in
(11.2.4) and there are other cbvious ideas.

The use of the matrix M® in algorithms for inequahty constraints is mentioned
here only briefly. One idea is to use an active set approach as in Section 11.3
in which constraints are added to the active set if they become active in the
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Lnc scarch, and arc decleted if Lagrange multiplier estimates so indicate
(Womersley, 1981; Coleman and Conn, 1982a, b, Womersley and Fietcher, 1986).
Recently we have been developing an aigorithm in which the active constraints
are determined by solving an L LP subproblem {with trust region), which is
also used to force global convergence (Fletcher and Sainz de la Maza, 1987).

12.5. NONLINEAR ELIMINATION AND FEASIBLE
DIRECTION METHODS

An apparently attractive approach (o the nonlinear programming problem is
to try to produce direct methods which generalize the ideas in Chapters 10 and
11 and aveid the use of penalty functions. These methods attempt to maintain
feasibility by scarching from onc feasiblec point to another along feasible arcs
{lines in Chapters 10 and 11) and hence arc referred to as feasible direction
methods. They date back at least as far as Rosen (1960, 1961) and Zoutendijk
(1960). Inequality constraints are handled by an active constraint strategy as
in Sections 10.3 and 11.2 but attention is initially directed towards methods
suitable for solving the equality problem (12.1.1). The presence of nonlinear
constraints does not allow a line search to maintain feasibility so a simphstic
explanation of what is done is that at any feasible point x* a search direction
s% in the tangent plane is calculated and a feasible arc is then obtained by
projecting any peint on the resulting hine mnto a corresponding point in the
feasible region (see Figure 12.5.1). A search along the resulting feasible arc is
then made 1o reduce f{x). Many methods of this type have been suggested.
Another possible approach to nonlinear programming 15 to usc variables to
eliminate constraints, if necessary by solving a nonhinear system of cquations
at cach iteration. It 1s shown below that this is a special case of a nonlinear
generalized elimination method. This turns out to be equivalent to the idea of a
feasible dircction method and a number of common methods are shown to he
special cases of elimination. The projection step in the feasible direction method
is then equivalent to the solution of the nonlinear system of equations in the
elimination method.

It is shown in Section 10.1 that many methods for linear constraints are

Lina in tangent plane

Feasibie arc

clx)=0

Figure i2.5.1 Feaslble direction search
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generalized elimination methods and correspond to different ways of choosing
V in (10.1.20). Another way of regarding this construction is that a linear
transformation to new variables y is made, defined by

Y1 T b
()3

where the partitions are y,eR™ and y,e[R"™ ™. Sincc [A:V] 15 non-singular the
transformation is one to one. Then the method 1s derived by keeping y, =0,
thus satisfying the constraints, and minimizing with respect to the remaining
variables y, (corresponding to y in (10.1.10)). A similar approach is possible
when solving nonlinear constraint problems. Tt is assumed that x® is a feasible
point at which A® has full rank. It is then appropriate to consider an analogous
nonlinear transformation x«y defined by

y=(§1)=(°("$’?§ 5)). (12.5.1)
2

V is such that [A®:¥] 1s non-singular in which case the transformation is
one-to-one in some neighbourhood of x™; in fact as (12.5.1) indicates, new y
variables are defined on each iteration to help keep the transformation well
defined. If y, is any value of the free variables, the corresponding & is required
which soives (12.5.1) with y, = 0. This can be calculated by the Newton-Raphson
iteration (Section 6.2) in an inner (r} iteration. The Jacobian matrix of the
transformation (12.5.1} is [A:V] and a suitabie initial approximation is

§0 = Zy,. (12.5.2)

The sequence of iterates is defined for » = [ by

St = §0 [A:V]‘T(c::)

=§" — Ye (12.5.3)

where A (and hence Y) and ¢ are evaluated at x™ + *. When the r-iteration
is deemed to have converged, 3"+ becomes the required vector 8. Both & and
x(=x"™ 4 &) can be regarded as functions of the free variables y,. In practice
it is more efficicnt in (12.5.3) to cvaluate A and hence Y at x*), although the
r-iteration no longer has second order convergence. Convergence of the
r-iteration can be proved to occur if (12.5.2) is a sufficiently good initial
approximation, which is true for small enough y,. In terms ol Figure 12.5.1,
&'V in (12.5.2) can be regarded as a step in the tangent plane and the iteration
{12.5.3) is the projection of x* + &' so that x™ + & satisfies the nonlincar
constraints. The direction of the projection is seen [rom (12.5.3) to hie in the
column space of Y and will therefore differ depending on how Y is defincd 1n
(10.1.20).

The idea can be modified to give a search method by defining p*<R* ™™ as
a search direction in the space of the free variables and taking v, =ap® as a
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step in this direction. Then &( = &{x)) 18 calculated from (12.5.2) and (12.5.3)
and defines a feasibie arc x{z) = x* + (). The direction of the arc at x* 18 the
feasible direction s™ = Zp® (see Figure 12,51}, Tt is then possible to choose
a™ to optimize f(x'® + &) by a line search along this feasible are, assuming the
arc exists and can be calculated for sufficiently large &, which may not always
be the case.

(e method of this type is the GRG method of Abadie and Carpentier {1969)
which is equivalent to the direct elimination of variables. Thus x is partitioned
mto X, €™ and x,eR"™™ and the variables x, become the free variables y,.
The matrix Y is [A7 1077 (see (10.1.22)) and Z is [— A, A7 U1]T. How p® is
chosen is described below; otherwise the method follows the above scheme.
One way of writing the projection iteration (12.5.2) and (12.5.3) is to have
{x** 1"} ag a sequence of estimates of x**!) defined by

X330 gy 7 50
XLl o gl A Telkd L) r=1,2...., (12.5.4)

whilst x¥+ 1 = x¥+ LD gtayg fixed, which shows essentially that the x, vanables
are being chosen so as to eliminaie Lhe constraints. A summary of recent
developments in the use of GRG methods 1s given by Lasdon (1985). Another
fcasible dircetion method s the gradient projection method of Rosen (1961) in
which the feasible direction s* is the projection of the negative gradient vector
into the tangent plane. Rosen achieves this by representing the projection matrix
directly, but a more stable approach is to use the orthogonal projection method
of Section 10.1 to defme Y and Z, and then to proceed as described in this
section. A feasible direction method which generalizes the Wolle (1963a) reduced
gradient method 15 also possible 1n a similar way.

The next step is to consider how the direction s% (= Zp™) of the feasible arc
might be calculated. The objective function can be regarded as defining a function
F¥}=f.(x} where x and y are telated by (12.5.1) As in Section 3.3, the chain
rule shows that first dernivatives are related by

g.=[AY] (g"’) (12.5.5)
V2

so that using (10.1.20), g, = Z™g, can again be interpreted as a reduced gradient
vector. Thus early methods (Abadie and Carpentier, 1969; Rosen, 1961) choose
¥z = op™ where p* = — Z'g® is the reduced steepest descent direction, and the
direction of the feasible arc is s = — ZZg"™, 11 15 possible to 1mprove these
methods with little comphication by using conjugate gradients (see Sectiond.1)
and the resulting methods have been used effectively on some problems.
Nonetheless ideas of curvature do not figure strongly in these methods and better
algorithms can be expected. The analogue of Newton’s method (Section 3.1)
requires second derivatives of f with respect to x ar y. Differentiating in (12.5.5)
yietds

Go= :gl Vic,df /ey, + [A V]G, [A:V]T (12.5.6)
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so that the reduced Hessian at x* (that is y, = 0} is defined by
V21, (0) = ZTWWZ (12.57)

where W® = G® — 540V with 2% =YTg®. Thus the Hessian of the
Lagrangian function duly occurs along with what can be regarded a first order
estimate of Lagrange multipliers (see (11.1.18)). The basic Newton's method
therefore defines a correction ¥4* by solving the system

[ZTW®Z]y, = - ZTg® (12.5.8)

which is then used with (12.5.2) and (12.5.3). Use of this formula to define a
search direction, or its use in a modified Newton method {Section 3.1) are all
possible extensions of this technique. Tt should be noted that the matrices Z
and Y which arise above should strictly be written as Z® and Y® since they
arc determined by A™, which is no longer constant as it is in Chapter 10.

An iltustration of this Newton method to solve problem (12.1.5) from the
feasible point x!V = (0.8, 0.6)T is given in Table 12.5.1. Orthogonal factorizations
ZTA =0, Z"Z =1, and Y=A" are used in the method. The tabulated values
are related to (12.5.3) by x%**7 —=x® 4 7 The convergence of the inner
iteration (12.5.3) at a very rapid linear rate can be scen, although it is not
quadratic since Y 15 evaluated at x*' and not x%** . The rapid convergence
of the outer iteration which uses (12.5.8) can also be observed. As in the previous
section, an extension to quasi-Newton methods is also possible, in which an
approximatiom M™ to the matrix Z®"W®Z® is updated using the BFGS
formula say, mvolving differences i reduced gradient vectors

y# = Zik+ 1Tglkt 1) _ g 0Tt (12.5.9)

and differences in reduced coordinates 6% =y — 0 =y

Another second order feasible direction method is summarized by Sargent
(1974). This 1s bascd on using a nonlinear version of (12.4.5) in which the
constraint linearization ¢® + A®T§ = 0is replaced by o(x*! 4 6) = Dasin(12.5.1).
To allow the possibility of changing the length of the correction, a parameter

Table 12.5.1 Newton's method for the reduced nonlinear programming problem

k ¥ xtlk,r) x(zk.r) A ytzki o)

1 — 0.8 0.6 0.7 —0.142857

2 1 0.714286 0.714236 —0.020408
2 0.706122 0.708163 —0.000104
3 0.706081 0.708132 —0.000001
4 0.706080 0.708132 —1,,—8

2 — 0.707106 0001451

3 1 0.707108 0.707108 —0.000002
2 0.707107 0.707107 —4,,—13

0707107 0
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o is introduced, giving the nonlinear transformation

WG — g(A®, — gh)

x4+ ) = 0 (12.5.10)

which is solved to give 8% and A** ! This system can aiso be solved in an
nner () iteration by the Newton-Raphson method in the form

W(kja{k.wr b oc“‘}(A("’l”‘ +1,r+1) g(kJ)

C(X”‘)+ 5(k.r])+AT(61k,r+‘1)_ 5(.&.»*]):0‘ (12511)

Setting A = A% at the expense of the quadratic order of convergence enables
the linear system (12.5.11) to be solved for 8%+ and A%+ 17+ 1) by any of the
usual techniques described in Sections 10.1 and 10.2. Tnitial vaiues 6% and
A%+ LD for the r-iteration are obtained by solving the linearization of (12.5.10)
in a similar way. When the r-iteration is deemed to have converged, x* ™V is
set to x® 4+ 8% 78 and A*TD (o A¥TLrTD To make the algorithm more
robust, a line search is included, along the arc defined by solving (12.5.10) for
different values of %, in order to reduce f(x* + &) sufficiently. To ensure
convergence, some sort of bias towards the (reduced) steepest descent direction
must be mcluded. This can be done for example by adding a Levenberg—
Marquardt term +T 1o W% Alternatively, a quasi-Newton approach is possible,
and use of Powell's modification of the BFGS formula (see (12.4.18)) would be
a good way of ensuring that W% stays positive definite.

Convergence proofs for feasible direction methods have been given, but there
are some hidden mtfalls, as Sargent (1974) points out. He considers the possibility
of adding a penalty term, but then the distinction between direct methods and
penalty function methods using low accuracy minimization becomes indistinct.
As | scc it, the main difficulty of feasible direction methods is the requirement
to converge the inner r-iteration, because the basic Newton—Raphson method
15 not guaranteed to converge, and more elaborate alternatives would unduly
compilicate the overall method. Although the basic Newton-Raphson method
may convérge for small enough «, this may place an undue restriction on the
length of step. Also there is a correlation between the convergence of the
Newton—Raphson method and the rank ol the Jacobian matrix, and il is not
attraclive (o have to make implicit assumptions aboul the latter.

Additional complications arise when atlention is switched from equality
problems te consider the incquality constraint problem (12.1.2). The most
obvious approach 1s to use an active sct stratcgy as i Scction 1].2. The general
idea of keeping ¢,(x) =10, ice/, and of systematically adding and dropping
constraints remains the same, and estimates of Lagrange multipliers and
precautions agamnst zigzagging need also to be made 1n a similar way. There 1s
however an additional difficulty which arises when the correction Zy, in(12.5.2)
causes x* 711 1o violate constraints not in the active set. Ideally the analogue
of the Linear constraint algorithm (11.2.2), step (¢), would be to iterate the search
along the [easible arc with respeci to changes in « in an attempt to find the
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largest value of o =a® which gives a feasible point. The constraint which is
then limiting an mcrease in o can then be added into the active set, if appropriate.
This process was originally used by Rosen (1961) but it adds yet another level
of 1teration into the method, which can therefore become very inefficient.
Furthermore it is often possible to judge directly which constraint will become
active, and this constraint can be zeroed with the other active constraints by
extending the dimension of the r-iteration (12.5.3). However, there are then
difficulties in writing down a strategy which covers all possibilities. For example
x** 11 may wviolate so many constraints that it is not clear which ones to
include in the r-iteration. Also constraints violated by x** 11 might not be
active at all on the feasible arc. It is possible to introduce additional ad hoc
rules to caver these cases but the resulting algorithm becomes cumbersome and
unappealing.

in some ways it might be better to disregard the active set strategy and think
in terms of a more complicated nonlinear transformation to replace (12.5.1) or
(12.5.10). Sargent (1974) suggests

W“"ﬁ — oc(A(“}l . g(k))
c(x™ + §) =0, iz0
ATe(x® + 8)=0

as the appropriate analogue of (12.5.10) for an inequality constraint problem.
This can be solved by an inner iteration invelving a sequence of quadratic
programming subproblems. This is a very elegant solution to the difficulties
caused by inequality constraints, although it does not help in solving the
fundamental difficuity which is to force convergence of the inner iteration.

12.6 OTHER METHODS

Many other methods have been suggested for nonlinear programming, and a
few of these are reviewed in this section. Although these methods are perhaps
currently not as popular as those described previously, they often exhibit
considerable ingenuity and contain interesting ideas which are worthy of note.
An interesting penalty function for the equality problem (12.1.1) anses from the
observation that the function

Jx)—f
¢y(x)

@ix, f)= cz_(X) ! (12.6.1)

C,,,;(X) v

is minimized by x* if the control parameter f=/*. Thus a sequential penalty
function method can be envisaged in which a sequence of estimates {f®} - f*
is generated so that the minimizers x{f*)—x* Morrison (1968) suggests a
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method with p = 2 in which the sum of squares function [¢(x, f)]* 1s minimized
sequentially, but there is a potential difficulty that if m < # then V2@ (x*, f) tends
to a singular matnix as f—f*. This can slow down the ratc of convergence of
conventional algorithms. Gill and Murray (1976a) introduce two new features,
one of which is a special purpose method for solving ill-posed least squares
problems. They also give a new formula for updating the control parameter /)
which has second order convergence and controls cancellation errors.
Another penalty function which relates the ideas in (12.6.1) to those contained
in multiplier penalty functions (Section 12.2) and L, exact penaity functions
(Section 14.3) is given by Bandler and Charalambous (1972). The function

rb(x,p,a,f)z(z_fs’)w, 0<i<m

fi=fx) —f—wcix), izl

is defined, where f < f* and f; >0 Vi 0. There are many ways to force the
minimizer x(p, a, f) of this function to converge to x*. In a neighbourhood of
x*, and in thc limit p— oo, the function becomes equivalent to the exact L,
penalty function. Thus onc possible mode of application is a Polya-type
algorithm m which f and a are fixed, and a control sequence {p™*} - oo 15
used. Another possibility 1s to fix p and « and to choose a sequence of control
parameters f% —f* a5 in (12.6.1). Finally p and f can remain fixed, in which
case a sequence a® — A% /(m+ 1) of scaled Lagrange multiplier estimates can
be used as control parameters. Charalambous (1977) shows how a suitable
updating formula for the ™ parameters can be determined.

Another attractive idea is to attempt to define an exact penalty function ¢(x)
which 15 minimized locally by the solution x* to (12.1.1) or (12.1.2). A simple
way to do this is described in Sections 12.3 and 14.3 and gives risc to a
non-differentiable function. This requires special purposc techniques to solve
the unconstrained mimimization problem, but is a promising approach, and onc
particular algorithm is described in Section 14.5. It is also possible to determine
a smooth exact penalty function. The key idea here (Fletcher, 1973) is to use an
augmented Lagrangian function in which 4 is not an independent vector but
is a function A(x} determined by a finite calculation. In particular the choice
A(x)= A" Tg|,, obtained by solving the over-determined least squares problem
Al =g, gives rise to the penalty function

d(x) =f(x) — A(x)Te(x) + e(x)TSe(x). (12.6.3)

An obvious choice for S is 61, in which case the penalty function 15 exact for
any value of & above a certain threshold. 1n fact the choice S=¢ATA* T turns
out to be more significant, since 1t is then possible to rearrange ¢(x) to give

b(x)=f(x) - m(x)Te(x) (12.6.4)

mix)=A"(g—cA ),

where
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is the Lagrange multiplier vector of the subproblem
minimize 1edT6+g'é
5 (12.6.5)
subject to ATd+c=0

where g, A, and ¢ are evaluated at x. In fact the solution 8{x) of this system is
discarded, but the multipliers #(x} are substituted into (12.64) to define ¢H(x).
The constraints in (12.6.5) are linearizations of the nonlinear constraints about x
(see (12.4.9)) so a generalization to solve inequality constraints is immediate.
The resuiting function ¢{x) can be minimized by any suitable smooth un-
constrained minimization technique. The main difficulty with this approach is
that the calculation of A(x) or m{x) requires first derivatives of f and c. Thus
V¢ requires second derivatives of f and e, which are often not available.
However, if these derivatives are available, then an O(| h||) estimate of VZ3(x*)
can be made, which ensures second order convergence, and hence a Newton-like
minimization method is very practicable in these circumstances. An interesting
development of these ideas is given by di Pillo and Grippo (1979) who propose
a smooth exact penalty function defined on the vector (x, 4).

Another idea which occurs frequently 1s to make hinearizations of the nonlinear
functions which arise in the problem, and then solve LP or QP subproblems.
Some early methods such as the cutting plane method and MAP (see Wolfe
1967) and Beale (1967} respectively) make linear Taylor series approximations
like (7 1.3) about the current iterate x* to both the objective and constraint
functions, and the resulting LP (possibly including some step-length restriction)
is solved to determine x** 7. This may be satisfactory when the solution 1s at
a vertex of the feasible region, but in general does not model the effect of
curvature. Thus the convergence properties suffer and there can be numerical
difficulties. The techniques of Section 12.4 are therefore recommended, since
they avoid all these difficulties albeit at the expense of solving a QP subprablem.
Another technique which uses linear approximations is separable programming
(see Beale (1970) for instance) in which the objective and constrant functions
are separable. A separable function is one which can be written as

Fx)=3 fiz) (12.6.6)

where the scalar quantities z; are either linear functions of x or other separable
functions. Each separable function is replaced by a piecewise linear approxi-
mation whose knots are at fixed values of the variable z,. It is then possible to
reduce the problem to something like a hinear programmng problem, but with
differences in the rules for changing the basis. The accuracy of the solution
clearly depends on that of the piecewise linear approximations. In fact separable
programming is most useful when a rough estimate of the solution is satisfactory
and when the problem is substantially linear and sparse, such as in business
or economic models.

Another type of algorithm which selves QP subproblems is given by Murray
(1969). This is motivated by Lrying to avoid the ill-conditioning assoctated with
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¢ — oo 1n the penalty function (12.1.3). A sinple interpretation of the method
anses from the fact that the minimizer x(¢) of (12.1.3} equivalently solves the
consirained problem
minimize  f(x)
x {12.6.7)
subject to  ¢(x) = e(x(d)).

A sequence of values ¢ — co is chosen although this is done as the algorithm
proceeds. Murray (1969) does not give details but suggests that the rate of
increase should depend on how well the solution is approximated. The quadratic
approximation (12.4.8) to f(x) and the linear approximation (12.4.9) to e(x) are
made, and using the asymptotic result (12.1.10) the subproblem

minimize  ¢%®(é)
&

12.6.8
subject to  1%(8) = cHg®/sk+ D ( )

is defined. This is solved to determine a search direction along which ¢(x, ¢ ™1}
15 minimized. The line search offsets the apparent disadvantage ithat the ‘best’
choice 6% 9= oo is not usually made. The method can be improved by
introducing estimates of Lagrange multipliers and such a method is described
by Biggs (1975). This method has been used widely in practice and has performed
well, but it turns out to be similar to the mcthods of Scction 12.4 and a detailed
discussion of the method will not be given here. A convergence proof for the
method is given by Biggs (1978) but seems to rely strongly on the requirement
of uniform independence of the columns of the Jacobian matrix which is an
unrealistic assumption.

QUESTIONS FOR CHAPTER 12

12.1. Show that if the penalty function (12.1.3) is applied to a quadratic
programmung problem with equality constraints, then ¢(x,s) is a
guadratic function of x, State the resuiting Hessian matrix Vig.

122, Consider using the penalty function (12.1.3) to solve the problem:
min — x4, subject to 72 — x, — 2x, — 2x, = 0. Verify that the explicit
expression [or x(g) given by x,=x;=24/(1 + /(1 —8/6)}, x;==2x,,
satisfies V¢h(x(o}, 6} = 0. Verify also that x(¢) = x* as 0= . Find x{0)
when o =9 and verify that V2¢(x(9),9) is positive delinite.

12.3. Consider the problem (12.1.5). For the penalty function (12.1.3) show
that the clemcents of the minimizer x{a} satisfy the equations x, = x, and
2x? - x; — 1/(20} =0. Show that as ¢ — 0, x; =52+ a/e + O(1/c?),
and find a. Consider now the problem: min—x, —x, subject to
1-x?—x2>0and x, —x?>0. Show how the penalty function may
be modified to solve this problem. For what values of ¢ do the minimizers
of the two penalty functions agree?
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12.5.

12.6.

12.7.

12.8.

12.9.

Nonlinear Programming

Show that if second order conditions {9.3.5) hold, and if rank A* = mz, then
& ¥

the Lagrangian matrix B :;T 3 is non-singular. Let
|: WE  —A¥ (g

_ A*T 0
s 7 0 show that s satisfies (9.3.4) and sTW*s = 0 which contradicts (9.3.5).
Hence conclude that the Lagrangian matrix is non-singular.
Let ¢® »¢* A™ 5 A¥(A is n x m,n > m) and let rank A* =m. Use the
Rayleigh quotient resalt (0”"Mu = A, uTu ¥u) and the definition of a singular
value o; of A (square root of an eigenvalue 4; of ATA) to show that if
0< f <o, then |A®¥CR|, = B| ™|, for all k sufficiently iarge. Hence
establish (12.1.22).
For the inverse barrier function (12.1.24) show that estimates of Lagrange
multipliers analogous to (12.1.8) are given by A% = r®/c®° Hence show
that A% — 0 for an inactive constraint and that any limit point x*, 1 *is a
KT point. Show that h* has asymptotic behaviour O(*""") which can be
used in an acceleration technique (see SUMT of Fiacco and McCormick,
1968). Show also that o(r) estimates of f* can be madc in a similar way to
(12.1.12).
For the logarithmic barrier function (12.1.25) show that estimates of
Lagrange multiplers are given by A% = p%/c® that x* 1 * 15 a KT point,
that the asymptotic behaviour of h® is 0(r), and that o(r) estimates of f*
can be made.
Investigate the Hessian matrices of the barrier functions (12.1.24) and
(12.1.25) at x(r*") and demonstrate ill-conditioning as r® — 0 if the number
of active constraints is between 1 and n — 1 What happens when 4 =0
for an active constraint?
When the penalty function (12.1.23) is applied to the problem

=0.Ifs = 0, show that rank A¥ =m impliest = 0. If

minimize —X; — X, + X3
subjectto 0 x; <1
x4 x, <1
xj+x3+xis
the following data are obtained. Use this to estimate the optimum solution

and multipliers, together with the active constraints, and give some
indication of the accuracy which is achieved.

k o® X, (™) x,{a™) x5(6™)

1 | 0.834379 0.834379 —0.454846
2 10 0.728324 0.728324 —0.087920
3 100 0.709557 0.709557 —0.009864
4 1000 0.707356 0707356 —0.001017
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12.10.

12.11

12.12.

12.13.

12.14.

Consider the problem

minimize exXp(x,X,X%,X;)

X

subjectto xi+xi+xt+x2+x3=10
x2x3 = 5)(4)65
xF+xi=—1

given by Powell (1969} Investigate how accurately a local solution x* and
multipliers 4 * can be obtained, using the penalty function (12.1.3yand the
sequence {¢™} =0.01, 01, 1, 10, 100 Use a quasi-Newton subroutine
which requires no derivatives. A suitable initial approximation to x{a**) is
the vector (— 2,2,2, — 1, — 1), and it is sufficient to obtain each element
of x{(c™™) correct to three decimal places.

Consider using the multiplier penality function (12.2.3) to solve the
problem in Question 12.2 Assume that the controlling parameters A1V =0
and o =9 are chosen initially, in which case the minimizer %(0,9) is the
same as the minimizer x(9) which has been determined in Question 12.2.
Write down the new parameter A which would be given by using
formuiae (12.2.13) and (12.2.15). Which formula gives the better estimate
o[ A*?

Use the Sherman—Morrison formula (Question 3.13) to show that i S is
non-singular, then

WHASAT —A" [ W —AT] 00
— AT 0 T — AT 0 0 S|

Hence use (10.2.6) to show that, in the notation of (12.2.6),
(ATW; 'A)™ = (ATW A) ' 4 S,

Let o, be fixed so that W_ 15 positive definite, Deduce that
(ATW,_ 1A} '=S+(ATW_'A) 1 -8 =S+ 0(1)

which is (12.2.14).

Consider any 1teration function
AETD = (AW A A0 _ MEe®

analogous to (122.13) or (12.2.15) for usc with a multiplier penalty
function. Show that

V¢T{l*} =1 —(A*TW:_lA*)M*T_

Hence use theresult of Question 12.12 and Theorem 6.2.2 to show that the
Powell-Hestenes formula (12.2.15) converges at a linear rate, which can
be made arbitraniy rapid by making S sulficiently large.

Show that the vector x(4) which minimizes (12.2.1) cquivalently solves the
problem
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12.15.

12.16.

12.17.

12.18.

Nonlinear Programming

minimize  f{x)
X

subject to  ¢(x) =e(x(4)}).
If x(4) minimizes (12.2.18) show that the equivalent probicm 1s

mimimize  f{x)

X

subject to  ¢,(x) =min (c;(x(4))}, 8,), i=1,2,. ..m

(Fletcher, 1975). These problems are neighbouring probilems to (12.1.1)
and (12.1.2) respectively.
Consider using the penaity lunction

Px,4.6) = f(x) + T 0,exp(— L x)/o)

where o, > 0, to solve problem (12.1.1). Assume that a local solution x*
of this problem satisfies the second order sufficient conditions (9.3.5) and
(9.3.4). Show that if control parameters A = A* and any & are chosen,
then x* is a stationary point of ¢(x, i* &). Show also that if, for all i,
both 4F 7 0 and g, is sufficiently small, then x* is a local minimizer of
B(x, 1%, &). (You may use without proof the lemma that if A 18 symmetric,
if D is diagonal with sufficiently large positive elements, and if vTAv > 0
for all v(# 0) such that By = 0, then A + BDBT is positive definite.)

What can be said about the case when some AF = 0? To what extent 1s
this penalty function comparable to the Powell-Hestenes function?

If x(1) is the unique global minimizer of ¢(x, 4, &) for ail 4, where &

is constant, and if x* = x{1*), show that 4* maximizes the function (1)
Bix(4), A, ). What are the practical implications of this result? Ly
Solve the problem in Question 12.19 by generalized elimination of
variables using the Newton method as shown in Table 12.5.1. Compare
the sequence of estimates and the amount of work required with that in
Question 12.19.
Assume that second order suffictent conditions (9.3.5) and (9.3.4) hold at
x*, A% Let (x®, 1™) - (x*, 1*} and Iet a vector s*7(1s% |, = 1) exist such
that A% s = 0 but ¥ W®s® <0 ¥k Show by continuity that (9.3.5)
and (9.3.4) are contradicted. Hence conclude that the subproblem (12.4.7)
is well determined for x®, A® sufficiently close to x*, A%,

Equivalently one can argue as follows. Second order sufficient con-
ditions at x* 1* are equivalent to Z*TW*Z* being positive definite
(Question 1 1.1). Define Z* by (10.1.22) (direct elimination) assuming
without loss of generality that A¥ 1s non-singular. Then Z 15 2 continuous
function of A in a neighbourhood of x*. Thus for x™, A ® sulficiently close
to x*, 1%, ZBWTWHZ® is positive definite also (continuity of eigenvalues)
and hence second order sufficicnt conditions hold for (12.4.7).
Consider generalizing Theorem 12.4.1 to apply to the mequality cons-
traint problem (12.1.2). If strict complementarity holds at x*, 4 *, show by
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12.19.

12.20.

virtue of the implicit function theorem that a non-singular Lagrangian
matrix (12.4.14) implies that the solution of (12.4.5) changes smoothty in
some neighbourhpod of x*,4% Hence show that the solution of the
equality constraint problem also solves the inequality problem, so that
constraints ¢;(x). 2¢.o/*, can be ignored. If strict complementarity does not
hold, assume that the vectors af, 1€.«’*, are independent and that the
second order sufficient conditions of Theorem 9.3.2 hold. Deduce that the
Lagrangian matrix (12.3.14) is non-singular for any subset of active
constraints for which &/% = ./ = «/* Show that there is aneighbourhood
of x*, 4 * 1 which the active constraints obtained from solving (12.4 11)
satisly this condition, so that a result kike (12.4.16) holds for any such .,
and hence for &*. The rest of the theorem then follows.

Consider solving the problem: minx; + x, subject to x, = x} by the
Lagrange-Newton method (12.4.10) from x*!’ = 0. Why does the method
farl of 217 = Q7 Verify that rapid convergence occurs if AV =1 is chosen.
The nonlinear L; norm minimization problem is

minimize f(x) A .2 [7,(x)| xcR" (1)

where the functions r;(x) are given. A solution x* of this problem can be
found by applying unconstrained minimization techniques to the smooth
function

blx,0)= :i(rs(xyﬂ)”l £> 0. )

(El-Attar ef al.. 1979). In this approach, a sequence of values &% —0 is
taken, and for each &®, the minimizer x{¢*') of ¢(x, &™) is determined.

(i) Tf global mimmizers are calculated, that is
H(x(s™), M) < @(x, ™) Vx,

and if a limit point x(£%)— x* exists, then prove that x* solves (1)
(hint: relate ¢(x, ) to f{x) as ¢ = Q).
(i) At 4 solution x* of (1) it can be shown that there exist multipliers ¥
i=1,2,...,msuch that
S AFVrE=10
—lgi*<1 (3)
A¥=s1gn(r¥y o #¥#0
(r¥ denotes r,(x*)). Use the fact that V@(x(e™), &%) = 0 to determine
certain multiplier estimates A® i=1,2,...,m, associated with x{(z*))
which satisfy the condition
Y APV (x®) =0.

Assurming that A% — 4* as k— oo, show that x*, 1* satisfies {3).
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1221

12.22

Neonlinear Programming

(iii) If ¥* = 0 how does r,(x(e™)) approach zero as a function of £*?
(iv) Solve the problem in which n=4, m= 11 and

rix) =

T x4 Xy

x (62 + x,t;)

i

where the data values are given by

di If di ti dl' ti di 'ti
01957 4| Q1600 05 0.0456 0125 | 00235 0.0714
0.1947 2| 00844 0.25 0.0342 01 0.0246  0.0625
01735 1] 00627 0167 | 00323 0.0823

Use a quasi-Newton subroutine to mumimize ¢(x,g). Solve cach
problem to an accuracy of 1072 in ¢. Use the sequence 8% = 1072F
k=1,2,...,8 An initial estimate of x'¥ 15 (0.25, 0.4, 0.4, 0.4)%. Com-
ment on the accuracy of your results and the extent to which the
properties in (i) and (iii) above are evident.
The least area of a nght-angled triangle which contains a circle of unit
radius can be obtained by solving the nonlinear programming problem

xeR?

(X1X3 + X2X4)°
(xF + x3)

Xy2zXx;+1

Xa2x,+1

minimize x,x,

subject to —xi-x;+1=0

X3 2 X4

Xy= 1

Attempt to solve this problem using the penalty function (12.1.23), with
a sequence ¢® = 10%, k=1,2,...,6. Use any quasi-Newton method to
solve the unconstrained minimization problems which arise. Solve each
problem to a tolerance of 5 x 107° in ¢ and take (1,1,...,1)" as the
initial estimate for minimizing ¢(x, a'1"). Indicate your best estimate of
the solution (x*, A%, /*) and the active constraints &/*. Say whether
x* 4% is a KT point, and if so estimate the relative accuracy to which
your estimate of x*, 4% satisfies KT conditions.

By adding extra variables show how the L;LP problem (12.3.7) can be
transformed to an LP problem with equality constraints and general
bounds. By taking the dual of the LP problem, show that the L,LP
problem has a symmetric dual L. LP problem

minmize bTA+1"Al —¢)” —u'{Adl—¢)"
Aem™

subject to pSis o



Chapter 13
Other Optimization Problems

13.1 INFTEGER PROGRAMMING

In this chapter some other types of problem are studied which have the feature
that they can be reduced to or related to the solution of standard problems
described in other chapters. Integer programming is the study of optimization
problems in which some of the variables are required to take integer values.
The most obvious example of this is the number of men, machines, or
components, etc,, required in some system or schedule. It also extends to cover
such things as transformer settings, ste¢l stock sizes, etc., which occur in a fixed
ordered set of discrete values, but which may be neither integers, nor equally
spaced. Most combinatorial problems can also be formulated as integer
programming problems; this often requires the introduction of a zero—one
variahle which takes either of the values 0 or 1 only. Zero—one variables are
also required when the model is dependent on the outcome of some decision
on whether or not to take a certain course of action. Certain more complicated
kinds of condition can also be handled by the methods of integer programming
through the introduction of special ordered sers; see Beale (1978) for instance.
There are many special types of integer programming problems but this section
covers the fairly general category of mixed integer programming (both integer
and continuous variabies allowed, and any continuous objective and constraint
functions as in (7.1.1)). The special case 1s also considered of mixed integer LP
in which some integer variables occur in what is otherwise an LP problem. The
branch and bound method is described for solving mixed integer programming
problems, together with additional special featlures which apply to mixed integer
LP. There are many special cases of integer programming problems and it is
the case that the branch and bound method is not the most suitable 1n every
case. Nonetheless this method is the one method which has a claim to be of
wide generality and yet reasonably efficient Tt solves a sequence of subproblems
which are continuous problems of type (7.1 1) and is therefore well related to



332 Other Optimization Problems

other material 1n this book. Other methods of less general applicability but
which can be useful 1n certain special cases are reviewed by Beale (1978),
Integer programmng problems are usually much more complicated and
expensive 1o solve than the corresponding continuous problem on aceount of
the discrete nature of the variables and the combinatorial number of feasiblc
solutions which thus exists. A tonguc-in-check possibility is the Dantzig
two-phase method. The first phasc is try to convinee the uscr that he or she docs
not wish to solve an integer programming problem at all! Otherwisc the
continuous problem is solved and the minimizer is rounded off to the nearest
integer. This may seem flippant but 1n fact is how many integer programming
problems are treated in practice. It is important to realize that this approach
can fail badly. There is of course no guarantee that a good solution can be
obtained 1n this way, even by examining all integer points 1n some neighbour-
hood of the continuous solution. Even worse 15 the hkelihood that the
rounded-off points will be infeasible with respect to the continuous constraints
in the problem (for exampie problem (13.1.5) below), so that the solution has
no value. Nonetheless the idea of rounding up or down does have an importanl
part to play when used in a systematic manner, and indeed is one main fealure
of the branch and bound method.
To develop the branch and bound method therefore, the problem is (o find
the solution x* of the problem
Pl:min_imize fx) ' 1300
subject to xeR,  x, intcger Viel
where I is the set of integer variables and R 1s the (closed) feasible region of
the continuous problem

P:minimize f(x) subjcet to XeR, (13.1.2)

which could be (7.1.1) for example. Let the minimizer X" of P exist: if it is feasible
in P; then it solves P;. If not, then there exists an ief for which x; is not an
mteger. Tn this case two problems can be defined by branching on variable x,

in problem P, giving

P~ imunimi '
e g {13.1.3)
subject to  xeR, x; < [x{]

and
P*:minimize  f(x)

subject to  x€R, x;z[x1+1, (13.1.4)

where [x] means the largest integer not greater than x. Also define Py as
problem (13.1.3) together with the integrality constraints x;, 1€1, integer, and
P{ likewise. Two observations which follow are thal x* is [easible in either
P~ or P but not both, 1 which casc it solves P; or P/ . Aiso any feasiblc
point in Py or P is fcasiblc in P;.

It 15 usually possible to repeat the branching process by branching on P~
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Figure 13.1.1 Tree structure 1n the branch and
bound method

and P*, and again on the resulting problems, so as to generate a tree structure
(Figure 13.1.1). Each node corresponds to a continuous optimization problem,
the root is the problem P, and the nodes are connected by the branches defined
above. There are two special cases where no branching 1s possible at any given
node: one is where the solution to the corresponding problem 1s integer feasible
(O in tree) and the other where the problem has no feasible point. (e in tree).
Otherwise each node is a parent problem (O in tree) and gives rise to two
branched problems. If the feasible region 1s bounded then the tree is finite and
cach parh through the tree ends in a [] or a e. Assuming that the solution
x* of P, cxists, then it is feasible along just one path through the tree (the
broken line, say, in Figure 13.1.1) and is feasible in, and therefore solves,
the [J problem which must exist at the end of the path. The solntion of every
[J problem is feasible in P; and so the required solution vector x* is that
solution of a [J problem which has least objective function value. Thus the atm
of the branch and bound method is to seek out [} nodes by exploring the tree
in order to find the one with the least value. Often in the tree there are O
nodes whose solution violates more than one integrality constraint, so in fact
the tree is not uniquely defined until the choice of branching variabie is defined.
One anomalous (although unlikely) possibility is that x* may be well defined,
but the continuous problem P may be unbounded (f(x})— — oc,xeR). This
possibility is easily excluded in most practicai cases by adding bounds to the
variables so as to make R bounded.

To lind the type of cach node 1n the tree requires the solution of & continuous
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optiruization problem. Also the number of nodes grows exponentially with the
number of variables and may not even be finite. Therefore to examine the whole
tree is usually impossibly expensive and so the branch and bound method
attempts to find the solution of P, by making only a partial search of the tree.
Assuming that a global solution of each problem can be calculated, adding the
branching constraint makes the solution of the parent problem infeasible in the
branched problem, and so the optimum objective function value of the parent
probiem is a lower bound for that of the branched problem. Assume that some
but not all of the problems in the tree have been solved, and let f; be the best
optimum objective function value which has been obtained by solving the
problem at a [J node /. The solution of this problem is feasible in P; so f* < f,.
Now if f; is the valuc associatcd with any O node j, and f; = f;, then branches
from node j cannot reduce f; and so they cannot give a better value than f;,
Hence these branches need not be examined. This is the main principle which
¢nables the solution to be obtained by making only a partial search of the tree.

Nonetheless because of the size of the tree, the branch and bound method
only becomes effective if the partial search strategy 15 very carefully chosen.
Two important decisions have to be made:

(a) which problem or node should be solved next, and
{b) on which variable should a branch be made.

The following would seem to be an up-to-date assessment of the state of the
art (see Beale (1978), for example, for more detailed references). An early method
favoured the use of a stack (a last-in-first-out list or data structure). This
algorithm keeps a stack of unsolved problems, each with a lower bound L on
its minimum objective function value. This bound can be the value of the parent
problem, although in linear programming problems a better bound can be
obtained as described below. From those [ nodes which have been explored,
the current best integer feasible solution % with value f is also stored. Initiaily
f =0, the continuous problem is put in the stack with L= — o0, and the
algorithm proceeds as follows.

(i) If no problem is in the stack, finish with i;f' as x*, f*; otherwise take
the top problem from the stack

(i) I L}f reject the problem and go to (i).

(ili) Try to solve the problem: if no feasible point exists reject the problem and
2o to (i)

(iv) Let the solution be x* with value f: il "> f reject the problem and
go to (i).

(v) If x' is integer feasible then set x = x/, f=7"and go to ().

{(vi) Selecl aninteger variable i such that [x} ] < x}, create two new problems by
branching on x;, place these on the stack with lower bound L= f' (or a
tighter lower bound derived from f*), and go to (i).

The rationale for these steps follows from the above discussion: in step {iv) any
branched problems must have f = f’ = ' 2 f* so cannot improve the optimum,
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Figure 13.1.2 Progress of the stack method

50 the node is rejected. Likewise in step (i) where f> L3 [ f* Step (iii)
corresponds to finding a e node and step (iv) to a [ node. Step (vi) 1s the
branching operation, and step (i) corresponds to having examined or excluded
from consideration all nodes in the tree, in which case the solution at the best
{1 node gives x* The effect of this stack method is to follow a single path deep
into the tree to a [J node. Then the algorithm works back, either rejecting
problems or creating further sub-trees by branching and perhaps updating the
best integer feasible solution % and /. Thus is 1llustrated in Figure 13.1.2.

So far the description of the algorithm is incompilete in that rules are required
for choosing the branching vanable if more than one possibility exists, and for
deciding which branched problem goes on the stack first To make this decision
requires estimates ¢ and e; (> 0) of the increase in f when adding the
branching constraints x; > {x;] + 1 and x; < [x;] respectively. These estimates
can be mude using information about first derivatives (and also second
derivatives in other than LP problems) in a way which is described below. Then
the rule 15 to choose i to solve max;max(e; ,e; ) and place the branched
problem corresponding (o max(e;", ¢, ) on the stack first. Essentially (he worst
case 1s placed on the stack first, and so its solution is deferred until later. The
motivation for this rule is hopefully that, being the worst case, this problem
will have a high value of f and so can be rejected at a later stage with little or
no branching, A numencal example of the stack method to the integer LP
prablem

minimize xy + 10x,
subject to 66x; + 14x, = 1430 (13.1.5)
—82x, + 28x, = 1306, x,,x, integer

is illustrated 1n Fignre 13.1.3. Some shading on the grid shows the effect of
adding extra constraints to the feasible region, and numbered points indicate
solutions to the subproblems. The solution tree is shown, and the typcal progress
described in Figure 13.1.2 can be observed. After branching on problem 7, the
stack contains problems 9, &, 6, 4, 2 in top to bottom order. Problem 9 gives
rise to an integer feasible solution, which enables the remaining problems to
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List of prablems

No. 1 £z f
| 6B +14xp 1 7.26 67 91 686 4
21430 ? =67 Not feasible
— — 3 T 24 68 687 2
4 8 fQ Or 708.7
5 T 69 14 638.9
] =69 Nol feosible
7 6 82 O 708 . 8
B 6 73 .86 744 .6
9 T O 707
~82.x+28xp
x2=71
xp=70 - .
i 4
7
12 =69
x2:68 N
B Solution
xp: 67 Iree
¥ =8

Figure 13.1.3  Solution of (13.1.5) by the branch and bound method

be rejected in turn without further branching. Notice that it may of course be
necessary to branch on the same variable more than once in the tree.

In practice it has become apparent that the stack methed contains some
good features but can also be inefficient. The idea of following a path deep into
the tree in order to find an integer feasible solution works well in that it rapidly
determines a good valu¢ of f which can be used to reject other branches. This
feature also gives a feasible solution if timc does not permit the search to be
completed. Furthermore it is very efficient in the amount of storage required
to keep details of unsolved pending problems in the tree. However, the process
of back-tracking from a [ node to neighbouting nodes 1 the tree can be
unewarding Once a path can be followed no further it 1s preferable to select
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the best of all pending nodes to explore next, rather than that on top of the
stack. To do this, it s convenient to associate an estimate E of its solution
value with each unsolved problem which is created by branching. E is
conveniently defined by /' 4+ ¢, and f' + e, respectively, where f* is the value
of the parent problem and ¢, ¢ are the estimates referred to above. A path
starting at the pending node with least E is then followed through the tree.
Rules of this type are reviewed by Beale (1978) and Breu and Burdet (1974).
Another useful idea is to have the user supply a cut-off value, above which
solutions are of no interest. This can be used initially in place of f= o0 and
may prevent deep exploration of unfavourable paths. A further disadvantage
of the stack method is that the ‘worst case’ rule for choosing the branching
variabie is often inadequate. Present algorithms prefer to branch on the ‘most
important variable’, that 15 the one which is likely to be most sensitive in
determining the solution. This can be determined from user assigned “priorities’
on the variables (often zero—one variables should be given high priority). To
choose between variables of equal prionity the vanable which solves
max,min{e; ,e;") is selected, that 1s the one for which the leust estimate of the
increase in J is largest. This quaniifies the definition of the most important
variable. Other possible sclection rules are discussed by Breu and Burdet (1974).

The branch and bound strategics depend critically on making good estimates
e/ and e; of the increases in f caused by adding cither of the branching
constraints. Such estimates are readily made for an integer LP problem and
arc most casily described in terms of the aclive set method (Section 8.3). Let x’
be the solution of a parent node, value f'. Then the directions of feasible edges
at X’ are vectors s, where A T=[%,,8;,...,8,] The slope of f along s, 18 given
by the multiplier 1 (= (). Consider finding ;. A scarch along s, increases x,
if (s,), >0 at a rate (s );, and increases f at a rate A,. Thus for small changes
Ax,, il a constraint x, = x] + Ax; is added to the problem, then the increase Af
in the optimal solution value f” is given by A f = p," Ax, where

p; = min “’_;_g_n (13.1.6)
Fls >0 (Sq);‘
For larger changes, previously inactive constraints may become active along
the corresponding edge. and so further increases in f occur on rcstoring
feasibility. Thus in general a lower bound Af = p,;” Ax; on the increase in f 15
obtained. Thus if the fractionai part of x} is ¢{=x; — [x}]) then the required
estimatc of the change in f is

e/ =pi(1—¢) (13.1.7)

It may bc that no clement (s,); > 0 cxists, corresponding to the fact that no
feasible dircction exists which increases x,. Then the resulting branched problem
is infeasible (aenode). It can be convenient to define ¢ =pt =20 in this
case A similar development can be used when decreasing x;. Consider a smait
change Ax{>0), and add the constraint x;< x; — Ax, to the problem, Then
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;“‘1
T = mi : 13.1.8
i q-ﬁ:,fllo ~ s, ( )

In general Af = p” Ax,, and the rcquired estimate is

& =p; b (13.1.9)

The estimates (13.1.7) and (13.1.9) are used as described above in choosing the
branching vanable and cstimating E for each unsolved problem created by
branching. In fact since for integer LP these cstimates give strict lower bounds
on Af, it follows that use of L=FE gives a tighter lower bound than the value
of the parent problem L= f" Other ways in which the structurc of an LP
preblem can be used advantageously are given by Beale (1968). Often the dual
formulation 1s recommended for solving the LP problem since constraints can
be added whilst retaining feasibility. However, it seems to me that the standard
form given in Question 8.8 would also be very suitable, using a cost function
like (8.4.5) to restore feasibility. When solving linear constramnt problems in
which the objective is nonlinear and when the solution x' to any subproblem
lies at a vertex, then similar estimates to the above can be made. These estimates
are strict bounds if the function is convex. If the solution is not at a vertex then
second order effects have to be introduced into (13.1.6) or (13.1.8) along the
directions of zero slope which exist to avoid the trivial case p;" =p, =0.1 do
not know whether this possibility has been investigated in practice although
the information to do it is available. Similar estimates can also be made in
integer problems with nonlinear constraints.

An example in which these estimates are calculated is given by problem
{13.1 5) whose solution is described in Figure 13.1.3 Consider possible branches
at the solution of the root problem (1). Feasible edges are defined by

Al 1 28 827 [T
2996 —14 66 | | s}

I (848
AoATle— [0
¢ 2996(646)

Consider branching on x;: searching along either s, or s, increases x, so it can
be predicted that the branch x, <67 is infeasible and p; =e; = . For
increasing x,,

o _ o (348 646) 646
P2 = 82°66 ) 66

and

and g5 = 0.09 x 646/66 = 0.9 which agrces with the observed 1nereasc in valuc
in going from problem 1 to 3, since no other constraints become active. For
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branching on x,,

pi = 848/28 = 30, Py =646/14 =46
el =074x 3022, el x=026x46x12

which again agrees with observed changes in value. These estimates also illustrate
the different rules for choosing branching variables. The *worst case’ rule in the
stack method is achieved by e; = oo and gives rise to a branch on x,. The
‘most important variable’ rule is solved by ey =12 and causes & branch on
x,. In fact this is a much better branch since it yields problems 4 and 5 directly,
and this supports the current preference for this type of rule

13.2 GEOMETRIC PROGRAMMING

Another important type of problem which can aiso be transformed to the
solution of a more simple problem is known as the geometric programming
problem. This is a nonlinear programming problem in which the problem
functions are constructed from terms of the form

t=c; [ X3, (13.2.1)
i=1

where the a,, are real and may be negative or fractional fot instance. The
coefficients ¢; and ¢; however must be positive, and a sum of such terms is
referred to as a posynomial. The problem

minimize  gg(x)

subject to g (x)<1, k=12, ..,m (13.2.2)
x>0

in which the functions g,(x) are posynomials is a convenient standard form for
a geometric programming problem. The terms which occur within gg,8,....,%m
are numbered consecutively from ! to p, say, and sets J, which collect the
indices of terms in each g, are defined by

Jo={rn 485,

so that (13.2.3)
ro=1 ry=5+1 and s,=p

Thus the posynomials g,(x) are defined by

gkz_z ti! k=0, 1’-.‘,m. (13.2.4)

iedy

Geometric programming has met with a number of applications in engineering
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(see, for instance, Duffin, Pcterson, and Zener (1967), Dembo and Avriel (1978),
and Bradiey and Clyne (1976), amongst many). There .could well be scope for
even more applications (either directly or by making suitable posynomial
approximations) if the technique were more widely understood and appreciated.

The geometnc programming problem (13.2.2) has nonlinear constraints but
a transformation exists which causes considerable simplification. In some cases
the solution can be found merely by solving a certain linear system, and in
general it is possible to solve a more simple but equivalent minimization problem
in which only lincar constraints arise. In this problem the relative contribulion
of the various terms ¢; is determined, and a subsequent calculation is then made
to find the optimum variables x*. This transformation was originally developed
as an application of the arithmetic—geometric mean inequahty (see Duffin,
Peterson, and Zencr, 1967), henee the name geometric programming. However
a more straightforward approach is to develop the transformation as an
example of the duality theory of Section 9.5. First of all the transformation of
variables

xy=exply;), j=L2,...,n (13.2.5)
is made, which removes the constraints x; > 0 and allows (13.2.1) to be written
t.=ec,exp(da;,y). (13 2.6)

In addition (13.2.2) is written equivalently as

mimmize loggyly)

v (13.2.7)
subject to  log g, (¥) <0, k=12...,m

The main result then follows by an application of the duality transformation
to (13.2.7).

So that this transformation is applicable it is first of all important to establish
that each function log g,(y) is a convex [unction on R*. To do this let ¥,,y;eR”
and 0(0,1). If u;=[t{yy)]* ¢ and v, =[1(y,}]° are defined, then it follows
from {13.2.6) that

u;v; = 1,(Yo)

where vy = (1 — )y, + Oy,. If u collects the elements u;,ieJ,, v similarly, then
u'v =g, (y,). If p=1;(1 — 8), g= /8 arc defined. then Holder's mmequahty

u'v < Jull, fvll, (13.2.8)
is valid (since u,> 0, v,>0,and p~' + ¢~ = 1), where |||, A (3 u})"/. Taking
logarithms of both sides in (13.2.8) establishes that

log gu(¥e) < (1 — log gi(yo) + Olog guly,)

and so log g,(y) satisfies the definition (9.4.3) of a convex function.
It follows from this resuit that (13.2.7) is a convex programming problem (see
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(9.4.8)). Thus the dual problem (9.5.1} becomes

maximize Z(y,A}Aloggo(y)+ Y. Adoggdy)
o k=1

y.d

subject to ¥V, #(y,1)=0, ix0

(13.2.9)

The Lagrangan can be written mere simply by defining 1, =1 so that

Ply,d)= k;ﬂ A log gu(¥). (132.10)

As it stands, (13.2.9) has nonlinear constraints so it 1s important to show that
it can be simplified by a further change of variable. Write the equality constraints
as

—=0=% 4 Y . J=L2,....,n (13.2.11}
These equations suggest defining new non-negative variables &; by
A‘kri -
8;= ., Yied, k=0,L1....m, (13.2.12)

d
which correspond to the terms (13.2.1), suitably weighted. Then (13.2.11) becomes

Tt

5ialj=09 j=1,2,...,ﬂ, (13213)
1

and these equations are known as orthogonality constraints. Thus the equality
constraint in (13.2.9}is equivalent to a sct of (under-determined) lincar equations
in terms of the 8, variables. An equivalent form of (13.2.4) is also implied by
{13.2.12}, that 1s

Y 8,=h, k=0.l..,m, (13.2.14)

el

and is known as a normalization constraint. Furthermore it is possible to simpiify
the dual objective function (13.2.10), because (assuming (logQ =10)

Alog gy = Az log &, + A log (gu/ A
by(132.14) =L dogh, + Y &;log(gu/i)

(=247

by (13.2.12) =L logh, + ¥ d,log(r,/d)

P (13.2.15)
by (13.2.6) =L logi+ Y 8 loglc,/d)+ Y &, Y a,y;
refi ehh Jj=1

by(13.2.13)  =ilogl, + ) &log(c,/d)

iedi

Thus the weighted terms §; and the Lagrange multiplicrs 4, satisfy the following
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dual geometric programming problem

p m
maximize w8 i}A Y d8,logle,/d)+ ¥ Alogd,
84 =5 K=

subject to Zp: d.a,;=10 ji=12,....n
1=1
Yo =4  k=01..m (13.2.16)
ied
6;20 f:l,z,._,p

A= 0 k=12...m

where ig=1.

This then 15 the resulting transformed problem which 1s more easily solved
than (13.2.2}. The preblem has all hinear constraints and a nonlinear objective
function so ¢an be solved by the methods of Chapter 11. The number of degrees
of freedom lefl when the constraints have been eliminated is known as the
degree of difficulty of the problem, and is p —n— 1 if all the prnimali constraints
are active. In some cases the degree of difficulty is known to be zero, in which
case (13.2.16) reduces just to the solution of the orthogonality and normalization
equations. Usually however it is necessary to solve (13.2.16) by a suitable
numerical method. In fact (13.2.16) has other advantageous features. The dual
objective function v(8, 1) 15 separable into one varable terms so that the Hessian
matrix 15 diagonal and i1s readily calculated. Tf the 4, variables are eliminated
from (13.2.14) then the resulting function (of & only) is concave (see Dulffin,
Peterson, and Zener, 1967), so it follows from Theorem 9.4.1 that any solution
of (13.2.16) is a gilobal solution. A more thorough study ol how best to solve
(13.2.16} by using a linearly constrained Newton method of the type described
in Chapter 11 is given by Dembo (1979). Amongst the factors which he takes
into account are the need to eliminate in a stable fashion as described in Chapter
10 here. He aiso considers how best to take sparsity of the exponent matrix
[a;;] into account, and extends (13.2.2) to include lower and upper bound
constraints

Oglfﬁxiéui.

(These can be written as posynomial constraints u; 'x; < 1 and [x;7' <1 but
it 1s more efficient to treat them separately.) A particularly interesting feature
is that when a posynomial constraint g, < 1 15 inactive at the solution then a
whole block of variables d;, ieJ,, and 4, are zero. Thus Dembo considers
modifications to the active set strutegy which allow the addition or removal of
such blocks of indices to or from the active set.

Once the dual selution 6%, A * has been found, then the primal function value
is given by logg§ =v(é% 4 %) (see Theorem 9.5.1). It is also important to be
able to recover the optimum variables y* and hence x* in the primal problem.
In principle it is possible to do this by solving the nonlinear equations (13.2.4}
and (13.2.6) for the active primal constraints for which A} > 0 and hence g = 1.
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However, a morc simplc possibihty 15 to determine the optimum muitipliers
w¥,j=1,2,...,n, of the orthogonality constraints in (13.2.16). These multipliers
are available directly if (13.2.16) is solved by an active set method such as in
Chapter 11.2. Then

wi =y =logx} (13.2.17)

determines the primal solution. To justify (13.2.17), the first order conditions
(9.1.3) applied to (13.2.16} give

log(6,/e) + 1=+ Y a,w,,  ic, {13.2.18)
i
—logh,—1=—p
where w; and p, ate the multipliers of the orthogonality and normalization
constraints respectively and k indexes the active primal constraints. Eliminating
2, ZIves

d;
log Z-I; = g‘a{-jwj

and since gf = 1, it follows from (13.2.12) and (13.2.6) that

Y= Yayw;.

Since the exponent matrix [a;,] has more rows than columns and may be
assumed to have [ull rank (see below), the result (13.2.17) follows. There is no
loss of generality in assuming that [«;;] has fuli rank. If not, then from (13.2.6)
it is possible to climinate one or more y; variable in favour of the remaining
y; variables, so as to give a matrix [a;;] of {ull rank.

Finally a simple example of the geometric programming transformation is
given, Consider the geometric programming problem in two variables with one
constraint

. 2
mlmxmrze go(x)ém+x1x2 (13.2.19)

subject to g(x)Adx; +x, <1, x5,x,>0.
There are four terms, so the orthogonality constraints are

— &, +d,+ 4, =0

—36, + 4, +8,=0
and the normalization constraints are

d, + &, =1

O3+ 0,=4,.

Assuming that the primal constraint 1s active, the §; variables can be eliminated in
terms of A,(= i) giving
(2444, - 24+3.34 1,44+ 1)

13.2.20
7 ( )

8(7) =
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This illustrates that there 1 one degree of difficulty (=4 — 2 — 1) and therefore
@ maximization problem in one variable (4 here) must be solved. Maximizing
the dual objective function v(8(4), A) by a line search in A gives +* = 1.0247 and
v* = 1.10764512. Also from (13.2.20) it follows that

6% =(0.86420, 0.13580,0.72841, 0.29630)".

Thus the dual geometric programming problem has been solved, and immediately
g} = expv* = 3.02722126. Substituting in (13.218) for k=1 and J, ={3,4}
gives u¥ = 1.02441 and hence

035184 [1 0} /wr
—1.24078/) [0 1 [\w?

Hence by {13.2.17) the vector of variables which solves the primal is x* =(1.4217,
0.28915)". In fact the primal problem is fairly simple and it is also possible to
obtain a solution to this directiy by eliminating x, and carrying out a line search.
This calculation confirms the solution given by the geometric programming
transformation.

13.3 NETWORK PROGRAMMING

Many optimization problems model physical situations mvolving flow in a
network. These include fluid flow, charge flow {current) in an electrical network,
traffic flow in a transportation network, data flow in a communications network,
and so on. In such networks the conservation of flow conditions give rise to a
set of linear constraints known as network constraints which have a particular
algebraic structure. These constraints can be manipulated by techniques which
are not only very elegant but also highly efficient, thus enabling very large
problems to be solved having perhaps as many as 10° variables. Most of the
section is concerned with the structure, representation and manipulation of
network constraints, together with their use in linear programming and more
complex optimization problems.

The appropriate mathematical concept for modelling networks is a graph, and
a few simple concepts from graph theory arc informally introduced. A graph
consists of 4 finite collection of nodes and arcs, each arcrepresenling a connection
between two different nodes. The arcs are said to be directed if a sense of
orientation of each arc is specified. A path is a sequence of adjacent arcs
connecting any two nodes, together with an orientation (the orientation of arcs
within the path need not coincide with the orientation of the path but any arc
can only be traversed once in a given path). A c¢ycle is a non-trivial path
connecting one node to 1tself. A graph is connected il a path exists bctween any
two nodes. A tree is a connected graph having no cycles. A graph G, is a
subgraph ol a graph G if both the nodes and arcs of G, arc subsets of the nodes
and arcs of G. A tree T is a spanning tree of a graph G if T 1s a subgraph of G
having the same set of nodces. This scction considers the case of a network which
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Spanning tree

Figure 13.3.1 Graph theory concepis

is a connected graph having m nodes and n directed arcs (each being suilably
numbercd). These concepts are illustrated in Figure 13.3.1.

An important application of nctworks is to setwork flow problems in which
it is required to find the flow, x, say, in each arc j, measurcd in the dircction
of arc j, and subject to conservalion of [low at the nodes. (By flow is meant the
amount of substance ([luid, charge, traflic, etc.) transported per unit time,) Tt is
also assumed tha! there exists an external flow b; at each node i, with the
convention that b; > 0 if the flow 15 into the node i {a source), and b, < 0 if the
flow is out of node i (& sink). The total external flow b, is nccessarily assumed
to be zero. An algebraic representation of this system is conveniently obtained
by defining the m x »n node-arc incidence matrix A by

+ 1 if arc j is directed away from node i
a,=<{—1 ifarcjis directed towards node i (13.3.1)
0 otherwise

For the network 1llustrated in Fagure 13.3.1 the node—arc incidence matrix is
1 1 0 0 0 0 0 1

| 0 1 1 0 0 0 0"

A= 0 0 0 -1 1 ! 0 0L

0 —-1 -1 0 -1 0 1 OJ
0 0 0 0 0 —1 -1 =1

(13.3.2
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Rows of A correspond to nodes, columns to arcs. The non-zero elements in
any row i give the arcs connected to node i and their orientation. Any column
j has only two non-zero elements, one 1s 4+ | and the other — 1 {the 1 Iproperty)
and these give the two nodes that are connected by arc j. Consider row i: the
total flow entering node i 1s

bt Y, x,— ¥ x;=b—Yayx;
j:a,-j=—l Jag=1 J

By virtue of conservation of flow, this is equal to zero, showing that the

conservation constraint can be expressed by the system of linear equations

Ax =b. (13.3.3)

It is of course possible to solve nelwork problems by using this algebraic
representation of network, and if this were done then there would be little more
to say. In fact A is very sparse and this approach would be mecfficient [or
problems of any size, even if sparse matrix technigues were used. However, the
algebraic techniques that could be used to handle (13.3.3) have graph theory
analogues in terms of operations involving trees and cycles. These operations
are most elficiently carried out in terms of @ much more compact representation
of the original graph. The next few paragraphs examine a number of relationships
that exist between the linear algebraic representation and the graph theory
representation.

First of all, observe that il all the equations in {13.3.3) are summed, the
equation 0Tx = 0 is obtained {by virtue of b, = ( and the + | property) Hence
the equations are lincarly dependent and rank A < m— L. In fact it is shown in
Theorem 13.3.1 below that the connectedness assumption ensures that rank A
=m—1 and the linear dependence can be removed by deleting any one
equation. (The situation that the graph is not connected is explored in
Question 13.6.) In terms of the graph, this is equivalent to deleting any node,
which by analogy with an electrical network could be called the earth node.
Columns of A corresponding to arcs connected to the earth node would then
only have one non-zero element after this deletion. Alternatively the redundancy
can be removed by postulating the existence of an earth node which is not in
the original graph, and connecting this node to any node in the graph by adding
an extra arc. This adds an extra column having only one non-zero element to
the matrx A. In terms of the example in Figure 13.3.1 either node 3 say could
be regarded as the earth node, thus deleting row 5 of A in (13.3.2), which
becomes a 4 x § matrix, or an extra are (9} could be directed from a separate
earth node to node 35, so that an extra column — e, is added to A, giving a
5 x 9 matrix. Clearly the overall effect of these two approaches is much the
same. Subsequently in this section it is assumed that the graph is connected,
has m nodes, and contains one or more arcs that are connected to an earth
node (regarded as a single node) outwith the graph. For such a graph, a spanning
tree is said to be rooted at earth if it includes one arc (only) connected to the
carth node. These concepts are iflustrated in Figure 13.3.2.

In both LP, QP, and other optimization problems, a system of linear equations
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A

R
"

Connécted graph with Spanning tree rooted
aarth pode ot earth
Figure 13.3.2 The earth node

like (13.3.3) is used to climinate (temporanly) a subset of variables from the
problem (e.g. (8.2.4) and (10.1.3)). In LP terminology there exists an index set
B (the basis) having m clements such that the vectors a; jeB are linearly
independent (a; = Ae;). A remarkable result connects this concept with that of
a Spanning tree in the above graph. Define B as quasi-triangular if there exist
P, Q and U such that

P'AQ=U (13.3.4)

where U is upper triangular, P is a permutation matnx (both m x m) and Q is
an n x m matrix whose columns are the vectors €; jeB in any order.

Theorem 13.3.1
For the graph defined in the previous paragraph

(i) 3 a basis (=-rank A =m),
(i) to every basis there corresponds a spanning tree rooted at earth, and vice
versa
(iii) every basis is quasi-triangular.

Proof

Any spanning tree rooted at earth can be constructed by the following algorithm
in which N® denotes a subset of the nodes, starting with N as the earth node.

Fork=1,2,...,mdo
{a) Find any arc, o, say, connecting any node in N~ % to a

node, m, say, not in N*7 1, (13.3.5)
(b) Set NW = N&-D 5

Existence of an arcin (a) is assured by the connectedness assumption, Incidentally
this algorithm shows that a rooted spanning tree has exactly m arcs. Now let
P have columns p, =e, €R™ and Q have columns q, =e, €R", and define U
by (13.3.4). Then e Ae, = + 1 since arc &, is connected to node n,. Also for
k>1 it follows that el Ae, = F 1 since arc o, is also connected to another
noden;, and ! < ksince n,e N%~ 1), Other elements in column k of U are necessarily
zero by the 1 property so U is upper triangular and non-singular. This

construction proves (i) and < in (ii).
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Now let a basis B be given. The following algorithm constructs matnices
AR =PRTAQM for k= 1,2,...,n where P® A®cR"*" and Q¥ eR"*", starting
from P =T and QY being any mairix such that its columns are the vectors
e, jeB in any order The matriccs A% are non-singular, being row and column
permutations of the vectors a, je B, and columns 1 to k — 1 of A® form an upper
triangular matrix. Clearly this property holds for k= 1. For general %, sum
rows k to m of A%: the resulting vector must be non-zero by linear independence
of a; je B. Hence 3 a column of A™ which has only a single non-zero element
in rows k to m, by the £ 1 property. Let this clement occur in posilion i, j
clearly i 2z k, also j = k by the upper (riangular property of rows 1 to k—1 of
A® Fmaily interchange columns : and &k of P to get P** " and columns |
and k of Q¥ to get Q¥* Y, Clearly A%* ! satisfies the appropriate propertics,
so by induction A™ is upper triangular and non-singular. P™, Q® and A™
can be identified with P, Q and U respectively in (13.3.4). Hence any basis is
quasi-triangular. 1t is easily seen that using P and Q to determine m and «
respectively, enables a rootcd spanning tree to be construcied in the order given
by algorithm (13.3.3). This proves (iii) and = in (ii) and completes the proof. [

There are a number of other interesting linear algebraic propertics of the
basis B which have an equivalcnt graph theoretic descniption in terms of the
corresponding rooled spanning tree, T say. Let Ay = AQ be the basis matrix
and consider row j of Ag'. If arc @, is removed from T, then two subtrees T
and T, are formed, one of which (T say) is rooted at earth. Then row j has
elements

s ifneT,

[A5 1= {0 (133.6)

lf nke TI
where n, refers to the node corresponding to row & (see (13.3.5)) and

== 1 if a; is directed away from the root in T
1 otherwise.

To prove this resuit, the ordering n (13.3.5}) can be chosen without loss of
generality so that rows 1 to k—1 of Ap correspond to nodes in T, and rows
k to m correspond to nodes in T, Then Ay is block upper triangular which
proves (13.3.6) for m,eT, The result for neT, is proved inductively by
considering the product of row j of Az ' with columns Ay in the upper trianguiar
orderning, starting from column k.

Another interesting result concerns column & of A;'. Define P(n,} as the

direct path from node ny to earth on tree T. Then column k of Az ' has elements
I if are ;e P(n,) and its direction
coineides with that of P(n,)
[A;'l= <1 ifare 2;6P(n) and its direction (13.37)
is opposite to that of P(n,)
0 otherwise (o;¢ P(r)).
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This resuit 1s readily proved from (13.3.6). An extension of this resultis important
in what follows. Define P(n,, n,} as the unique path from node », to node g,
both in tree T. Then the veclor y = Az (e, — ¢;) has elements

1 if arc %, P(n,, ») and ils direction
coincides with that of P(n,,n,)
yi=+¢—1 il arc a;eP(m,n) and its direction (13.3.8)
is opposite to that of P(n,, n)
0 o éPln,m)

This is a direct consequence of (13.3.7).

Networks are of particular interest when they arise 1n optimization problems,
and first of all the possibility of linear programming with networks is considered.
If the problem is such that there is a cost per unit flow ¢; associated with each
arc j, then the objective function to be minimized is the total cost 3" cx, summed
over all ares, which is linear in x. Often there are upper bounds on the flow in
an arc (known as capacities) and also lower bounds which are usually zero.
Taking these features together with the network equations Ax =b, a suitable
standard form for the linear network flow problem is

minimize ¢'x

subject to Ax=h, I<x<u (13.3.9)

This modifies the standard form (8.1.1) to include upper bounds on x. Application
of the simpiex method to this problem is very much as described in Section 8.2,
and the changes needed to accommodate the upper bounds are described in
Question 8.8. In this section it is shown how each of the steps 1n the simplex
method can be interpreted in graph theory terms. The outcome is again very
revealing from the point of view of both insight and efficient computation.

Assume for the moment that a basic feasible solution is known. This is a
vector of flows x which is feasible in (13.3.9) and basic, in that there exists a
current rooted spanning tree T, and x,={; or u, for arcs j that are not in this
spanning tree (i.e. jeN). Now consider the computation of 7= Az Tegin (8.2.7).
From (13.3.4), this calculation is essentially a forward substitution in the order
given by (13.3.5) and can be written

Ty = §Cq + Ty, k=12,...,m (13.3.10)

where #, is the node in N* ™! connected by arc 2, to node n, and sis — ! or
+ 1 according to whether or not the arc is directed towards node #,. Note that
when k=1, then n, refers (o the earth node (ny say) and =, =0 15 arbitrarily
defined. To terpret this result it is instructive to use the concept of classical
applied mathemalics that the potentiaf difference between two points 1s the work
or energy required {0 move a unil amount of a substancc from onc point to
the other. Taking a time derivative, potential difference 1s equivalently the power
(energy/umt time) required per unit of flow (substance/unit time), which can be
expressed as

power = potential difference x flow. (13.3.10
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If the objective function in linear network flow is regarded as the total power
required to cause the given flow to occur, then the power required for a single
arc is ¢;x,, and from (13.3,11}) it follows that the coefficient ¢; can be interpreted
as the potential difference along arc j in the graph. Hence from (13.3.10) the
elements of the vector # can be interpreted as the potentials at each node in the
graph, and n,, = 0 is the assignment of an arbitrary zero potential to the earth
node.

The next step is to consider calculating the vector of reduced costs &€y =
ey — ALz in (8.2.6). Let jeN be a nonbasic arc which goes from node p to
node g, where p and g are necessarily distinct nodes in T. Then (8.2.6) hecomes

é=c;—ajm=c;—m,+m,  jeN. (13.3.12)

In general the reduced cost &; measures the marginal cost of increasing x;

2

subject to maintaining Ax =b, so in this case ¢, can be interpreted as the
marginal cost {¢;) of increasing the flow in arc j less the marginal cost (7, — 7,)
of removing that flow from T. Ln other words, inserting arc jinto T creates a ¢vele
and ¢, is the unil cost of putting flow into this cycle. This is illustraled in
Figure 13.3.3 for the nelwork and spanning tree from Figure 13.3.2. Thus the
optimality lest in the simplex method can be interpreled as follows. I &;< 0
and x;=1{; then the total cost can be reduced by putting flow into the cycle
in the direction p~+q and if ¢, > 0 and x; = u; then the total cost can be reduced
by removing flow from this cycle. If neither of these possibilities holds for ali
JEN, then the flow pattern is optimal. If not, then the simplex method dictates
that the largest modulus allowable &; should indicate which arc is to become
basic. [n practice, although this computation is very simple, it nonetheless
accounts for a substantial proportion of the total computing time. Thus it can
be advantageous to search only a subset of the arcs to determine the arc which
becomes basic (e.g. Grigoriadis, 1982).

If the current b.fs. is not optimal then the simplex method goes on to the
ratio test (8.2.11) which determines the first basic variable to reach 1ts bound.
In terms of a graph theoretic description this is readily seen to occur when one
of the arcs in the cycle reaches either its upper or lower bound as the flow
round the cycle is changed. A calculation based on this interpretation is the
most efficient way of implementing the ratio test in practice. This is also

Arcdriven out when its
== = fiow reaches a bound

A}
PN
Naw ar¢ 3
atlows
flow round
cycle

Optimality test Rotio test
Figure 13 3.3 Simplex method in terms of spanning trees
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illustrated in Figure 13 3.3. This interpretation can also be derived from a linear
algebraic viewpoint. If arc j 15 being introduced, then the vector AglaJ is
required in (8.2.10) and this has the form given by (13.38). Thus Ay 'a;
represents the path in T connecting node p to node g Together with arc j thig
path gives the cycle considered above. Thus the description can also be deduced
from (13.3.8).

Finally (assuming that arc j does not move to become basic at its opposite
bound) it is necessary to update the current representation of the basis, that is
the rooted spanning tree T, when an arc in T is exchanged for one notin T
(Figure 13.3.3). Clearly the most suitable representation for T is some form of
list structure and various methods have been proposed (see for example the
books of Jensen and Barnes (1980) and Kennington and Helgason (1980)). To
give an idea of what is possible, only one such method is deseribed here. This
is the basis of the RNET code which Grigoriadis (1982) claims to be superior
on the basis of a wide selection of computational experience, Tn RNET the
vector of lower bounds =0 is taken and it 15 assumed that all the data is
integer valued. The veciors required by RNET are listed in Table 13.3.1. An
explanation of how some of these vectors are used in representing the list
structure for T is now given. The nodes in T are classified according to their
depth (number of arcs away from the earth node in T): this information is stored
n the vector D. The nodes are ordered according to a depth-first criterion: that
is starting from the carth node a path of increasing depth is followed until a
node is reached with no successor, Then the path is backtracked, until any node
which has a different successor is located, and a path of increasing depth from
this node is again followed. The process is repeated until all nodes are accounted
for, The order in which the nodes are scanned is llustrated in Figure 13.3.4.

Table 13.3.1 Vectors required in the RNET list structure

Identifier Domain - Range Meaning

From* (yesf) —=(ic.d") ‘From’ node of arc j

To* (jest) —={ic.A) ‘To’ node of arc j

c* {je.w)— {integers! Unit cost of arc /

H* (jes)— {integers} Upper bound for arc j

r {jesd)—{0,1} 1 =Nonbasic arc at upper bound
F (teA)—=(Je.¥) Father of node iin T

D (teA)-{1,....,m—1}  Depth of node 7 from root

P {ie. A) > (je.A7} Successor of node 1 in depth-first sequence
ARC (fe A7) (jesd) Arc number of arc (F{i),?)

B {ie.47) - {integers} External flow to node i

A {ie.)—{0,1} Flow direction' = from F(i)

X (teA)— }integers} Directed flow on arc

U (16.47)— {integers | Node potentials 7,

*Meuns that the vector is problem data.

=1, ,

niares) 4 =0, .,m

{nodes)
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Depth * ___
Dapth 2 ___
Depth 3 ...

Depth 4 ___

Figure 13.3.4 Depth-first ordering in rooted spanning tree

The successors of each node in this ordering are given m the vector P.
Backtracking along a path is possible by using the array F which gives the
Jfather of node 1 (that is the next node in the direction of earth) Finding the are
j to enter the wree is straightforward and just invelves scanning through the st
of arcs (possibly a subset of them) and computing the reduced costs. Assume
that this arc goes from node p to node ¢. The next step is to tocate the cycle
round which the flow will be changed. This is done by following the paths from
pto earth and g to earth until a common node ¢ is identified. Then p—>c—g—p
is the required cycle. To find ¢, the deepest path (from p say} is first followed
until a node is reached having the same depth as ¢. Then both paths are followed
to earth until the common node 15 located. Whilst making this search, the arc
k to leave the tree can also be identified. The cycle 15 traversed again to update
the flows. Finally the hist structure must be updated to account for the change
in T. Deleting arc k splits T into two subtrees T\ and T, one of which is rooted
at earth (T, say). The subtree T, is reconnected to T, using arc ;. Note that
only the nodes in T, must be reordered to get a valid list structure. This is a
fairly intricate process to describe and the reader is referred to Grigoriadis
(1982). Whilst updating this information. the node potentials for T, can also
be adjusted.

To initialize the simplex mecthod a basic feasible flow must be determined.
The analogue of the artificial variables method of Section 8.4 15 to add artificial
arcs to the problem. If node i has an external flow b; > 0 then an artificial arc
is directed from node i to carth, and if b, <0 then from earth Lo node 1. Artificial
arcs have bounds {,=0 and u,= cc. In a {(wo-phase method, phase 1 has an
nitial flow obtained by directing the external [lows to or from earth along the
artificial arcs. There are unit costs for the artiflicial arcs and zero costs for the
remaining arcs. Solving the phase [ problem has the effect of driving the flow
off the artificial arcs. Having obtained feambility, phase TI then reverts to the
original cost function. Artificial arcs can be removed once they become nonbasic.
Other methods described in Section 8.4 can also be uscd, such as that based
on (8.4.5) or the use of an L, exact pcnalty function. Indeed the latter is used
in the RNET code referred to above.

This discussion of the simplex method for hinear network flow finishes with
a few miscellancous comments. If the cost bounds and external flows which
define the problem are all integer, then it follows from the unit triangular nature
of the basis matrix that the flows and node potentials take integer values for
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any basic feasible solution. Thus there 13 no need to consider integer linear
network flow as a2 more complex calculation. Dual problems can be derived in
which the node potentials become the vaniables and the arc flows can be
interpreted as multipliers Degeneracy remains a problem and can in principle
be tackled by any of the methods of Section 8.6, although the literature 15 not
very forthcoming on this point. This is despite the fact that degeneracy is very
common in network problems: Grigoriadis (1982} cites a problem with 3000
nodes and 33000 arcs which requires 11231 pivots, 8538 of which are degenerate.
This proportion of degenerate pivots is typical of a wide range of problems.
However, the integral nature of network problems at least removes the difficulty
over the interaction of degeneracy and round-off error. Finally network
computer codes can be remarkably effective: for instance a FORTRAN imple-
mentation of RNET solves the problem with 35000 vanables referred to above
on an 1BM 370/168 computer in only 18.6 seconds!

Special cases of the lincar nctwork flow problem inciude the transportation
problem 1n which nodes are partihioned into either supply nodes (b, > 0) or
demand nodes {(b; < 0} with no nodes having b, = 0 Arcs link every supply node
with every demand node, and there are no other arcs. The assignment problem
is a further specialization in which additionally {b;} =1 for all i. Problems of
finding the maximal flow or the shortest path in a network are also special
cases. Often there are special purpose methods for soiving these problems which
take account of the structure and are more efficient than the network simplex
method. For linear network flow there is an alternative to the simplex method,
known as the out-of-kilier algorithm, Neither method is currently regarded as
being uniformly superior The ideas involved above in deriving the simplex
network flow algorithm are also applicable in more general situations. These
include the following: networks with gains or losses in the arcs, in fact any
systemn Ax =b in which thc columns of A have at most two non-zero entries.
Also included arc multicommodity flow problems in which several substances
sharc arcs: this essentially gives nse to block triangular basis matrices. Finally
prablems 1n which network constraints Ax =b are augmented by other linear
cquations Cx = d can also be solved, essentially by using the constraints Ax =b
to eliminate vanables, by making use of the triangular property of any
non-singular submatrix in A. All the develepments in this paragraph are reviewed
in the book of Kennington and Helgason (1980).

Finaily the possibilities are considered for solving nonlinear programming
problems on networks, including the case of quadratic programming. If it 1s
assumed that there 1s no mteraction between arcs, then the objective function
becomes separable, that 1s f(x) =3 f,(x,), summed over all arcs. This implies
that the Hessian G = V2 {15 diagonal. A case of some interest is an electrical (DC)
network 1 which a minimum power solution is sought. This case differs from
linear network flow in that the power is assumed to be proportional to the
sguare of flow (flow = current) and the constant of proportionality 15 known as
resistance. Thus from (13.3.11) the potential difference 1s the product of
resistance X current which gives Ohm’s law. DC networks therefore give rise
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to QP problems. The first order conditions for such a network are known as
Kirchhofl’s laws.

It is instructive to relate QP on networks to the generalized elimination
methods described in Section 10.1 in which a nuil space matrix is constructed
{in this case a matrix Z such that AZ =0). This can again be interpreted in
graph theoretic terms. For any eycle in the network, define an n-vector z by

+1 if arc is in the cycle in the same direction as the cycle
z,= «—1 if arcj is 1n the cycle in the opposite direction
0 if arc j is not in the cycle (13.3.13)

It 18 easily shown that Az =0 for any such vector z, using (13.3.1). Consider
node i. if 1t is not in the cycle then a,;z, = 0 V; and hence e/ Az = 0. If node i is
i the cycle then the path enters node i on one arc, p say, and leaves on another,
g say. If z,= + 1 then arc p enters node i so a,,= — 1. If z,= — | then arc p
leaves node : and g;, = + 1, so in both cases a,,z, = — 1. Likewise if z,= + 1
then arc g leaves node i so a,, = + 1, if z,= — 1 then arc g enters node i so
a,,= — 1, s0 1n both cases a,,z, = + 1. Thus a;,z, + a,,z, = 0. If the path passes
through node i a pumber of times, then this result must be true for each pair
of arcs entering and leaving node i Other arcs j have either a,;=0 or z;=0.
Hence efAz =0 if node i is on the cycle and so Az=0 (QED). Thus a valid
null space matrix is obtained by taking Z to be any matrix whose columns are
a subset of maximum rank of all such vectors z, and Z is therefore seen to be
associated with an independent set of cycles for the network. In the direct
elimination method (10.1.22) Z is constructed by ZT=[— ALA;T:1] and by
virtue of the discussion above on the ratio test, this too has a simple
interpretation. Given a basis (rootcd spanning tree T) then connecting any
nonbasic arc into T in turn gives a cycle. The set of all such cycles for fixed
T is the set that would be computed by direct elimination.

The simple structure of Z together with the diagonal form of G enabies very
effective methods for QP on networks to be determined. Likewise for nonlinear
programming, obvious possibilities include Newton’s method for linear
constraint problems (11.1.9), a guasi-Newton method based on updating a
diagonal approximation to the full Hessian, or an SQP method such as (11.2.7).
A recent reference is Dembo and Klincewicz (1981). An alternative approach
to separable nonlinear programming on networks is to use piecewise linear
approximations to the cost functions and cofivert the problem into what is
essentially a linear ngtwork flow problem (e.g. Kamesam and Meyer, 1984).

QUESTIONS FOR CHAPTER 13
13.1. Solve graphicaily the LP

minimize — x, —2x,
subject to —2x, +2x, <3
2x, +2x, %9,
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132,

13.3.

134

13.5.

for the cases (i) no integer restriction, (1) x, integer, (1) x , x5 integer. Show
how case (i) would be solved by the branch and bound method,
determining problem lower hounds by L=f" + & or L=f" + ¢, . Give the
part of the solution tree which is explored. Show also that although the
method solves the problem finitely, the tree contains two infinite paths.
Show that if the nearest integer is used as a criterion for which problem to
explore first after branching, then it is possible that one of these infinite
paths may be followed, depending on how ties are broken, so that the
algorithm does not converge. Notice however that if the best pending node
is selected after every branch then the algorithm does converge. If bounds
x = 0 are added to the problem, enumerate the whole tree: there are ten O
nodes, six # nodes and five [J nodes in all.

Solve the integer programming problem

minimize  x} 4 x3 + 16(x,x;, + (4 + x,)%)
subject to  x;, x, integer

by the branch and bound method. In doing this, problems in which x; € n;
or x; =m + 1 arise. Treat these as equations, and solve the resulting
problem by a line search in the remaining variable (or by using a quasi-
Newton subroutine with theith row and column of H* zeroed). Caleulate
Lagrange multipliers at the resulting solution and verify that the inequality
problem s solved. Use the distance to the nearestinteger as the criterion for
which branch to select. Give the part of the solution tree which is explored.
Consider the geometric programming problem

1 1

minimize  x7 'x;'x3

subject to  x; + 2x, + 2x, < 72, x>0

derived from Rosenbrock’s parcel problem (see Question 9.3). Show that
the problem has zero degree of difficulty and hence solve the equations
(13.2.13)and (13.2.14) to solve (13.2.16). Show immediately that the solution
value is 1/3456. Find the multipliers w}, j=1,2,3, of the orthogonality
consiraints and hence determine the optimum variables from (13.2.17).
Consider the geometric programming problem

minimize  40x,x; + 20x,x5

subject to £x, x; YE 4 dx 3PP x>0
Show that the problem has zero degree of difficulty and can be solved in a
similar way to the previous problem.
Consider the geometric programming problem

minimize  40x7 x5 12x7 '+ 20x;x5 + 40x, %,

subject to  3x Zx; 2+ 4xix7t <1, x>0

Show that the problem has one degree of difficulty. Hence express § in
terms of the parameter A(=4,) as in (13.2.20), and solve the problem
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13.6.

13.7.

13.8.

Other Optimization Problems

Figure 13.3.5 Network for Question 13.7

numerically by maximizing the function v{8(2), 1} by a line search in A. Then
solve for the variables using (13.2.17). This and the previous problem are
given by Duffin, Peterson, and Zener (1967) where many more examples of
geometric programming probiems ean be found.

Consider a graph with no earth node which is formed from k connccted
subgraphs. Show that the matrix A defined in (13.1.1} has rank m— k.
Consider the linear network flow problem defined by the network shown 1n
Figure 13.3.5. The bounds and costs for the arcs are given by 1=1,

u=(2,4,3,3,2,2,3,4,3,5,2,3,1,2)"
and
¢=(2,3,2,1,4,4,3,1,3,2, - 5,1,3, — )",
and the external flows on the nodes by
b=(4,3,0,0,0, -2, —6,1)T.

Solve the problem using a subroutine for linear programming. Use the
example to verify some of the graph theoretic properties of networks.
Show for a linear network flow problem that any basis matrix Az = AQand
the corresponding upper triangular matrix U in (13.3.4) have the same
amount of sparsity, that 1s 2m — 1 non-zero elements. Consider LU factors
of the basis matrix, that is

PA,=PAQ=1LU

that might for example be computed by the Fletcher—Matthews method
{Section 8.5). Construct an example of a linear network flow problem which
shows that the total number of non-zeros in the LU factors can be greater
than 2m—1.



Chapter 14

Non-Smooth Optimization

14.1 INTRODUCTION

In Part 1 on unconstrained optimization an early assumption is to exclude all
problems for which the objective function f(x) is not smooth. Yet practical
problems sometimes arise (non-smooth optimization {NSQ) or non-differentiable
optimization probiems) which do not meet this requirement; this chapter studies
progress which has been made in the practical sclution of such problems.
Examples of NSO problems occur when solving nonlinear equations ¢,(x) =0,
i=1,2,...,m (see Section 6.1) by minimizing |e(x}||; or |e(x)||. This arises
either when solving simultaneous equations exactly (m = n) or when linding best
solutions to over-determined systems (m > 1) as in data fitting applications.
Another similar problem is that of finding a feasible point of a system of
nonlinear inequalities ¢, (x)<0, i=1,2,...,m, by minimizing |e(x)* |, or
lletx}™ ||, where ¢;” = max(c;,0). A gencralization of these problems arises when
the equations or inequalities are thc constraints in a4 nonlinear programming
problem {Chapter 12). Then a possible approach 1s to use an exact penalty
function and minimize functions like vf{x)-+ |le(x)} or vf{x)+ |e(x)* |, in
particular using the L., norm. This idea is attracting much research interest and
is expanded upon 1 Section 14.3. Yet another type of problem is to minimize
the max function max,c,(x) where the max is taken over some finite set, This
includes many examples from electrical engineering including microwave
network design and digital filter design (Charalambous, 1979). In fact almost
all these examples can be considered in a more generalized sort of way as special
cases of a certain composite function and a major portion of this chapter is
devoted to studying this type of function. In particular the term composite NSO
is used to describe this type of problem.

Another common source of NSO problems arises when using the decom-
position principle. For example the LP problem

minimize ¢Tx+dTy
x.¥

subject to Ax+By=b
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can be written as the convex NSO problem

mnimize f(x) A e’x + min[d"y:By<b - Ax].

X

Application of NSO methods to column generation problems and to a variety
of scheduling problems is described by Marsien (1975} and the application to
network scheduling problems s described by Fisher, Northup, and Shapiro
{1975). Both these papers appear in the Mathematical Programming Study 3
(Balinski and Wolfe, 1973) which is a valuable reference. Another goed source
is the book by Lemarechal and Mifllin (1978) and their test problems 3 and 4
illustrate further applications.

Insofar as I understand them, all these applications could in principle be
formulated as max functions and hence as composite functions (see below).
However in practice this would be toe complicated or require too much storage.
Thus a different situation can arise 1 which the only information available at
any point x is f(x} and a vector g. Usually g is V£, but if f is non-differentiable
at x then g is an ¢lement of the subdifferential &f (see Scction 14.2) for convex
problems, or the generalized gradient in non-convex problems. Since less
information about f{x) is available, this type of application is more difficult
than the composite function application and 1s referred to here as basic NSQO.
However, both types of applicalion have some structure i common.

In view of this commeon sttucture, algorithms for all types of NSO problem
are discussed together in Section 14.4. For composite NSO it is shown that an
algorithm with second order convergence can he ohtained by making linear-
izations of the individual functions over which the composition is taken, together
with an additional (smooth) quadratue approximation which includes curvature
information from the functions in the composilion Variants of this algorithm
have been used in a number of practical applications. A potential difficulty for
this algorithm {and indeed for any NSO algorithm), known as the Maratos effect
is described, in which the expected superlinear convergence may not be obtained.
It is shown how this arises, and that it can be arcumvented in a simple way
by adding a second order correction step to the algorithm. This algorithm can
also be made globally convergent by incorporating the idea of a trust region
and details of this result are given in Section 14.5. The algorithm is apphcable
to both max function and L, and I, approximation problems and to nonlinear
programming applications of non-smooth ¢xact penalty functions. Algorithms
for basic NSO have not progressed as far because of the difficulties caused by
the limited availability of information. One type of method—the bundle
method—tries to accumulate information locally about the subdifferential of
the objective function, Alternatively hneanzation methods have also been tried
and the possibility of introducing second order information into these algorithms
is being considered. In fact there is currently much research interest in NSO
algorithms of all kinds and further developments can be expected.

A prerequisite for describing NSO problems and algorithms is a study of



[ntroduction 350

optimality conditions for non-smooth functions. This can be done at various
levels of generality. 1 have tried to make the approach here as simple and
readable as possible (although this is not easy in view of the inherent difficuity
of the material), whilst trying to cover all practical applications. The chapter
is largely self-contained and does not rely on any key results [rom outside
sources. One requirement 1s the extension ol the matenal in Section 9.4 on
convex functions to include the non-smooth casc. The concept of a subdifferential
is introduced and the resulting definitions of directional derivatives lead to a
simple statement of first order conditions. More general applications can be
represented by the composite funciion

$(x) & [ (x) + hlc(x)) (14.1.1)

and the problem of minimizing such a function is referred to as composite NSO.
Here f(x) (R"—>R!) and c(x) (R"—R™) are smooth functions (C!), and hk(c)
(R™—R1) 1s convex but non-smooth (C°). Note that it would be possible more
simply to express ¢(x) = A(e(x)) and to regard (14.1.1) merely as a special case of
this. T have not done this because in penalty function applications it is much more
convenient to use (14.1.1). Other applications in which f(x) is not present are
readily handled by setting f(x) = 0. Imporiant special cases of H¢) are set out
in (14.1.3) below. Optimulity conditions for (14.1.1) can be obtained as a
straightforward extension of those for convex functions. This material is set out
in Section 14.2 and both first and second order conditions are studied. An
important aspect of this theory is to give a regularity condition under which
the second order canditions are almost necessary and sufficient. This involves
the idea of structure functionals. It is shown that these functionals enable an
equivalence to be drawn in the neighbourhood of a local solution between a
composite NSO problem and a nonlinear programming problem whose
constraints involve the structure functionals.

There are NSO problems which do not fit into the category of composite
NSO (for exampie @(x) =max (0, min(x,,x,))), and which are not even well
modelled locally by (14.1.1} A practical example is that of censored 1.,
approximation (Womersley, 1984a), but few examples of this type occur in
practice. Wider classes of function have been introduced which cover these
cases, for example the locally Lipschitz functions of Clarke (1975), but substantiai
complication in the analysis is introduced. Also these classes do not directly
suggest algorithms as the function (14.1.1) does. Furthermore the resulting first
order conditions permit descent directions to occur and so are of litile practical
use (Womersley, 1982). Hence these classes are not studied any lurther here.
Finally the problem of constramed NSO ¢an be considered. First order conditions
for smooth constraint functions are given by Watson (1978) and for constrained
L, approximation by Andrcassen and Watson (1976). First and second order
condittons for a single non-smoeth censtraint function involving a norm are
given by Fletcher and Watson (1980) In Section 14.6 these results are extended
to cover a composite objective [unclion and a single composite constraint
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Figure 14.1.1 Palyhedral convex function

function (constrained composite NSO), and this is the most general case that
needs to be considered. A regularity condition involving the use of structure
functionals is also given.

In most cases {but not all—for example the exact penalty function ¢ =
v f + | e¢ll2) a further specialization can be made in which #(c) is restricted to be
a polyhedral convex function. In this case the graph of k{c) is made up of a finite
number of supporting hyperplanes c¢h; + b, and A(¢) is thus defined by

h(c) A max (c™h, + by) (14.1.2)

where the vectors h; and scalars b, are given. Thus the polyhedral convex function
is a max function in terms of linear combinations of the elements of e. A simple
lustration is given in Figure 14.1.1. Most interest lies in five special cases of
(14.1.2}, in all of which b, = 0 for all &. These functions are set out below, together
with the veclors b; which define them given as columns of a matrix H.

Case I he)=max;c; H=1 (m x m)

Case IT  #c)=|ct|, H=[I:1] (mx(m+ 1))

Case III #fe)=|c¢||, H=[L.-1] (m x 2m)

Case IV h{c)=|¢*||; columns of H are all possible combinations (14.1.3)
of 1 and O (m x 2™

Case V. h(c)= |||y columns of H are all possible combinations
of 1 and — 1 (m x 27)

For example with m = 2 in case (V) the matrix His H= [i : B : B i:|

Contours of these functions for m = 2 are illustrated in Figure 14.1.2. The broken
lines indicate the surfaces {grooves) along which the different linear pieces join
up and along which the derivative is discontinuous. The term prece s used to
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Figure 14 1.2 Contours of polyhedral convex functions

denote that part of the graph of a max function it which one particular function
achieves the maximum value, for example the graph illustrated in case (iI) of
Figure 14.1.2 is made up of three linear pieces and the active equations are
hey=c, forc; €cyand ¢, =0, hle) =¢, for ¢, € ¢, and ¢, =0, and h{c) =0 for
¢y <0 and ¢, €0 The subdifferential dhic) for a polyhedral convex function
has the simple form expressed in Lemma 1422 as the convex hull of the
gradients of the active pieces. The polyhedral nature of k(e) has important
consequences in regard to second order conditions, and this is considered later
in Section 14.2.

In fact it is possible to derive optimality results for the composite function
p(x)in (14.1.1) when h(e) is the polyhedral function (14.1.2) without using notions
of convexity at all. Clearly ¢(x) can be written

@(x) = max (f(x} + e(x}'h; + b;) (14.1.4)
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which is equivalent to
dx)=minv: vz f(x) + c(x)Th,+ b, Vi (14.1.5)

Therefore x* minimizes ¢(x) locally iff x*, v* is a local solution of the nonlinear
programming problem

minimize v

%0 (14.1.6)

subject to v —f(x) —c(x)"h; = b, vi
Thus first and second order optimality conditions for (14.1.4) can be obtained
by applying the equivalent results in nonlinear programming to (14.1.6), that
is Theorem 9.1.1, 9.3.1, and 9.3.2. It turns out however that this approach is
less general and somewhat clumsy, so it is only sketched out briefly here, and
the derivation given in Section 14.2 is prelerred. The first difficulty concerns
the regularity assumption %" = F'. It is possible (but not trivial —see Question
14.1) to prove that this always holds, and therefore it is important not to make
an unnccessary independence assumption. The appropnate Lagrangian function
for Theorem 9.1.1 is

Lo, ) = v— o — f(X) — c(0)h, — by) (14.0.7)
and it is implied at x*, p* that multipliers u* exist such that

d

% E(X*s U*sﬂ*) =0 or Zlui =

V.Zx*5 v u*) =0 or Y ufig*+A*h}=0 (14.1.8)
n*zo
pr>0=v*=f*+c*Th +b,

As in previous chapters the notation g = Vf and A = VeTis used and f* = f(x*),

ete. If A =Hp is written, then the existence of a vector g#* in the above is
equivalent to the existence of a vector A* in the set

3h* = convh, (14.1.9)

iear®

such that g* + A*A* =0. In fact dh* is the subdiffercntial of h(c*) as shown in
Lemma 14.2.2. &/* 15 the set of active constraints or equivalently the set of
indices at which the max in (14.1.4) is attained, that is

% = it *Th, + b, = h(c™). (14.1.10)

It is possible to use (14.1.9) to obtain equivalent but more convenient
expressions for dh(c) in cases (I) to (V) in (14.1.3) above as follows:

dmaxe,={A: ) 4 =1, 420, ¢; <max,¢; = A, =0} (14.1.11)
e o={AYh=1,420¢<lct|,=>4=0
et £0= Vi =1} (14.1.12)
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élell,={Are#0=3 [4|=1
lel< el = 4,=0

led=lelle = 420
c=0=T|4/<1} (14.1.13)
Dt ={A:0< A<, ¢>0= A=1
¢ <0 = iy =0} (14.1.14)
allell, = {A: Al < 1, ¢, %0 = 4, =signc,). (14.1.15)

The equivalence between these sets and those defined by conv,_h, is left as an
exercise (Question 14.3). Expressions (14.1.12) to {14.1.15) can also be derived as
special cases of (14.3.7} or (14.3 8).

It is also possible to apply the development of (9.3.9) onwards to problem
{14.1.6) to obtain the second order conditions of Theorem 14.2.2 and 14.2.3,
and also the regularity condition (14.2.31) (see Lemma 14.2.7). To do this an
index pe.s’% is used to eliminate ¢ (or 5,, ;—see Question 14.1}. The analysis
is not entirely straightforward so again the more direct and more general
approach of Section 14.2 is preferred.

The parameters 4 *=0h* which exist al the solution to an NSO problem are
closely related to Lagrange muliipliers and indeed they can be given a simple
interpretation similar to (2.1.10). Consider a perturbed problem in which ¢o(x)
is replaced by ¢(x) + £ giving a function ¢,(x) and assume that the minimizer
x(£) is such that the same constraints are active in {14.1.6). It follows that the
right-hand side of each active constraint 1s perturbed by an amount £Th;. Since
#¥ is the multiplier of the ith constraint and using (9.1.10) it follows that the
change to v is Av =3 & h,uf = £TA* and hence that

de*
dg;

Thus A measures the first order rate of change of the optimum function value
consequent on perturbations to ¢;. This result can also be used to illustrate the
need for the condition 4 = 0in (14.1.17). For example if the first order conditions
arising from (14.1.8) (34*edh* such that g* + A*1* =0) are satisfied except
that A} <0 for some i, then it is possible to show that x* is not optimal
Consider a perturbation & with ;> 0 and ¢, =0, j # i. Existence of the solution
X(g} follows under a suitable independence assumption using the implicit
function theorem. At x(£) the max in (14.1.2) is achieved by all jew* if £ 1s
small enough, so for all je.of™, j#1i,
ci(x(g)) = c;i(x(£)} + &,

Thus ¢,(x(£)) < ¢,(x(£)) and hence @, (x(£)) = po(x(£)) where ¢, refers to the
unperturbed function, It follows from (14.1.16) that d¢f/de, = A* <0 and so
x* is not a local solution. The situation is illustrated in Figure 14.1.3, Clearly

increasing ¢, by & does not reduced ¢(x) in case (i) when A = 0 but does reduce
@(x) in case (ii). Another example of this is given 1n Question 14,12,

= ¥, (14.1.16)
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Figure 14 1.3. Interpretation of multipliers in NSO

The requirement that the active constramnts in (14.1.6} remain the same is
important and is in the nature of an independence assumption. This usually
holds for case (I) and (I1) problems in (14.1.3) and for case (IIT) problems when
¢* = 0. However for the L, norm functions of cases (IV) and (V) the assumption
is not likely to hold. An alternative interpretation of Lagrange multipliers
suitable for the L, case s given 1n Section 12.3. In Section 14.2 it is shown how
all these cases, and also some others not involving polyhedral kie), can be
handled within a unified framework by using a regularity assumption based on
the concept of structure functionals.

14.2 OPTIMALITY CONDITIONS

In this section a number of results are proved leading to optimality conditions
for the composite functions described in the previous scction. Since these
functions are defined in terms of non-smooth convex functions it 1 important
to study the latter case first. Such a function is llustrated 1n Figure 14.2.1 and
it can be seen that the non-differentiability at x* allows the possibility of a
number of supporting hyperplanes, 1n contrast to Figure 9.4.2. (Supporting
hyperplanes to the epigraph of a convex functicn, which is a convex set, always
exist; see Hadley, 1961.) Given a convex function f(x} defined on a convex set
K = R", and given xeinterior (K), then for each supporting hyperplane at x it
follows that an inequality of the form

fix+8) =f(x}+8'g Vx + 8K (14.2.1)

holds, and g is a normal vector of the supporting hyperplane. Such 4 vector g
is referred to as a subgradient at x and (14.2.1) is known as the subgradient
inequality and is the generalization of (9.4.4) to non-smoeoth functions. The set
of all subgradients at x is known as the subdifferential at x and is defined by

afx)of{g: fix+8)=fix)+d"g  Vx+dcK} (14.2.2)
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Figtire 14.2.] Supporung hyperplanes to a non-
smooth convex function

The notalion 8% = 8 f(x*) analogous to f% = f(x®), etc., is used. Tt 15 easy
to see that f(x) is a closed convex set, which by Lemma 14.2.1 below is also
bounded and therefore compact. In facl a more general resull can be eslablished.

Lemma 14.2.1

O f(x) is bounded jor all xe B < interior (K) where B is compact.

Proof

If the lemma 1s false, 3 a sequence g¥ed f(x™), x¥eB, such that [g® |, — o0,
By compactness 3 a subsequence x™ —x". Define 6% =g®/|| g% |2 Then
x® + MK for k sufliciently large, so by (14.2.1}

f(x(kl + 5(k]) Bf(k, + g(k)'rg(k) zf(kJ + 1.
Bul in the Bmit, f® /", §1 >0, and so f(x* + §%)—f", which is a contra-

diction, so the lemma 1s trve. O

If f is differentiable al x, then

flx+8)=f(x)+ 5V fixp+o(ld1)
and subtracting this from (14.2.1} gives

6ig— VX)) <ollI&]).

Choosing & = 8(g — Y f(x)), 610, shows that g = V. Hence 1n this case df(x) is
the single vector V f(x).

In Section 14.1 the particular class of polyhedral convex functions h{c),
R™—R?, is defined by

h(c) =maxc'h; + b, (14.2.3)
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where h; are the columns of & given fimte matrix H. Defining
o = ofie) A {r: ¢'h, + b, =hic)} (14.2.4)

as the set of supporting planes which are active at ¢ and so attain the maximum,
then it is clear that these planes determine the subdifferential dh(c). This is
proved as follows,

Lemma 14.2.2

dh(e) = convhy (14.2.5)
ientie)
Proof
&h(c) is defined by
Oh(c)={A: hic+d) = h(c)+6"A V6. (14.2.6)

Let 4 =Hpe(14.2.5) where p, =0, 3 ;= 1. Then for all 4,
h(e) + 6"A =max(c™h;+ b))+ > 67h.pu,

iesd
< max(cTh; + b)) + max §'h,
ics’ ies

= max{(c + 8)Th, + b) < hlc + &)
ics’

Thus 1={14.2.6). Now let 1e(14.2.6) and assume A¢(14.2.5). Then by Lemma
14.2.3 below, 3s 5= 0 such that sTA4 > s"p Yue(14.2.5). Taking & = «s, and since
h;e(14.2.5) Yic.o,

hic) + 6TA =max (cTh, + b,) + asT4
>c'h + b, +as'h; Yies
=max((c + as}Th, + b))
(=
= max((c +os)'h; + b) = hic + &)
for « sufficiently smali, since the max is then achieved on a subset of /. Thus

(14.2.6) is contradicted, proving 4e(14.2.5). Hence the definitions of dhic) in
(14.2.5) and (14.2.6) are equivalent. []

Examples of this result for a number of particular cases of A(c) and H are given
in more detail in Section 14.1. For convex functions involvifig a norm, an
alternative description of ¢h(c) is provided by (14.3.7) and (14.3.8). The above
lemma makes use of the following important result.

Lemma 14.2.3 (Separating hyperplane lemma for convex sets)

If K is a closed convex set and A ¢ K then there exists a hyperplane which separates
A and K (see Figure 14.2.2).
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Separating hyperplane

Figure 14.2.2 Existence of a separating hyperplane

Proof

Let xoeK. Then the set {x:[x — 4, < |[xo—A4 ||z} is bounded and so there
exists a minimizer, ¥ say, to the problem: min |x — 4 ||, x€K. Then for any
xekK, 8c[0,1],

H(L—x+0x— 43> x— 4|3
and in the limit # 0 it follows that
(x — x4 %<0 VxekK.

Thus the vector s=A4 — X £ 0 satisfies both sT{(A —%)>0 and s"(x — %) <0
VxeK and hence

sTAd >s'x VxekK. {14.2.7)
The hyperplane s™(x —%)=0 thus separates K and A as illustrated in
Figure 1422 O

At any point x’ at which V f does not exist, it nonetheless happens that the
directional derivative of the convex function 1 any direction is well defined. It
18 again assumed that f(x) is defined on a convex set K< R" and x'e
interior (K). The following prelimmary result is required.

Temma 14.2.4

Let x® — x" and g*cdf®. Then any accumulation point of {g®™} 15 m 3.

Proof
For any yeK, (14.2.1) can be written as

F =% +(y —x®©)g®.
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Taking any subsequence for which g™ — g’ it follows that
fW=f+ly—-x)'g  ¥yek,

thatis gedf”. O

A result for the directional derivative at X' in a direction s can now be given
In a quite general way for any directional sequence (see Section 9.2).

Lemma 14.2.5

If x® =X’ is any directional sequence with 6% > 0 such that 5% -0 and s® >s
in (9.2.1) (and allowing s = 0), then

k) _ g
limfaT)f =maxs'g. (14.2.8)
koo gedf’
Proof

If g®edf ™ then it follows from (14.2.1) that for k sufficiently large
[z 0 sWghTgl

and
TRz +6%s"g  Vgedf

both hold, and hence

® g
& ;j: el 2 maxs’g. (14.29)

()T
s¥g -
5® =

Since /™ is bounded in a neighbourhood of ¥’ (Lemma 14.2.1), there exists a
subsequence for which g¥ —g', and g'edf” by Lemma 14.2.4. 1f (14.2.8) is not
true then (14.2.9) gives @ contradiction in the Iimit of such a subsequence. [

Thus (14.2.8) shows that the directional derivative is determined by an
extreme supporting hyperplane whose subgradient gives the greatest slope: see
Figure 14.2.1 for example.
It is possible to deduce from this result that if x* is a local minimizer of f(x),
then f® = f* for all & sufficiently large, and hence from (14.2.8) that
maxs'g =0 Vs |s| =1. (14.2.10
.G
Thus a first order necessary condition for a local minimum is that the directional
derivative is non-negative in all directions. This can be stated alternatively as

Dedf* {14.2.11)

which generalizes the condition g*=0 for smooth functions. Clearly
{14.2.11) implies (14.2.10). If 04¢3f" then by Lemma 1423 (with A =0, K =&}
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thereexists a vectors = —g/| g/, for whichsTg < 0 ¥ gedf”, where g {5 the vector
which minimizes | g, ¥ gedf". Applying this result at x* shows that (14.2.10)
and(14.2.11) are equivalent. It is now immediate from (14.2.1) that either (14.2.10)
or {14.2.11) is also a sufficient condition for a global minimizer at x*. In fact the
vector s = — /|| €|, defined above is the sieepest descent vector at x'. Assuming
049" then from (14.2.8) the direction of least slope is defined by

min maxs'g = max min s'g

fslz=1 geif" gedl’ Isly=1
=max —|gli; = —{&l., (14.2.12)
el
and hence the least slope is attained when s = — g/| gl/,. The justification of

interchanging the min and max operations is explored in Question 14.7.
The main aim in introducing the above development is to apply it to composite
functions of the form

P(x) = f(x) + hie(x)} {14.2.13)

where f{x) (R"— R') and cix) (R"— R™) are smooth (C') functions and h(c)
(B™ —» R*) is convex but non-smooth (C°). Let x® - x' he a directional sequence
with 8™ {0 and s*® -»s in (9.2.1). By Taylor series

f(k) sz + 5lklngs(k!+ O(ﬁ{k))
50 (f® — /0™ —gTs Likewise
e® = ¢ + WAT® 4 o(5)

so ¢® ¢’ is a directional sequence in R™ with (¢ — ¢}/ — ATs, Thus by
applying Lemma 14.2.5 to Al(c), it follows that

oY g

k—w

=maxs'(g +A'R) (14.2.14)
Reéh
and this gives the directional derivative at x’ in the direction s for the function
¢(x) 1 (14.2.13). Another more general result about directional derivatives 1s
proved in Lemma 14.5.1 and 1ts corollary.
It can be deduced from (14.2.14) that if x* is a local minimizer of ¢{x), then
$™ = ¢* for all k sufficiently large, and hence
maxs'(g* + A*A) 20 Vss| =1 (14.2.15)
A
This is a first order necessary condition for a local mihimizer which like (14.2.10)
can be mterpreted as 4 non-negative directional derivative in all directions.
Again the result can be staled alternatively as

0cip(x*)A{y: y =g+ Ak Viecdhj, . (14.2.16)

The set d¢p* thus defincd, although convex and compact, is not the subdiffcreitial
because ¢ may not be a convex function, but it 15 convenicnt to usc thc same
notation. (It 1s in fact the generalized gradient of Clarke (1975).) s defimtion
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in (14.2.16) is in tue nature of a generalized chain rule, by analogy with the
expression V¢ =g+ AVA for smooth functions. The equivalence of (14.2.15)
and (14.2.16) is again a consequence of the existence of a separating hyperplane
(Lemma 14.2.3). Yet another way to state this condition is to introduce the
Lagrangian function

L(x, A)=F(x}+ ATe(x) (14.2.17)

Then an equivalent statement of {14.2.16) 15 as follows.

Theorem 14.2.1 (First order necessary conditions)
If x* minimizes ¢(x) in (14.2.3) then there exists a vector A*edh™ such that
VE(x* i%)=g*+ A*A* =0 (14.2.18)

Proof
Immediate since d¢* 1s the set of vectors V.Z(x*, 1) for all Aedh*. [

This form illustrates the close relationship between the vector A *edh* and the
Lagrange multiphers in Theorem 92.1.1. These conditions are illustrated by
Questions 14.8, 14.9, 14.10, and 14.12. In general, since ¢(x) may not be convex,
the conditions of Theorem 14.2.1 are not sufficient.

In view of this last observation it i8 important to consider second order
conditions for x* to be a minimizer of the composite function (14.2.13). These
conditions again exhibit a close relationship with the results in Section 9.3. The
approach is based on that taken by Fletcher and Watson (1980). In considering
second order conditions it is necessary to restrict the possible directions to
those having zero directional derivative so that second order effects become
important. This is illustrated by the contours in Figure 14.2.3. x* satisfies first
order conditions but there are directions of zero slope along the derivative
discontinuity c,;(x)=0 (broken line), so that first order conditions are not
sufficient. However sufficient second order conditions can be derived which
imply that x* is a local minimizer—see Question 14.9. In general let A* be any
vector which exists in Theorem 14.2.1 and consider the set

X = {x: h(c(x)) = he(x*)} + (e(x) — c(x*))TA*. (14.2.19)

Define %* as the set of normalized feasible directions with respect to X at x¥.
(That is se%* implies that there exists a directional sequence x*' — x*, feasibie
in (14.2.19), such that s s in (9.2.1) with ¢ = 1.) %* can be regarded as the set
of stationary directions for h{e(x)), having linearized h(c) but not c(x). It is
possible to show that these divections are closely reiated to the set G* of
normalized directions of zero slope, that is

A {E maxs'(g* + A*1)=0, |s}, = 1}- (14.2.20)

iech*
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Figure 14.2.3 Contours for the scaied I, Freudenstein and Roth
problem, Question 14.9

G* can be regarded as the set of stationary directions for k(c(x)) having lincarized
both Ac} and c(x). The extent to which #* and G* correspond 1s important
and 1t is first shown that %* 1s a subset of G*.

Lemma 14.2.6
G* = GF,

Proof

Let se¥* so a directional sequence in X exists with s® —s, ||s]; = 1. Using
(14.2.14), {14.2.13), (14.2.19), and a Taylor series it follows that

k) _ 4%
maxs'(g* + A*i) = lim qb—tkdz—
Ledh* k—m a®
_1 f(k) —f* + h(c"") _ h(C*)
== o
f(k) —f* + (c(k) — c*)T/'L *
- khjg 5@
=sT(g* + A%L%).

It then follows from (14.2.18) that s=G*. [

To give a general result going the other way is not always possible although
it can be done in important special cases. Further discussion of this is given
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later in this section: at present the regularity assumption
G = G* (14.2.21)

is made (which depends on 4 * if more than one such vector exists), It is now
possible to state the second order conditions. In doing this it 1s assumed that
fand ¢ are C? functions. Note that as usual the regularity assumption is needed
only in the necessary condilions.

Theorem 14.2.2 (Second order necessary conditions)

If x* minimizes ¢(x} then Theorem 14.2.1 holds; for each vector A which thus
exists, if {14.2.21) holds, then

sTVIL(x* A*)s= 0 VseG*. (14.2.22)

Proof

For any seG*, se®* by (14.2.21) and hence 3 a directional sequence x* — x*,
feasible in (14 2.19) A Taylor expansion of % (x, 4*} about x* yields

LM, 2%) =% 4+ c*TAE 4 WY F(x*, %)
+1e®TV2P(x* A *)e® + of e ?)

where 6% = x® — x* and using (14.2.18) and (9.2.1),

Hx AR = f* 4 KA 4 LORPERTY2 @k 2 HB 4 o(5%7),  (14.2.23)
Since x™ is feasible in (14.2.19) it follows from (14.2.13) that

o® = ¢* + %a(k)zslk)i'vﬂ P(x*, A% 4 0(5&}2)_
Since x* is a local minimizer, ¢® = ¢* for all k sulliciently larpe, so dividing
by £6%° and taking the limit yields (14.2.22). J

For sufficient conditions, 11 1s firstly observed that if the directional derivative

is positive in all directions, that is

maxsT{p* + A*1)>0 Ys:s|) =1,
Asdh*

or equivalently G* is empty, then the conditions of Theorem 14.2.1 imply that
x* is a strict and isolated local minimizer (an exampic is given in Question 14.12).
This result is in fact a special casc of Theorem 14.2.3 bclow. When G* is
non-emply, second order effects come into play and this 15 expressed in the
following.

Theorem 14.2.3 (Second order sufficient conditions)
If there exists A*cdh™ such that (14 2.18) holds, and if
sTV2#(x* 4*%)s >0 YseG* (14.2.24)

then x* is a strict and isolated local minimizer of ¢{x).
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Proof

Assume that x* is nof strict, so that 3 a scquence and hence a directional
sequence x* —»x* such that ¢™ < ¢*, By (14.2.18),
0<maxsT(g*+ A*A)=p
Aerh*

say. If u>0 then lim(¢™ — @*)/6" =y (see (14.2.14)) which contradicts
$*® < ¢*. Thus =0 and hence seG*. Now from (14.2.17) and {14.2.13)

LM AT Pk AR = eT g # —f* — T
= — P* — (h(e) ~ h(e*) — (& — c*'A%)
< q!,(ki — d,#

using the subgradient inequality. Hence from (14.2.23)
02 ¢™ — p* = 15% TV L (x*, 1%)s™ + o(§®),

Dividing by $6*" and taking the limit contradicts {14.2.24) and establishes
that x* is a strict minimizer.

Now assume that x* is not isalated so that 3 a sequence of local solutions
x® —x* A directional subsequence can therefore be extracted for which s —» s
in (9.2.1) with ||s{|, = 1, and for which

JaReph®, gL AR =g 20

by virtue of Theorem 14.2.1 at x*, and Lemma 14.2.4. By taking Taylor
expansions about x* and using the subgradient mequality

¢* — q5(x“‘] — 5&)) + h(c(x”" — 5(’:)))
2(1)(1;} - 5(&)T(gﬂcl + A(")ﬂ.“‘)) + 0( ” 5(1:] H)
= ¢® + o(]| 6¥})

by g® + A®1% = 0. Define u as in the first part of the proof: this result provides
a contradiction if g > 0. Hence u = 0 and seG*. Taylor expansions for g% and
A® and 1™ 5 1% give

g+ AWLH = ok A*L* 4 V2 P(x*, 1%)6% + o | §901)).

It follows that ®"V2L(x* A*)6% + o(|6®2)=0 and hence, in the limit,
sTVZ#(x*, 1 *)s =0 which contradicts {14.2.24). Thus x* is also an isolated
minimizer. []

These conditions (with G* non-empty) are iliustrated by Questions 14.9
and 14.10.

The second order conditions for nonlinear programming given in Section 9.3
are almost necessary and sufficient because the regularity assumption is mild
and there is a gap only in the case of zcro curvature. The samc is not true here
and it is important to realize that therc are well-bchaved cases in which %% # G*,
These cases arisc when the lincarization of h(c) in (14.2.19) is not valid; for
example when hic) is smooth but nonlinear. A property which enables further
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progress to be made is the following. If there exists an open neighbourhood
of ¢* such that

hic) = h(c*) + max (¢ ~ ¢*)TA (14.2.29)

Aeidh*

for all €, then hfc) is referred to as being locally linear at ¢*. This property
is clearly true for any polyhedral convex function but alse enables certain exact
penalty function problems with smooth norms to be handled, as described in
Lemma 14.3.1. Another construction is also required. Denote the dimension of
Jh(c*) by I* (I* < m) and let the matrix D*eR"*" have columns d* i = 1,2,..., *
which provide a basis for éh(c*} — A*. Thal is to say, dh(c*) can be expressed as

Oh(c*) = {A: A =A% + D*u, ueU* < R"} (14.2.30)

where U*, which is the image of dh(¢*)— A ¥ is also convex and compact. The
idea is essentially that contained in Osborne’s (1985) introduction of structure
Sunctionals for polyhedral convex functions, taken up more generally by
Womersiey (1984b). Note that A* is essentially an arbitrary vector in dh(e™):
the choice of the vector A# as defined in (14.2 18) is made for reasons of
convenience. A mild independence assumption now enables (14.2.21) to be
established when Ale) is locally linear at ¢*.

Lemma 14.2.7 (Sufficient conditions for regularity)
If x* satisfies first order conditions (14.2.18), if (e} is locally linear at ¢*, and if
rank (A*D*) = [* {14.2.31)
then 9* = G*.

Proof

Because G* = % it is sufficient to prove the reverse inclusion. Let seG* and
define

ah¥ = {A coh*: sT(g* + A*A) =0}
observing that dh¥ depends on s. it follows from (14.2.18) that
sTA®(A —A*) =0 VA edhk
and from (14.2.20) that
G*={s: sl =1, max sTA*(A—},*)=O} (14.2.32)
Aegh*
and hence that
STA*(A —A%) <0 Y Acdh*\oh¥.

Let the dimension of éhF be I¥ (I¥ < I*) and assume without loss of generality
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that the vectors d¥1=1,2,..., ¥ form a basis for dh¥ — A* Hence

=0 =121

T 4 % %
A di{<0 P, 0K

If I¥ = n then it follows that sSTA*D* = 0" and hence from the rank assumption
it follows that s =0, which contradicts seG*. For [f <n it is possible to
construct a smooth arc x(8) #&[0,8) for which x(0)=x* and %(0)=s in the
marnner of Lemma 9.2.2. (The appropriate nonlinear equation in (9.2.3) is
ri%, 0) = (e(x) —e*)'d¥* — 8sTA*d* =0 and the Jacobian matrix is [A*D*:B]
‘where B 15 nx(n — I*).) It therefore follows that

=0 i=1,2, ./

— o) Td¥ = OsTA*d.
(e(x(A)) — e*)d} 95Ad*{<0 i=F+1,..

and hence that

=0 Acdh¥
—ef V(1 — AF .
(e(x(0)) —e*)'(4 — 4 ){<0 . eBh*\ah*

or equivalently that

max (e(x(0)) — e*)T(1 — 1%} =0.

Aedh*

Finally using (14.2.29) it follows that there exists a neighbourhood of ¢* such that
hie(x(8))) = h(e*) + (e(x(8)) — e*)TA*

and taking any sequence 8% |0 gives a directional sequence that is feasible in
(14.2.19), so that se%*. [

Of course these are not the only sufficient conditions for ¥* = G*, for example
the same result holds if e(x) is affin¢ (in place of (14.2.31)) or if it can be shown
that G* is empty. However, it does have the advantage that the rank condition
(14.2.31} 15 readily checked when e{x) is nonlinear. Basis vectors [or the set gh*
are readily determined in all practical cases, including the functions h(c) listed
in (14.1.3). For the max function (1), if .&/* = {i:c} = h*} is the index set over
which the max is attained, and geo’* 15 arbitrary, then ¢, —e, jesf*\qis a
suitable basis set for the vectors d*. For the function A{c) = [le* ||, (II}, if #* >0
then the same basis set as for (I) is valid. If h* =0 then &/* is the same and e}
jess* is a basis set. For a{e)= |ie|,, (11T} define &/* = {j:|c¥|=h*}. If #* >0
then a basis set is sign(c})e; —sign(cf)e, je.of/*\g where ge/* is arbitrary. If
h* =0 (which implics ¢* =0) then df =e} j=1,2,...,m is suitable.

In the case of functions based on the L, norm (IV and V) it is appropriate
to define ¥ = {i:c} =0}. Then a suitable basis in both cascs is the set of
vectors €; iesf*. Thus the rank assumption (14.2.31} is equivaient to the
assumption that the vectors a¥ ie/* are linearly independent which is the
standard assumption for regularity in nonlinear programming (Lemma 9.2.2).
For the general polvhedral convex function (14.1.2), if .o#* is defined by (14.1.10),
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then a basis set js any basis for the space spanned by the vectors h; — h,_ for all
jed™ — g where geof* is arbitrary. A different example of some interest is
h(e}= | ¢}, for which if h(c*)=0 then d;=¢; j=1,2,...,m is a suitable basis
for 8h* — 4*. Generalizations of this result are given in Lemma 14.3.1.
Another direction set of some interest is the column null space of the matrix
A*D¥*,
HE=1s ||s], =1, sTA*D* =0T} {14.2.33)

It follows easily from (14.2.32) and (14.2.30) that 4™ = G*. In the case that 1%
is in the relative interior of 8h* (equivalently Ocint I/* in (14.2.30}) then strict
complementarity is said to hold (cf. Section 9.1) and G* = .4™* can be proved.
Clearly if $eG* then

sTA*D*u <0 YuelU*

and because Oeint U* it follows that sTA*D* = 0T, Thus the reverse inclusion
is true which proves the equivalence. The relationship between .A47"* and G* 1s
analogous to that between (9.3.4) and (9.3.11) for nonlinear programming.

A few special cases can be summarized. If A(¢) is smooth at ¢*, then [*=0
and A% = G* = R* whereas usually ¥* = ¢¥ (in absence of any locally linear
behaviour). If (@*, x*) is a regular vertex of the epigraph of $(x), then * =n. If
strict complementarity also holds then .4™* = G* = %* = (7, the second order
conditions (14.2.24) are vacuous and first order information is sufficient to ensure
a strict local minimizer. Tt can aiso be the case that (p*,x*) is a degenerate
vertex of the epigraph and [* > n However, if rank A*D* =n and strict
complementarity holds for some 4 * €0h* then it follows that A™* = G* =%* = (X
as above and agamn first order information 15 sufficient.

These results enable a very illuminating comparisen to be drawn between
the composite nonsmooth optimization problem

minimize f(x) + h(e(x}) (14.2.34)
and the nonhinear programming problem

minimize  f(x) + e(x)TA*

14.2.35
subject to  D*T(c* — e(x)) =0, ( )

as expressed by the following theorem. In this theorem, multipliers of the
constraints in (14 2.35) are denoted by u*eR".

Theorem 14.2.4

If h(c) is locally linear about c* then

(i) ifx* is a local minimizer 0f(14.2.3d) then X* is both a local solution and a KT
point of (14.2.35),

(i} if x* satisfies second order sufficient conditions for (14.2.34) then X* satisfies
second order sufficient conditions for (14.2.35).
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(i) Ifx*, u* (u* =) satisfies second order sufficient conditions for (14.2.35) and
A*1s 1n the relative interior of Oh(c™) then x* satisfies second order sufficient
conditions for (14.2.34),

(iv) the condition rank ( A¥*D*) = I* 15 sufficient for regularity (9* = G*) in both
LAY AN

Proof

In part (i) it follows from Theorem 12.2.1 that 3 A*edhc®) such that
g* + A*1* =4. Then (14.2.30) implies that x* is a KT point for (14.2.33) with
multiplier vector u* = (1. Let x be feasible n (14.2.35) so that D*"(¢* — ¢{x)) = 0,
and close enough to x* so that (14.2.29) 15 valid [or ¢ =c(x}. Il {ollows from
these that A(e(x)) = Ale*) + 1 * (e(x) — ¢*). Because x* is a local minimizer of
(14.2.34), 1t follows that f(x) + 4* e(x) = f* + A*Te* and hence x* is a local
solution of (14.2.35).

For part (ii), second order sufficient conditions for (14 2.34) in Theorem 14.2.3
involve the matrix W* =V2(* + 5 i¥V2c* Those for (14.2.35} involve the
matrix W*=V3f#+ 3 /¥V3¢f + > ufV3(D*'¢); which is the same matrix
since u* =0 Theorem 14.2.3 involves the dircction sct G* in (14.2.20).
Theorem 9.3 involves the direction set given 1 (9.3.11) which turns out to be
the set .A”* in (14.2,33}. Part (1) follows because .A4"* — G as pownted out after
(14.2.33).

For part (it} it follows that g* + A*A* =0, und by assumption A *edhic*),
s0 x* satisfies first order conditions for (14.2.34). Morcover 4 ¥erel int chic*)
(i.e. Oemt U*} implies .4™* = G* Hence second order sufficicnt conditions hold
for (14.2.34} by following 4 reverse argument to that in the previous paragraph.
For part {iv) the rank condition is that in (14.2.31) which 15 the same assumption
thal is needed to prove (9.3.12) (df. Lemma 92.2). O

The implications of this result are that if A*edhic*} then KT pomnts for
(14.2.34) and (14.2.35) are equivalent. Moreover if k(c} 18 locally hinear about ¢*
and the rank assumption (14.2.31) holds then regularty holds and the seccond
order conditions are ‘almost’ necessary and sufficient. Thus, except in limiting
cases, problems {14.2 34) and (14.2.35} have 1dentical solutions. The objective
function in (14.2.35) is essentially the “smooth” part of (14.2.34), and the e(x)TA*
term shifts the multipliers to u* = 0. The constraints in (14.2.35) are esseniially
the structure functionals given by Osborne (1985) in the polyhedral case and
enable the nonsmooth part of (14.2.34) to be replaced by a system of nonlinear
equations. It will be seen in the derivation of algorithms in Section 144 that
this replacement allows us to analyse very readily the asymptotic behaviour
of iteration sequences for the SNQP method. Tt also reinforces, but in a different
way, the observation in Section 14.! that the composite NSO problem 1s
equivalent to a nonlinear programming problem {(14.1.6) in that case).
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143 EXACT PENALTY FUNCTIONS

One of the most important applications of NSQ is in the area of nonhpear
programming through the use of an exact penalty function, For the special case
of an I, exact penalty function, a simple presentation is given in Section 12.3.
In this section a quite general treaiment of the exact penalty function is given,
involving an arbitrary norm. To simplify the presentation, two basic types of
nonlinear programming problem are considered, the equality constraint problem

minimize f(x)
X

{14.3.1)
subject to  ¢(x)=0
for which the corresponding exact penaity function problem is
minimize ¢(x} A vf(x)+ [l e(x} |, (14.3.2)

and the inequality constraint problem

minimize f{x)
7l (14.3.3)
subject to  e(x}< 0

for which the corresponding exact penalty function problem is

minimize $(x) A vf(x) + [le(x)" | (14.3.4)

where ¢ denotes max(c,Q). There is no dillicully in generalizing further to
the mixed problem (7.1.1} and this can be done within the framework of (14.3.3}
by replacing ¢; =0 by ¢; €0 and —¢; < 0. Note that in (14.3.3) the inequality is
in the reverse direction from that considered in Chapter 9. This is equivalent
to a change of sign in the constraint residuals ¢(x) which must be kept in mind.
These penalty functions are exact in the sense of Section 12.3, so that usually
(14.3.1yand (14.3.2} (or (14.3.3) and (14.3.4)) are equivalent in that for sufficiently
small v a local solution of (14.3.1) is a local minimizer of (14.3.2), and vice versa.
This result is made precise in Theorems 14.3.1 and 14.3.2 below. Practical
considerations in choosing v are discussed in Section 12.3. The conditions under
which equivalence holds are usually satisfied in practice but there are examples
where the problems are not equivalent. Examples where x* soives (14.3.3) and
not {14.3.4) are given at the end of Theorem 14.3.1. However, these examples
are either pathological or limiting cases and need not greatly concern the user.
The alternatively possibility 1s that a local rnimizer x* of (14.3.2) may not be
feasible in {14.3.1), even though the latter may have a solution. This is the same
situation as that illustrated in Figure 6.2.1 and described in Section 6.2: it is an
inevitable consequence of the use of any penalty approach as a means of inducing
global convergence. To circumvent the difficulty is a global minimization
probliem and hence generally impracticable. Corresponding advantages are that
best solutions can be determined when no feasible point exists in (14.3.1) and
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that the difficulty of finding an initial feasible point is avoided. In practice the
most likely unfavourable situation which anses when applying an exact penalty
function is that a sequence {x*"} 1s calculated such that ¢ -+ — co, which is
an indication that the calculation should be repeated with a smaller value of
v. It may be necessary to pre-scale the ¢x) to be of comparable magnitude so
that the use of a single penalty parameter v is reasonable. In this case it can
be better to rewrite (14.3.2) for example as

$(x) = f(x) + [|Se(x) |, (14.3.5)

where § = diag g, is a diagonal matrix of weights ¢, on each of the constraint
functions. There is no difficulty in reorganizing the theory to account for this
change.

The main attraction in using (14.3.2) or (14.3.4) is that if holds out the
possibility of avoiding the sequential nature of the penalty functions in
Sections 12.1 and 12.2 so that only a single unconstrained minimization
calcuiation is required. Unfortunately (even if |- |, 1s used) (14.3.2) and {14.3.4)
are not smooth (C') functions so that the many effective techniques for smooth
minimization described in Part 1 cannot adequately be used. The study of
algorithms for non-smooth problems is a relatively recent development and is
described in some detail in Section 14 4 and some of the algorithms can be used
here. Another approach (Han, 1977; Coleman and Conn, 1982a, b; Mayne, 1980)
is to use an algorithm for nonlinear programming as a means of generating a
direction of search, and to use the exact penalty function as the criterion function
to be minimized (approximately) in the line search. This approach often works
well in practice but unfortunately can fail (see Fletcher, 1981) and 1 think it is
important to take into account the non-smooth nature of the penalty function
when choosing the direction in which to search. The discussion of algorithms
in Sections 14.4 and 4.5 leads to a globally convergent algorithm for composile
NSO problems (Fletcher, 1982a) which works well when applied to minimize
exact penalty functions (Fletcher 1981), and it is this type of algorithm which I
currentiy favour. Use of the ||-||, is the most convement for the reasons given
in Sections 123 and 124 where more details are given.

The theory for exact penalty functions can be set out in a very concise and
general way. The definition in (14.3.2) allows the use of any norm and in (14.3.4)
any monotonic norm {|x| <|y|= x| < |y ). This latter condition ensures that
|e* || 18 a convex function (see Question 14.2) and includes all L, and scaled L,
norms for 1 < p < o0, Thus the results of this section are not just restricted to
polyhedral norms. It is convenient to introduce the concept of a dual! norm

[ullp & maxuTy. (14.3.6)

Tvil < 1

The dual of {|-4, is |||, and vice versa, and the |||, is self~dual. Expressions
for the subdifferential of the functions ||¢| and | ¢* || are given by

Sllel ={A: ATe=|lc|, Al < 1} (14.3.7)
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and
dletll={a: ATe= et |, A=0, [ A],<1}. (14.3.8)

The proof of these expressions 15 sketched out in some detail in Questions 14.4
and 14.5. Expressions (14.1.12) to (14.1.15) are speaal cases of (14.3.7) and
{14.3.8). The main results giving the equivalence between local solutions of
{14.3.1) and (14.3.2) (or between (14.3.3) and {14.3.4)) can now be given. In fact
the latter result only is given; the former case is stmilar (but easier). A point to
bear 1n mind is that in these theorems A ¥ refers to a multiplier vector for the
constrained problem (14.3.3) and vA * 1s the equivalent multiplier vector for the
exact penalty function problem (14.3.4).

Theorem 14.3.1

If v <1/|| A%, and ¢** = 0 then the second order sufficient conditions at X* for
problems (14.3.3) and {14.3.4) are equavalent. Therefore if they hold, the fact that
x* solves (14.3.3) vmplies that X* solves (14.3 4), and vice versa.

Proof

Second order conditions are given for problem {14.3.3) in Theorem 9.3.2 and
for problem (14.3.4) in Theorem 14.2.3 The first order requirements are that
g*+ A*A*=0, A*=0, 1*¥T¢* = || ¢** | =0 (with a suitabie sign change), and
by vg* + A*(vA*) =0, vA*coh* respectively, which are clearly equivalent from
(14.3.8) if v << 1/] 4 *| p. Next the sets G* defined in (9.3.11) {(with | s}, =1} and
{14.2.20) are shown to be equivalent. For convenience refer to these as G¥ and
G*, respectively. Let se G¥,. From (14.2.20) and the above it [ollows that

sTA%(A —vA*) <0  VYiedje*™|. {14 3.9)

Let &#* denote active constraints at x* in (14.3.3). For ic«/* and small ¢ it
follows using {vai*|[|, < | that L =vA* + ze,ed|c** || erther if A¥ =0 and > 0
orif ¥ >0 and + ¢> 0. Hence from {14.3.9),

sTa* <0 if A% =0.
sta¥ =0 ifA¥>0,

Thus seG¥%. Conversely let seG4. Tt follows from (14.3.10} that sa*i* =0
which also implies that s'g* =0 from the {irst order conditions. Let 4 €dh*;
then ATc¢* =0 and 4 = 0 imply that if ¢* < 0 thcn 4, =0 so constraints ig¢.7*
can be ignored. Otherwise sTa¥A, <0 follows from (14.3.10} and hence
max, ,.s'(g* + A*1)=0. Thus scG*, and the equivalence of G¥ and G7%, is
shown. Fmally conditions (9.3.15) and (14.2.24) are clearly equivalent so the
equivaience of the second order conditions is demonstrated. [

1c.'*, (14.3.10}

The proof of this theorem 1s very similar to that of Theorem 14.2.4, and indeed
the resulis are very similar, showing as they do the equivalence between a
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composite NSO problem and a nonlinear programming problem. Similar
theorcms relating the solutions of (14.3.3) and {14.3.4) are given by Charalambous
{1979) and Han and Mangasarian (1979).

The requirement that sccond order conditions held and that v < 1/|| A¥| , 1n
Theorem 14.3.1 cannot easily be relaxed, as the following simple cxamples show.
In all of these, x* = 0 solves (14.3.3) but does not solve {14.3.4) using |}-{, for
the reasons given. For the problem: min x subject to x* <0, x* is not a KT
point. For the problem: min x* subject to x> >0, x* 15 a KT pomt and 4* =0
but the curvature condition (9.3.14) is not strict. For the problem: min x — $x?
subject to 0 £ x< 1, x* is a KT point with A* =1 Then if v =1 the condilion
v< 1/| A%, 18 not strict for L, norm The last example illustrates another fact.
The proof of Theorem 14.3.1 shows that ¥ < G¥, without requiring that
v 1/||A*||p. (Jn the last example GF 15 empty whilst G¥, is the direction
s = — 1.) Thus if x* satisfies second order sufficient conditions for (14.34} it
follows that both v < 1/] A* | ; and x* satisfies second order sufficient conditions
for (14.3.3). Finally if v> 1/ A*||, then a result going the other way can be
proved.

Theorem 14.3.2

If first order conditions g* + A*A* =0 hold for (14.3.3) and if v=> 17| A%,
then X* is not a local minimizer of (14.3.4).

Proof

Since ||[vA*|p>1, the vector vA* is not in ¢|c*'| and so the vector
vg* + A*(vA*)=01s not in d¢* Hence by (14.2.6) x* is not a local minimizer
of ¢(x). O

Another important result concerns the regularity assumption in {14.2.21). If
x* A* satisfy first order conditions for either (14.3.1) or (14.3.3} (including
feasibility) then under mild assumptions (14.2.21} holds, even though the norm
may not be polyhedral. Again the result is proved only in the more difficult case.

Lemma 14.3.1

Ifx* A% isa KT point for (14 3.3), if the vectors a}, ieo/*, are linearly independent,
and if vA¥*|p <1, then ¥* = G*.

Proof

Let seG*. Then as in the proof of Theorem 14.3.1, (14.3.10) hoids. By the
independence assumption there exists an arc x(@) with x(0) = x* and %(0) =s,
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for which

c{X(@) =0 if A* >0,
X)) <0 ifix=0,

for 8 = 0 and sufficiently small (see the proof of Lemma 9.2.2). It follows that
ex(fN* ] = e(x(B1)TA* =0 so x(0) is feasible in {14.2.19) and hence se%*.

An alternative and more gencral proof of this lemma can also be given. If
hic)=|lcll and ¢* =0 then 6A* = {4:||A |}, < 1} and hence a basis for éh* — 1*
is the set of columns ¢; j=1,2,...,m. If hic)=||c* || and ¢** =0 then from
(14.3.8) it follows that dh* = {1} <0=4,=0,4 20, |4 ||, < 1}. In both cases
therefore a basis for dh* — 4% is the set of vectors e, iz.o/* Thus independence
of the vectors a} i1c.o7* implies that the rank condition (14.2.31) holds. The
positive homogeneity of the functions |- || or || * || implies that k(c) is locally linear
about ¢* when ¢* =0 or¢** = 0. Also the KT conditionsand || vA*| , < 1 imply
that x* satisfies first order conditions {14.2.18). Thus the assumptions of
Lemma 14.2.7 are valid and it therefore follows that #* = G*. O

ic.*

To summarize all these results, if X* 1s a fecasible point of the nonlinear
programming problem and if v > 015 sulficiently small, then cxcept in himiting
cases, X* solves the nonlinear programming problem if and only if X* minimizes
the corresponding exact penaity function (locally speaking).

In practice there are considerable advantages in using the L, norm to define.
(14.3.2) or {14.3.4). More details of this particular case, including an alternative
derivation of the optimality conditions without using subgradients, is given in
Section 12.3.

144 ALGORITHMS

This section reviews progress in the development of algorithms for many different
classes of NSO problem. It happens that similar ideas have been tried in different
situations and it is convenient to discuss them in a unified way, At present there
is a considerable amount of interest in these developments and it is not possible
to say yet what the best approaches are. This 1s particularly true when curvature
estimates are updated by quasi-Newton like schemes. However some important
common features are emerging which this review tries to bring out.

Many methods are line search methods in which on each iteration a direction
of search s* is determined from some model situation, and x** Y = x® 4 5®gh
is obtained by choosing o™ to minimize approximately the objective function
H(x® + xs™) along the line (see Section 2.3). A typical line search algorithm
(various have been suggested) operates under similar principles to those
described in Section 2.6 and uses a combination of sectioning and interpolation,
but there are some new features. One is that since ¢(X) may contain a polyhedral
component k(c(x)), the interpolating function must also have the same type of
structure. The simplest possibility is to interpolate a4 one vanable function of
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the form
wie) = gle) + h(1(e)) (14.4.1)

where g(e) is quadratic and the functions 1(z) are linear. For composite NSO
applications g and 1 can be estimated from information about f and ¢, and «®
is then determined by minimizing {(14.4.1). For basic NSO, only the values of
¢ and d¢/de are known at any point so it must be assumed that y{e) has a
more simple structure, for example the max of just two linear functions I{z).
Many other possibilities exist. Another new feature concerns what acceptability
tests to use, analogous to (2.5.1}, (2.5.2), (2.5.4), and (2.5.6) for smooth functions.
If the line search minimum is non-smooth (see Figure 14.4.1} then 1t is not
appropriate to try to make the directional derivative small, as (2.5.6) does, since
such a point may not exist. Many line searches use the Wolfe—Powell conditions
(2.5.1) and (2.5.4). For this choice the range of acceptable x-values is the interval
[ 5] in Figure 14.4.1, and this should be compared with Figure 2.5.2. It can
be seen that this hne search has the effect that the acceptable point always
overshoots the minmmuzing value of o, and in fact this may occur by a substantial
amount, so as to considerably slow down the rate of convergencc of the algorithm
in which it is embedded. I have found it valuable to use a dufferent test (Fletcher,
1981) that the line scarch is terminated when the predicted reduction based on
(14.4.1} is sufficicntly small, and 1n particular when the predicted reduction on
any subintcrval 1s no greater than 0.1 times the total reduction in ${x) so far
achieved in the search. This condition has been found to work well in ensuring
that & is close to the minimizing valu¢ of a.

It is now possible to examine algorithms for NSO problems in many variables.
In basic NSO only a limited amount of information is available at any given
point x, namely ¢(x) and one element gedd(x) (usually V(x) since @{x) is
almost everywhere differentiable) This makes the basic NSO problem more
difficult than composite NSO in which values of fand ¢ (and their dcrivatives)

\ll¢

‘P“]

s b
4

o

Figure 14.4.1 Line search for non-smooth functions
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are given in (14,1.1), The simplest method for basic NSO is an analogue of the
steepest descent method in which 8% = — g is used as a search direction; this
is known as subgradient opiimization. Because of its simplicity the method has
received much attention both in theory and in practice (see the references given
in Lemarechal and Mifflin (1978)), but it 15 at best linearly convergent, as
iltustrated by the results for smooth functions (see Section 2.3). In fact the
situation is worse in the non-smooth case because the convergence result
(Theorem 2.4.1) no longer holds. In fact examples of non-convergence are easily
constructed. Assume that the line search is exact and that the subgradient
obtained at x®* ! corresponds to the piece which is active for o = ™. Then
the example

$(x) = max ¢(x}

i=1.2.3
e (x) = —5x; +x, (14.4.2)
€,(X) = x7 + x3 + 4x,

c3(xX)=5x; + x,

Figure 14.4.2 False converpence of sleepest-descent-like methods for
problem (14.4.2)
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due to Demyanov and Malozemov {1971) illustrates convergence [rom the initial
point x*? (see Figure 14.4.2} (o the non-optimal point x* ={. The solution is
at x* =(0, —3)T. At xV, x® _ the subgradient corresponding to ¢, is used
and at x*#, x™¥, .. the subgradient cotresponding to ¢5. It is ¢asily scen [rom
Figure 14.4.2 that the sequence {x®} oscillates between the two curved surfaces
of non-differcntiability and converges to x™ which is not optimal. In fact it is
not necessary for the surfaces of non-differentiability to be curved, and a similar
polyhedral (piecewise linear) example can easily be constructed for which the
algorithm also falis.

It can be argued that a closer analogue to the steepest descent method at a
point of non-differentiability is to search along the the steepest descent direction
s® = — 3™ where B minimizes | g|, for gedd™®. This interpretation is justified
for convex functions in (14.2.12) and a similar result holds when the composite
function ¢(x) is in use. Let d¢p™ be defined by the convex hull of its extreme
points, 3™ = conv g, say. (For composite functions g = g + A™h,, je.z®),
see (14.2.16).) Then g™ is defined by solving the problem

minimize g'g

a4
subject to  g= ugl, (14.4.3)
Zlui - 1 ﬂ 2 0!
and s = — g®, This problem is similar to a least distance QP problem and is

readily solved by the methods of Section 10.5. The resulting method terminates
finitely when ¢(x) is polyhedral {piecewise linear) and exact line searches are
used. This latter condition ensures that the x® are on the surfaces of
non-differentiability for which 8¢ has more than one element. The algorithm
is idealized however in that exact line searches are not gencrally possible in
practice. Also the whole subdillerential d¢* is not usually available, and even
il it were the non-exact line search would cause 6¢p™ = V¢™® (o hold and the
method would revert to subgradient optirmzation,

The spirit of this type of method however is preserved n bundle methods
(Lemarechal, 1978). A bundie method is a line search method which solves
subproblem (14.4.3) to define s, except that the vectors g are elements of a
‘bundle’ B rather than the extreme points of Jdp®. TInitially B is set to
B=gWeagp', and 1n the simplest form of the algorithm, subgradients g®,
g, ... are added to B on successive iterations. The method continues in this
way until @ B. Then the bundie B is reset, for instance to the current g, and
the iteration is continued. With careful manipulation of B (see for example the
compugate subgradient method of Wolfe (1975)) a convergence result for the
algorithm can be proved and a suitable termination test obtained. However
Wolfe's method does not terminate finitely at the solution for polyhedral ¢(x).
An example (due to Powell) has the penlagonal contours illustrated
Figure 14.4.3, At x'V, B1s g;, and at x'?, B is {g,,8:}. At x, Bis {g, 8384}
and 0=B so the process iy restarted with B=g, (or B=g, with the same
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i \g5

Figure 14.4.3 Non-termination of a bundle method

conclusions). The whole sequence is repeated and the points x® cycle round
the pentagon, approaching the centre bul withoul ever terminating there.

This non-lermination can be corrected by inciuding more clements 1n B when
restarting (for example both g, and g,) or alternatively deleting old elements
like g;. This can be regarded as providing a better estimate of 3¢™ by B.
However, it is by 1o means certain that this would give a better method: m
fact the idealized steepest descent method itself can fail to converge. Problem
(14.4.2) again illustrates this; this time the search directions are tangential to
the surfaces of non-differentiability and oscillatory convergence to x™ occurs.
This example illustrates the need to have information about the subdifferential
at £¢* (which is lacking in this example) to avoid the false convergence at x™.
Generalizations of bundle methods have therefore been suggested which attempt
to enlarge 6™ so as to cotttain subgradient information at neighbouring points..
One possibility is to use the e-subdifferential.

8p(x) = {g: p(x + F) 2 d(X)+g'd—¢ VI}

which contains ¢¢(x). Bundle methods in which B approximates this set are
discussed by Lemarechal (1978) and are currently being researched.

A quite different type of method for basic NSQ is to use the information x*,
$™, g* obtained at any point to define the linear function

W 4 (x — xW)Tgh (14.4.4)

and to use these lineanzations 1 an attempt to model ¢(x). If ¢(x) is convex then
this function is a supporting hyperplane and this fact is exploited in the cutfing
plane method. The lineanzations are used to define a model polyhedral convex
function and the mimmizer of this function determines the next iterate.
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Specifically the linear program

minimize v ;

.” . . 14.4.5

subject to v = " + (x — x@)Tgt?, i=12. .k ( )
is solved to determine x®* 1), Then the linearization determined by x% +1, g+ 1),
and g** 1" is added to the set and the process is repeated. On the early iterations
a step restriction |x —x® || <h is required to ensure that (14.4.5) is not
unbounded. A line search can also be added to the method. A similar method
can be used on non-convex problems if old linearizations are deleted in a
systematic way.

More sophisticated algorithms for basic NSO are discussed at the end of this
section and attention is now turned to algorithms for minimizing the composite
function (14.1.1) (which includes max functions, etc., when h(e) is the polyhedral
function (14.1.2}—see the speciai cases in (14.1.3)). Linear approximations have
also been used widely and the simplest method is to replace ¢(x) by the first
order Taylor series approximation

e(x® + 5} 2 10(§) = c® + A®T§ {(14.4.6}
and f(x) (if present) by
(X% + §) x [ 4 g7, {14.4.7)

and to substitute these approximations into (14.1.6} which is an equivalent form
of the original problem. The linear program
minimize v
gy

subject to v — (g™ + A%y S =P 4 ™ h, + b, Vi

is solved to determine 6® and hence x* "V =x® 4+ §® The only difference
between this and (14.4.5) is that here there is sufficient information available at
x™ to determine linear approximations to all the picces, whereas in basic NSQ
this information has to be accumulated on a sequence of iterations. When
applied to min {e(x}||, or min [e(x)||, the iteration based on (14.4.8) can be
considered as a Gauss—Newton meihod by analogy with the same method for
solving min |e(x)|j3 (see Section 6.1) which is based on the same hnear
approximations. An early study of this type of method is by Osborne and
Watson (1969) and a more elaborate recent method is given by Charalambous
and Conn (1978). As with Gauss—Newton methods, convergence is not guarante-
ed but this can likewise be rectified by going to a restricted step type of method.
In this case ||x —x® | <h® is a suitable choice since 1t preserves a linear
programming subproblem. This approach has been investigated by Madsen
(1975).

Linear approximation methods are most successful when the lincarizations
of the active pieces at x* fully determine x* (that is to say when the first order
conditions are sufficient, which occurs when the set G* in (14.2 20) corresponding

(14.4.8)
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to directions of zero slope is empty and curvature cffccts arc negligible). A
necessary condition for this 15 that there arc # + 1 {or morc) active pieces at x*.
Tn these circumstances the order of convergence of the method bused on (14.4.8)
is second order (to prove this, show that the method is ultimately equivalent
to the Newton—Raphson method for solving the active constraints in (14.4.8)
or the structure functional constraints in (14.2.35)). This situation is most hikely
to occur in problems such as over-determined I, or I, data fitting, where
these methods can be very successful.

In general however it 15 not possible to exclude curvature effects, and when
these are significant then methods based only on first order infoermation converge
siowly and become unreliable, Tt is therefore important to consider how second
order information can be used to obtain second order convergence. Now it has
been shown in Theorem 14.2.4 that the composite NSO problem is equivalent
to the nonlinear programmng problem (14.2.35). Tt is also known from
Theorem 12.4.1 that the SQP method converges ut second order for a nonlinear
programming problem. Thus by wriling down an NSO subproblem which is
locally equivalent to the SQP subproblem, a method which converges at second
order for the composite NSO problem can be given The quadralic function

q(k](5) - %JTW““ﬁ + g(k)T5 +f(k} (14.4.9)

is ¢gain needed, and thc SQP method for (14.2.35) with tterates (x™, u®) would
involve the subproblem

minimize g¥(6)+ sTA®A*

8
144,10
subjectto  D*T(e* — 1%(g)) = 0. { )
(Here the result is used that W® =¥2 f¥ | 5 0920 — g2 i L 5 34y2000 4
YulPVAD el where A% =2% 4 D*u®) It 1s shown below under mild
assumptions that this 1s equivalent to iterating with (x®, %) using the NSO

subproblem

minimize Y®(8) A g¥(8) + h19(5)) (14.4.11)

The kth iteration is simply to find the minimizer, 6% say, of (14.4.11) and set
xF = x® 4 ¢® whilst A%+ 1 is set us the multipliers of this subproblem. This
method is referred to here as the sequential non-smooth gquadratic programming
(SNQP) method. The first reference T have to such a method is that it is mentioned
briefly by Pshenichnyi (1978} in the context of minimizing max functions, but
it was first given in this general form in the previous edition of this hook, where
1t was referred to as the QL method. The S$L;QP method in Section 12.4 is
another example of such a method applied to mimmizing non-smooth L,
problems. The SNQP mcthoed can be seen Lo have a nice inlerpretation. The
function ¢*(6) n (14.4.11) approximates the composite function ¢(x} local to
x™. This approximation 15 constructed by replacing c(x) in (14.1.1) or (14.2.34)
by its lincar approximation 1*{¢) and f(x) by the quadratic approximation
¢*)(8). This quadratic has the Hessian matrix W% which accounts lor curvature
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Table 14.4,1 Application of the SNQP method to problem (12.3.2)

k i 2 3 4 5 6
xW 2 1.25 0R4310 0.712691 0707133 Q.707107
0 0.5 0.801724 0.712981 0.707127 0.707107
AR ! 0.625 0.622844 0.692599 0706968 0707107
el 1 --0.9375 —-1.316358 —1.409402 —1414194 1414214
% —0.75 —0445690 —0.091619 —0.005558 —0.000026 2,10

0.5 0.301724 —0.088744 —0Q.005854 —0.000020 —9,,—10

n the functions f(x) and c,(x). This 1s exactly the same way as the SQP method
handles the equivalent nonhnear programming probiem (14.2.35). Moreover in
Section 12.4 the SQP method is itsell shown to be cquivalent to the Newton—
Raphson method applied to the first order conditions that arisc in the method
of Lagrange multiplicrs. Thus the SNQP method can be reparded as a
generalization of the Newton—~Raphson method that is appropriate for com-
posite NSO problems.

An illustration of the SNQP method applied to solve problem (12.3.2) with
v=11is given. Initial approximations x'*’ = (2, 0)" and A"’ = 1 are taken and the
progress of the iterations is given in Table 14.4F It can be seen that the
convergence is second order with 8%,/ 6® 12 & 0.5. The contours of the
approximating function ¥* for k=1 and k = 2 are illustrated in Figure 144 4.
Each function has quadratic pieces with a discontinuous derivative on a linear
surface (partly dotted) which is the linearization (through (14.4.6)) of the unit
circle on which the discontinuity in Figure 12.3.1 occurs.

It is possible to under mild conditions to prove that the SNQP method
conveges locally at second order in ail cases of any real interest. Two preliminary
lemmas are required and the main result then follows.

i

Figure 144 4 Contours of the approximating function in the
SNQP method
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Temma 14.4.1
If h(c) is locally linear about c¢* and if ¢'eQ then
dhi{c") < dhic*). (14.4.12)

Proof

Define ¢;=c¢* + #{c’ —c*) where #2>0 and ¢,eQ. Using the locally linear
property (14.2.29)

hicg) = h(c*) + max (¢’ —¢*)'4

Acbh*
= h{c*} + Omax(c' — ¢*)T4
Agih*
= h(c*} + B(h(c'y — h(c*)) (14.4.13)
Consider 4 edh(¢’). The subgradient inequality gives
hie) = hic}+(c—¢)'4 Ve (14.4.14)

s0
hicg) = h(¢') + (e, — )4

Substituting for ¢, and using (14.4.13) gives
(1 — O)(h(c*) — h(c') = (1 — B}c* — ')A,
Since Q is open, 3 points ¢;eQ with both 8 < 1 and 8> 1, which implies that

h(c*) — h(¢) = (c* — ¢)"4. (14.4.15}
It follows from (14.4.14) that
hic)zhie*) +(c—c¥)"4A Y (14.4.16)

and hence 4 edhic*). []

Lemma 14.4.2
If hic) is locally linear at c*, if ¢' €}, and if
D*Tc*—¢)=0 (14.4.17)
then
Bhic’) = dh(c*). (14.4.18)
Proof

Let 4’ denote an arbitrary vector in éh(¢), so that 4'e3h(c*) and
hic*) — hic) = {c* — Y X (14.4.19)
both hold, from Lemma 14.4.1 and (14.4.15). In view of Lemma 14.4.1, only the
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reverse inclusion necds to be proved, so consider 1 €dh(c*) From (14.2.30) 3 a
vector v such that i — 1’ = D*v and hence from (14.4.17)

(4 — 1) =¢T(h — 1), (14.4.20)

The subgradient inequality (14.4.16) holds and it follows from (14.4.19) and
{14.4.20) that (14.4.14) holds, and hence Ledh(c’). [

Theorem 14.4.1 (Second order convergence of the SNQP method)

Let x*, 1™ satisfy the second order sufficient conditions of Theorem 14.2.3, and
assume that hic) is iocally linear at ¢*, and ihat both the rank assumption (14.2.31)
and strict complementarity Ocint U* hold. In a neighbourhood of (x*, 1%} the
SNQP subproblem (14.4.11) has a locally unique minimizer. Assuming that this
point is located when solving the subproblem, then the SN QP method is equivalent
to the SQP method applied to (14.2.35) based on the subproblem (14.4.10). The
iterates in the SNQP method converge to (X*, 1 *) and the order of convergence is
quadratic.

Proof
Consider the system of equations
w AD* |/ & —g— Al¥®
[(AD*)T 0 ](u+)_ (D*T{C* —C) (14-4-21)

where ¢ =¢(x), A= A(x), etc. and W= W(x, 1), and whecre (x,1) is in some
neighbourhood of (x*, 1*). From second order sufficicnt conditions and strict
complementarity it follows that

§TW#g > () Vse A¥, (14.4.22)
and hence by continuity that
sTWs>0  Vsed ={s:|s],=1, sTAD*=0"} (14.4.23)

{see Question 12.17 for example). It foilows from (14.4.22) and the rank
assumption (14.2.31) that the matrix

W*  A*D*
[( AD 0 ] (14.4.24)

is non-singular (see Question 12.4). Hence by the implicit function theorem there
¢xists a2 neighbourhood of (x*, 1 *) such that for any (x, 1) in this neighbourhood,
there is a uniquely defined continuous solution (§,u™} to (14.4.21), and at (x*,1%)
the solution satisfics § =0 and u* =0. Equations (14.4.21) are the firs{ order
conditions for {8.u”) to solve the SQP subproblem (14.4.10) as defined for an
iterate(x,4). If A = 1* + D*u™, the first equation m (14.4.21)15 also the Lagrangian
first order condition for (4, 47) in the SNQP subproblem (14.4.11) as defined
for an iterate (x, 4). Because Ozint U* it follows by continuity that u* eU* and
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hence 4 * edh{c*). From the second condition in (14.4.21), continuity of § and
Lemma 14.4.2, it [ollows that A ¥ e0h(c + AT8), and hence (6, 1 *) satisfies first
order conditions for (6, 4 7} to solve the SNQP problem. Second order sulficient
conditions for both problems involve (14.4.23) which is known to hold. It follows
that a unique local minimizer exists for both subprobiems, and in fact it is easily
seen to be a global minimizer for the SQP subproblem. Thus if A =A* + D*u
and A* =i*+ D*n", then calculating (6,u™) from an iterate (x,u) by solving
the SQP subproblem is equivalent to calculating (§, 4 *) from an iterate (x,4)
by solving the SNQP subproblem, assuming that the locally unique solution
is located when solving the latter (see Question 14.16). Finally consider applying
the SNQP methed from an iterate (x*, M) sufficiently close to (x*, A*). Then
as above, we can express A'® = i* + D*u®, It then follows that for k =2 the
iterates (x™®, ") 1n the SNQP method are equivalent to the iterates (x™, u®)
in the SQP method, assuming that A% = 4* + D*u"®, Convergence and second
order convergence follow from Theorem 1241 [

The assumptions in Theorem 14.4.1 are mostly mild ones, the only significant
restriction being that k(c) must be locally linear at €*. As has been pointed out
in Sections 14.2 and 14.3, this includes not only the polyhedral convex functions
of Sections 14.1 but also the exact penalty function problems for smooth norms
in Section 14.3. This covers all convex composite problems that are of any real
interest. A final remark about order of convergence is that when h(e) = | ¢ 15
a smooth norm (for example ||-],) and ¢* #£ 0 then %* % G* and the ahove
development is not appropriate. In this case the most appropriate second order
sufficient conditions are those for a smooth problem that Vé* =0 and V2g*
is positive definite. ITowever the SNQP method does not reduce to Newton’s
method so it is an open question as to whether second order convergence can
be deduced.

These results on second order convergence make it clear that the SNQP
method is attractive as a starting point lfor developing a general purpose
algorithm for composite NSO problems. However the basic method itsell is not
robust and can fail to converge {(when m=0 1t is just the basic Newton’s
method—see Section 3.1). An obvious precaution to prevent divergence is to
require that the sequence {¢™} is non-increasing. One possibility 15 to use the
correction from solving (14.4.11) as a dircction of search s along which to
approximately minimize the objective function ¢(x* + as®). Both the basic
method and the line search modification can fail in another way however, in
that remote from the solution the function ¥®(8) may not have a minimizer.
This is analogous to the case that G* is indefinite in smooth unconstrained
minimization. An cflective modification in the latter case 15 the restricted step
or trust region approach (Chapter 5} and it is fruitful to consider modifying the
SNQP method in this way. Since (14.4.11) contains ne side conditions the
incorporation of a step restriction causes no difficulty. This is illustrated in
Figure 14.4.4 (k= 1} in which the dotted circle with centre x* is a possible
trust region. Clearly there is no difficulty in minimizing ¥Y&) within this
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region® the solution is the point on the periphery of the circle. Contrast this
situation with Section 12.4 where a trust region cannot be used in conjunction
with the SQP method because there may not exist feasible points in the resulting
problem. Fletcher (1982a) describes a prototype restricted step method for
solving composite NSO problems which is globally convergent without the need
to assume that vectors a”® are independent or multipliers A% are bounded.
This algorithm is described in more detail in Section 14.5 where the global
convergence property 15 justified. Good practical experience with the method
in L, exact penalty function applications is reporied by Fletcher (1981), including
the solution of test problems on which other methods fail.

There are two main computational costs with the SNQP method. One 18
that associated with solving the subproblem (14.4.11) and this of course depends
on the form of the composite function k{-}. When h is a polyhedral convex
function the subprablem 1s equivalent to a QP problem and so the complexity
of the subproblem is roughly the same as that for QP. In the L, case the
subproblem becomes the L, QP problem described in more detail in Section 12.3.
The other main cost is the need to evaluate the problem functions fand e and
their first and second derivatives at each iteration. The need to provide
particularly second derivatives may be a disadvantage, but there is no difficulty
in approximating the second derivative matrix W® for instance by finite
differences or by using a quasi-Newton update. Qne possibility is to use the
modified BFGS formula given by Powell (1978a) as described in Section 124,
and this is quite straightforward. Likewise the possibility of approximating the
reduced second derivative matrix also suggests itself but it is by no means clear
how to use this maltrix to the best advantage in a general SNQP context.
However, Womersley (1981} gives a method applicable to the particulat case
of max function.

There 1s one adverse feature of the SNQP method, and hence of any other
superlinearly convergent algorithm for composite NSO which is not present
with similar algorithms for smooth optimization. In the latter case when x* is
close to x*, the unit step of Newton’s method reduces the objective function,
s0 no line search or trust region restriction is brought inte play to force the
objective function to decrease. Thus the sccond order convergence, which
depends on taking the unit step, is unaffected. The same situation does not hold
for compesite NSO as Maratos {1978) observes (see also Mayne (1980),
Chamberiain ef al. (1982) and Question 14,13} Tn particular thers are well
behaved composite NSO problems in which (x*, 1®) can be arbitrarily close
to (x*,4%) and the umt step of the SNQP method can fail to reduce ¢(x). The
Marates effect as it mught be called, thus causes the umnit step to be rejected and
can obviate the possibility of obtaining second order convergence. More
precisely for an iteration of the SNQP method, define the actual reduction

AP® = p(x®) — H(x™ + §¥), (14.4.25)
the predicted reduction
Aw(k) = @ 0) — ]plk)(g(k)) = ¢(x(kl) — ,’b(k)((gik)) (14.4.26)
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and the ratio

0 = AgH /A, (14.4.27)
Also let
¥ = max (|| x% - x*||, A% - A*]|). (14.4.28)

Then for smooth unconstrained optimization (¢.g. Theorems 3.1.1 and 5.2.2) it
15 possible to get both e®* ' = 0(s™) and r® = 1 4 O(e™™), whereas for composite
NSO these results are inconsistent, and indeed A¢® < 0 and hence ™ < 0 can
occur which corresponds to the Maratos, effect. The reason for this is illustrated
in Figure 14.4.5 in the non-smooth case. If x* is close to (or on) a groove, the
predicted first order changes to ¢ are small (or zero). Thus the predicted second
order changes to ¢ can be significant. However, the functions c{x) are only
approximated hinearly in calculating x** 1 and hence second order errors arise
in @(x**Y) which can dominate the second order changes in the predicted
reduction. This effect is due to the presence of derivative discontinuities in ¢(x).
These discontinuities also can occasionally cause algorithms for SNQP to
converge slowly {for exampile see Table 12.4.3 for SL; QP). Both effects are most
likely to be observed when the second order errors are large, that is when the
grooves are significantly nonlinear, such as for example when the penalty term
in an exact penalty function is relatively large. Thus if robust algorithms for
NSO are to be developed, it is tmportant (o consider how these effects can be
overcome.

The above observations indicate that a modification which corrects the second
order errors in ¢, is appropriate. This can be done (Fletcher, 1982b) by making
a single ‘second order correction’ (SOC) step, which corrects the ‘basic step’
obtained by solving (14.4.11). Similar ideas occur in Coleman and Conn (1982a, b}
and indirectly in Chamberlain et al. (1982), The idea can be simply explained
as follows. The basic step & in the SNQP method is obtained by solving the

~
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of ¢{x)

— — — ~=_l-inecr approximation
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- glet1l
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P Unit step

Figure 14.4.5 Maratos effect
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subproblem
minimize §"™(&) + k([P + a®"57). (14.4.31)
&

where [ -] denotes the vector having the given elements. To account satisfactorily
for second order changes it would be preferable to solve

minimize g*(8) + h([c® + a5 + 16TGH57) (14.4.32)
&

where G; = szu but this subproblem is_intractable. However, if the solution
to (14.4.31) is ¢, and we define X = x* + 6 and evaluate ¢ = ¢(&), then to second
order

&, = ¢ 4 a®T§ 4 13TGWS. (14.4.33)

Equation (14.4.33) can be rearranged to provide an expression for 367Gé
which can be used to estimate the sccond order term in (14.4.32). Thus the SOC
subproblem

minimize ¢*™(8) + H([¢—a%" 8 + a®"8]) (14.4.34)
E]

is suggested, and the step 6% that is used in the resulting algorithm to calculate
x* T = x® 4 §® jg that obtained by solving (14.4.34). Note that the only
difference between (14.4.34) and (14.4.31) is a change to the constant term in
the argument of A(-). For polyhedral problems this merely has the effect of
shifting the linear approximation of the curved groove so that x** 1 is closer
to the groove, as illustrated in Figure 14.4.6. This figure also shows that the
SOC stepis related to the projection step computed in feasibie direction methods
for nonlinear programming (cf. Figure 12.5.1) and in particular to that given

by (12.5.11) for o® = 1.
The SOC modification has a number of practical advantages. It uses the

Linegrization
Curved Ve for SOC step
~
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Figure 14.4.6 The second order correction step
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same software for calculating both the basic and SOC step and so is easy to
code. No extra derivative matrices need be calculated to define the SOC step
and only one additional evaluation of the active constraint residuals c(%) is
required. Moreover, and of great importance, only a change to the constant
values ¢ in the basic step subproblem is made. Assuming thal the software for
the subproblem enables parametric changes to be made efliciently, it is likely that
the same active set and same matrix factorizations can be used to solve the SOC
subproblem directly. In these circumstances the SOC step can be computed at
negligible cost. The above method represents the simplest way to use an SOC
step: Fletcher (1982b) also suggests a more complicated algorithm in which the
basic step is accepted for 6" in certain circumstances, and the SOC step 1s only
used if it 1s judged to be necessary. An SOC step can also be used effectively
when the SQP method is used in conjunction with 2 non-smooth penalty function.

Other second order methods for NSO have also been suggested, in particular
the use of a hybrid method (or 2-stage method). Stage 1 is the Gauss—Newton
trust region method (14.4.8 {f} which converges globally so 1s potentially reliable,
but often converges only at first order which can be slow. Stage 2 is Newton’s
method applied to the first order conditions. This converges locaily at second
order but does not have any global properties. A hybrid method is one which
switches between these methods and aims to combine their best features. To
apply Newton’s method requires a knowledge of the active pieces in the NSO
problem (essentially a set of structure functionals as in (14.2.35) is required) and
this knowledge can also be gained from the progress of the Gauss—Newton
iteration. Hybrid methods are given by Watson {(1979) for the minimax problem
and by McLean and Watson (1980) for the L, problem. Hybrid methods using
a quasi-Newton method for stage 2 are given by Hald and Madsen (1981, 1983).
A recent method for general non-smooth problems, using the Coleman—Conn
method for stage 2, is given by Fletcher and Sainz de la Maza (1987). Hybnid
methods can work weil but I anticipate one disadvantage. If the NSO problem
is such that neighbourhood of the solution in which Newton's method works
well 1§ small, then most of the time will be taken up in stage 1, using the first
order method. If this converges slowly then the hybnd method will not solve
the problem elfectively. Thus it is important to ensyre that the stage 2 method
is used to maximum effect.

The above techniques arc only appropriate for composite NSQ problems,
and it is also important to consider applications to basic NSQ in which second
order information has been used. Womersley (1978) describes a mcthod which
requires %, Vo, and V3¢ to be available for any x*, i =1,2,..., %, and each
such set of information is assumed (o arise [rom an active piece of ¢(x). This
information 15 used to build up a linear approximation for each piece valid at
x™ and also to give the matrix W, This is then used as in (14.4.10}. Information
about pieces may be rejected if the Lagrange multipliers ™1 determine that
the piece is no longer active. Also a Levenberg—Marquardt modification
{Section 5.2) 15 made to W™ to ensure positive definiteness. A difficulty with the
algorithm is that repeated approximations to the same piece tend to be collected,
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which cause degeneracy in the QP solver close to the solution. A modification
is proposed in which an extra item of information is supplied at each x which
is an integer label of the active piece. Such information can be supplied in most
basic NSO applications. This labeiling enabies a single most recent approxima-
tion to each piece to be maintained and circumvents the degeneracy problem.
Again this approach is considerably more effective than the subgradient or
cutting plane thethods as numerical evidence given by Womersley suggests ( ~ 20
iterations as against ~ 300 on a typical problem). A quasi-Newton version of the
algorithm is described in Womersley (1981).

145 A GLOBALLY CONVERGENT PROTOTYPE ALGORITHM

The atm of this section is to show that the SNQP mcthod bascd on solving
the subproblem (14.4.11) can be incorporated readily with the idea of a
step restriction which is known te give good numerical results in smooth
unconstrained optimization (Chapter 5). Subproblem (14.4.11) contains curva-
ture information and potentially allows second order convergence to occur,
whereas the step length restriction is shown to ensure global convergence. The
resulting method (Fletcher, 1981,1982a) is applicable to the solution of all
composite NSO problems, including exact penalty functions, best L, and L
approximation, etc., but excluding basic NSO problems, The term ‘prototype
algorithm’ indicates that the algorithm is presented 1n a sumple format as a
means of making its convergence properties clear. Tt admits of the algorithm
being modified to improve its practical performance whilst not detracting from
these properties. The motivation for using a step restriction is that it defines a
trust region for the correction 6 by

16 <h® (14.5.1)

in which the Taylor series approximations (14.4.6) and (14.4.9) are assumed to be
adequate. The norm in (14.5.1) is arbitrary but either the ||, or the ||-fi; 15
the most likely choice, especially the former since (14.5.2) below can then be
solved by QP-like methods (see (10.3.5) and Section 12.3). On ¢ach iteration
the subproblem is to minimize (14.4.11) subject to this restriction, that is

minimize  #*(J)
P (14.5.2)
subject to || 8] < A,

The radius A% of the trust region is adjusted adaptively to be as large as
possible subject to adequate agreement between ¢(x™® + §) and y*(5) being
maintained. This can be quantified by defining the actual reduction

AP = P(x™) — Pp(x*® + 55 (14.5.3)
and the predicted reduction

A®) = pix®) — I 5H, (14.5.4)
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Then the ratio

L. (14.5.5)

measures the extent to which ¢ and ¢® agree local to x™®. The rules for changing

A% 1n the model algorithm are those given in Section 5.1 and are not elaborated

on further, except to emphasize that in practice the rule for reducing #® can

be more elaborate, based perhaps on some sort of interpolation (Fletcher 1981).
The kth iteration of the prototype algorithm is as foliows.

(i) Given x®, 1% and h'™®, calculate ™, g™, ¢® A® and
W™ which determine ¢* and Y (8).
(i) Find a global solution 8™ to (14.5.2).
(iii) Evaluate ¢(x" + 8*) and calculate A¢™, Ay™®, and #*.
(iv) I r™ < 0.25 set A**Y = (| 59| /4,
if r® =>0.75 and | 8% | = h* set HFFD = 250 (14.5.6)
otherwise set A% 1 = pi,
(v) Ifr® <0 set x+D =k g+ - l(kl,
else x¥+ 1 = x® 4 g9 2%+ D — mylipliers from (14.5.2).

The parameters 0.25, 0.75, etc, which arise are arbitrary and are not very
sensitive but the values given here are typical. The soiution of constrained NSO
problems like (14.5.2) is considered in more detail in Section 14.6 but it is a
straightforward extension of the unconstrained case and multipliers A%+ e
Sh(1™(3™)) exist at the solution in an analogous way to Theorem 14.2.1. 1t is
these multipliers that are used in step (v).

In proving global convergence, a result is used relating the directional
derivative (14.2.14) of the composite function (14.2.13) and the difference quotient
between two points x* and x*¥ 4 ¢%s in a common direction s ( #0), as both
points approach a fixed point x'. The result is a special case of one due to
Clarke (1975) but is proved here directly for completeness.

Lemma 14,51

Let S be the set of all sequences x® —x', e =0, and let ¢® A c(x™), etc., and
e® A o(x® + e ®s); then -
)y _ (&)
lim sup h—(ci)—mh(L) = maxs'A'd (14.5.7)
5 & aeit

in the sense that the difference quotiemt is bounded above and the sup of all
uccumulation points of the guotient taken over all sequences in S is the directional
derivative max,_,, s"A'A.

Proof
By the integral form of the Taylor series

1
) = okt 4 g(k)J [A(x® + 8eM15)]Ts dO = ¢ 4 M@ (14.5.8)
a
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say, where 4%’ — A'Ts as k— o0, Let 1¥cah® A dh(c™). Using the subgradient
inequality and {14.5.8),

h(c‘“) > h(c::k)) + (c(kl - cgkj]fl ik) — h(cﬂ") . S(Hd(lelik)
or
hie}) — h(e™)

)7 7 (k)
420 > e

(14.5.9)
Since 0¥ is bounded in a neighbourhood of x* (Lemma 14.2.1) the difference
quotient is bounded above. Now consider a subsequence for which the difference
quotient accumulates, and let

h(e”) — he™)

@ >maxstA'L. (14.5.10)

Asdl
Since 1% is bounded there exists a thinner subsequence for which 1% -4’
and since ¢ - ¢’ it follows by Lemma 14.2.4 that 4’8k, Thus from (14.5.9),
hief) — hc™)
m_i

@ <s'A'l' <maxs"A'4d (14.5.11)

Actk

which contradicts {14.5.10), so that the reverse mequality {<} in (14.5.10) is
true. Finally by taking x® =x' and ¢® | 0, the discussion before (14.2.14) shows
that there is a sequence in S which attains equality with the directional derivative.
Thus (14.5.7) is established. [

Corollary
Define ¢(x) by (14.2.13) where feC'. Then

(}5(?&“‘) + E(k)s) _ (p(xﬂr))
£

=maxsT(g' + A'1). (14.5.12)

Aedh’

lim sup
s

Proof

The resuit follows by using an analogous Taylor series for f(x) as m the proof
of the lemma. [

Tt is now possible to state the main result of this section.

Theorem 14.5.1 (Global convergence of prototype algorithm)

Let x¥e B R"Wk where B is bounded and let f, ¢ be C7 functions whose second
derivative matrices are bounded on B. Then there exists an accumulation point
x of algorithm (14.5.6} at which the first order conditions of Theorem 14.2.1
hold, that is eguivalently

maxsT(g® +A®1)=0 Vs (14.5.13)

Aedh™
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Proof

There exists a convergent subsequence x* ~x™ for which either

(@) r'™ < 0.25, 4%V =0, and hence || 6@ | ~0 or
(i) r™® = 0.25 and inf 1™ > 0.

In either case (14.5.13) is shown to hold, In case (i) let 3 a descent direction s
(Is] =1) at x*, that is

maxs'(g® +A%A)=—d, d>0. (14.5.14)

Asdh=
By Taylor series
Fx® 4 e®s) = F8) 4 20T®) 4 a0
= ¢®(e®s) + o(e™) (14.5.15)
by (14.4.9), since A® is bounded by Lemma 14.2.1 and V?f, V3¢, are bounded
by assumption. Likewise by (14.4.6),
o(x®  g¥g) = R (RgY 4 (el (14.5.16)
and hence by (14.1.2), the boundedness of ¢k, and (14.4:11), it follows that
P(x + £M) = ¢®(s™8) + hIP(Es) + 0(e)) + 0(e®)
= ges) + HIW(ES) + ofe)
= @) + o), (14.5.17)
Writing ¢ = || 8% and considering a step along s in the subproblem, it foliows
by the optimality of 8 that
Ay = qb("i — yf®(etg)
= ™ — G(x M + W) + o(e)
> e9(d + o(1)} + o(e™) = de® + (=) (14.5.18)
by the corollary to Lemma 14.5.1 and (14.5.14). But {14.5.17) imphes that
AG™ = AP® 4 ofe®)

and hence = Ad™/AY® = [ + o(e™)/AYY =1 + o(1} from (14.5.18) since
d > 0, which contradicts #* < 0.25. Thus d < 0 for all § and hence (14.5.13) holds
at x”.

In case (ii) the argument of case (ii) of Theorem 5.1.1 is largely followed (see
also Fletcher, 1982a). The only extra step is to deduce from x®eB that oh® is
uniformly bounded for all &, so that the parameters A% are bounded. Thus a
thinner subsequence can be chosen such that A® > 1® and hence W™ > W=,
Then functions ¢*(8), 1°(&), and ¥ ™(5) are defined and it is conciuded as in
Theorem 5,1.1 that & =0 minimizes )y ® (). It follows that the first order
conditions (14.5.13) hold at x*. In case (ii) it is also possible to conclude that
second order conditions hold. [
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Note that the existence of a bounded region B which the theorem requires
is implied if any level set {x:¢(x) < 0¥} is bounded. Also the theorem assumes
that the sequence {x®} is infinite; if not then AYy™ = 0 for some k, the iteration
terminates, and first order conditions are satisfied.

One point to emphasize about the theorem 15 that there are no hidden
assumptions that certain vectors a® are linearly independent or that the
multipliers 4% are bounded. Methods for NSO or nonlinear programming can
often be proved to be convergent under such assumptions, vet can fail in practice.
Thus it is important that this theorem avoids such assumptions. Another point
is that W% does not need to be defined as in (14.4.10) but can be any bounded
matrix. Thus the theorem indicates that a corresponding quasi-Newton method,
using for example B® as defined in (12.3.18) in place of W®, can only fail if
B% becomes unbounded (a weaker condition on B® for convergence is given
by Yuan (1985a)). A weakness in the theorem requiring further thought is that
it is assumed that global minima arc calculated in the subproblems. This is
guaranteed by convexity when B® is positive definite. However, when exact
second detivatives are used, W® may be indefinite and it is then unrealistic to
quarantee that global minima are caiculated. Finally the theorem is seen to
subsume the result of Madsen (1975) for the first order method like (14.4.8) in
which essentially W* =0,

It is important to consider the effect of the trust region modification on the
SNQP algorithm. Clearly if the trust region bound 15 inactive for sufficiently
large k then the satisfactory order of convergence properties of the unmodified
algorithm carry through. However, Yuan (1984) gives examples which show
that the trust region bound is not inactive for sulficiently large k, and the order
is first order, This clearly points to the need to modify the algorithm to retain
both global and second order convergence properties. As in Section 14.4 the
use of an SOC step to follow the basic step suggests iiself, and an appropriate
subproblem for calculating the SOC siep is to add a trust region bound to
(14.4.34) giving

minimize  ¢®(&) + h([¢,—a¥ "5 +a¥ 5]}
5
subject to || 8 < A%, (14.3.19)
Of course if the trust region bound is inactive for sufficiently large & this
algorithm retuins the satisfactory order of convergence properties of the SOC
algorithm. Yuan (1985b) extends this result by showing that if A% — 1% then
the trust region bound does become inactive for sufficiently large k.

In comparison with smooth unconstrained optimization (compare Theorem
5.1.2) these results are nonetheless not all that one might hope for, and it is
desirable to say something about second order conditions at a limil point. To
do this requires more aitention o be paid to the choice of multiplier cstimates
A% The current rule in algorithm (14.5.6) is that if the kth iteration is success-
ful in reducing ¢(x), then A¥**1 is choscn as the multiplier vector from the
kth subproblem, else A%+ = 4™ {5 set. This rule is advantageous in that it
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requires no extra computation, and the multipliers are bounded a priori from
Lemma 14.2.1, which is important for global convergence. (It has been proposed
that AY should be selected as the least squares solution of the system
g™ 4+ A% =0 from (14.2.18) but this is disadvantageous on both counts. It is
possible to ensure boundedness by solving a constrained least squares
probiem, but at the expense of a further increase in complexity.) However, it 1s
shown by Fletcher (1982b) that the current rule may cause algorithm (14.5.6)
(with or without SOC) to stick a point which, although it satisfies first order
conditions (Theorem 14.2.1), fails to satisly second order necessary conditions.
Thus & second order descent direction exists at thc point under consideration.
This difficulty can be circumvented by the equally simple rule that A**" 15
always set to the multipliers of the kth subproblem, irrespective of the change
in ¢(x). This rule would seem to be undesirable when the step 6% ansing from
the subproblem is large but unsuccessful. One way to compromise between
these two possibilities 15 to devise a rule which has the property that if

R+ Y < min B9 (14.5.20)

=<k

(that is if B%** ") is less than any previous value) then A%V is always set to the
multipliers from the kth subproblem. The best choice of rule is currently under
considcration.

14.6 CONSTRAINED NON-SMOOTH OPTIMIZATION

In Section 14.1 it is argued that the majority of NSO problems fall into the
category of composite NSO problems. However, cases do arise in which it is
required to minimize composite functions subject 10 constraints on the variables
(for example, problem (14.5.2)} and such problems are the subject of this section.
A suitable general format (constrained composite NSO) 18

minimize  &(x) & f{x) + hle(x})

xeR" (14.6.1)
subject to  t(r(x)) <0

where the objective function is the composite [unclion (14.1.1). There is a
single inequality constraint involving 4 composite function with 1{x) (R* — R?)
being stnoath (C1) and t(r) (R¥ = R) being convex but non-smooth (C°. This
formulation covers constraints such as [|x||, < p which appear in restricted
step methods, or a general system of inequality constraints r(x) < ¢ through the
composition Hr) =maxz,. Equality constraints r{x)=0 can be included by
writing them as r(x)<0 and —r,(x)<0. It also includes constraints like
Ir(x)||, < p which are not conveniently handled by (7.1.1) say. Thus (14.6.1)
represents a very wide range of practical optimization problems.

In practice, those applications in which r(x) i3 nonhinear can be handled
satisfactorily by using an exact penaity function and including penalty terms
derived from r(x) in the objective function. Thus most practical interest in (14.6.1)
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ariscs when r(x) is affine und ¢(r) 15 polyhedral. A suitable type of method [or
solving such problems is to modily the SNQP method described in Sections 14.4
and t4.5. Thus a sequence of NQP subproblems 1s solved, only differing from
{14.5.2) in the addition of the polyhedral constraint (r(x)) < 0. These modificd
subproblems can be solved by QP-like techniques modelled on those mentioned
at the end of Section 12.4. The global and local convergence properties of the
modificd SNQP mcthod are therefore hikely to be analogous fo those for the
SNQP method itself {Section 14.5) although to wmy knowlcdge these have not
been investigated.

The main aim of this section is to give a comprehensive presentation of local
oplimality conditions {or (14 6 1) which reducc to those for constraincd smooth
oplimization (Section 9.2) when h(e(x)) is not present (m =0), or to thosc for
unconstrained non-smooth optimtzation (Scetton 14.2) when t{r(x)) is not present
{p = 0). This can be done without losing any of the csscntial details of the simpler
cascs. Thus there appear in what follows analogucs of feasible direction sets,
constraint qualification, an independence assumption and a separating hyper-
plane lemma, leadig to a statement of first order necessary conditions. Both
necessary and sufficient second order conditions are also set out together with
a study of the regular casc in which these conditions are almost nccessary and
sufficient. Finally some cxampics of the vamous conditions in action are given
The approach s based on that of Fletcher and Watson (1980) but with some
extra features to handle the more general form of the constraint in (14.6.1).

Firstly the concept of feasible directions for the constraint Hr(x}) <0 is
considered, using the concept of a directional sequence defined in (9.2.1) Thus
al a leasible point x" the set ol [easible directions

Fr=1ss20,3xM1r(x"™) < 0,x" - x', 8% -5, ¢¥ | 0} (14.62)
can be defined. This is related to the set

Fr={s:s#0,¢t =0 = maxs'Ru <0} (14.6.3)

nsdr’

where R = ¥rT, which can be regarded as the set of feasible directions for the
linearized constraint at x. It is very convenient if the sets %" and £ are the
same s0 it is Important to consider the extent to which this is true. The mechanism
of linearization is seen in the following lemma which establishes an inclusion.

Lemma 14.6.1
FoF

Proof

Let se#’ so that there exists a directional sequence x* —x’ such that s* —s,
A Taylor series about x” gives

(% =1 + GUR TS + o(8%)
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so that 1 =1 is a directional sequence in R? with (1™ —r')/6% —R'Ts. Thus
by Lemma 14.2.5 applied to t(r)

o —¢

maxs"R'u = lim =0
nedr

if ¥ =0 by feasibility (t' denotes Hr(x)) ete). Thus sef’. [J

S

Unfortunately a result going the other way 15 not true, e.g Hr(x)) = max
(x; —x3}, —x,) as illustrated in Figure 9 2.1. However, this is an unlikely
situation and usually the constraint qualification %' = F' can be assumed lo
hold. Indeed this result can be guaranteed under nruld conditions as the following
lemma shows. This uscs the notation analogous to that in (14.2.30) that if &
has dimension ¢ and w'edl’ is arbitrary, then there exwsts a matrix F'eRP*Y
with columns f; i=1,2,...,4 which provide a basis for ' —w’, 1n that

o ={wu=uw+Fv, veV' c R} (14.6.4)

Lemma 14.6.2
Sufficient conditions for ' = F' at a feasible point X' are
i) ¥ <0
or if ' =0 and the function £r) is locally linear about 1, then either
(i} rank (Ru"F])=q + 1, or
(11} the function r(x} is affine.

Proof

If ¢ <0 then & = R™0 and the result is trivial, so subsequently assume that
i =0. Because %' = F' it 13 only necessary to establish the reverse inclusion, so
lct seF’. If max,,.8"R'u < 0 then take x® =x"+ 8%s for any sequence 0% |0
and it follows that (**< 0 for sufficiently large k and hence se#" (if not 3 a
subsequence for which t® > 0: using a Taylor expansion and Lemma 14.25 it
follows that max,_,s"R'u ;> 0 which 1s a contradiction). If max,_,s"R'u =0, let
wedr be any vector for which sTR'w = 0. Without loss of generality u’ can be
regarded as the arbitrary vector in (14.6.4) above. Also define

6t, = {ucdt’: sTR'w’ = 0},

let the dimension of 8, be g, (¢, < ¢'). and without loss of generality let
i i=1,...,q, be a basis for ¢t — w'. Henee

—0 i=12...4
sTR'f;{ o el
<0 i=g.+1,.. .4

Tf g, + 1 =n it follows that sTRTu":F"] =07 and hence that s =0 by virtue of
the rank assumplion, which contradicts se ', If g, + 1 < n it is possible following
the construction of Lemma 14.2.7 (with D¥ replaced by [w:F']) to determine
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a smooth arc x(0) Ac[0, &) for which x(0) = x', k(0) =s, and
(rx(6)} — r)Tu' = 0s'R'w’ =

0 i=12,...,4.
) — rTf; T T e
(r(x{8)} — 1)1 =05 Rf{<0 i=q.+1,....q

It follows that
max (K{(x(0)) —¥}'u=0 (14.6.5)

udt'
Then using the defimtion (14.2.29) of a locally lincar function it follows that
there exists a neighbourhood of r such that (xx()))=0, and taking any
sequence (¥ | 0 gives a directional sequence with se.%".
Finally in case (i), il r(x) is alfine, it follows that the ray x(8} = x’ + fs has
r(x(0)) =1 + OR'Ts, Thus it is possible to deduce (14.6.5) in the above directly
from max. s"R'u= 0. leading again to the conclusion that se.#". []

Note that this result is somewhat stronger than that of Fletcher and Watson
(1980} in which the assumption rank R’ = p restricts the range of ¥{x) to have
dimension p < n. Also Lemma 14.6.2 allows a constraint like | x{x}||, < p which
cannot usually be handled effectively by using Lemma 9.2.2 and a poiyhedral
expansion of |r||,, because of the degenerate nature of the resulting constraint
set.

In moving on to discuss necessary conditions at a local solution of (14.6.1)
it is convenient to define the set of descent directions at x’

(xX)=9" {s max s'(g’ +A‘l)<0}

P

Then the most basic necessary condition is the following.

Lemma 14.6.3

If x* is a local mminuzer then #* n@* = § (no feasible descent dircctions).

Proof
Let se# * so that there exists a feasible directional sequence x*! — x* with §% — s,
By Taylor expansion about x*
f(k) :f* + 5(k}g*TS(k) + O(étk))
¢®) = ¢¥ 4 SIATSI 4 (50
By local optimality, ¢%* = ¢* for sufficiently large k and henge

(f)(k' d,* f{k)_f* h(c”")—h(c*)
V@ — FT I ) - FCI

Taking the limit as k — o, and using Lemma 14.2.5 and the fact that ¢® —c*
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is a directional scquence with direction A*'s, 1t follows that

0 < maxs'(g* +A*4).

Aedh’

This coniradicts se@* and so proves the Lemma. []

For the reasons set out in Section 9.2 1t 1s not possible to proceed further
without making a regularity assumption
FrNG* = F*ng* (14.6.6)

However this is a very weak assumption and is certainly impled by the mld
sufficient conditions for constraint qualification (F* = F*) of Lemma 14.6.2.
With this assumption the necessary condilion of Lemma 14.6.3 becomes
F¥n@* =4, Il is now possible to relate this condilion o the cxistenee of
multiphers in Theorem 14.6.1 below. A prcliminary lemma is required which
extends the concept of a scparating hyperplane.

Lemma 14.6.4

If, m B", C is a closed convex cone, B is a non-empty compact convex set and
B C = (%, then there exists hyperplane s"x = 0 which separates B and C.

Proof

By construction. For cach point be B the closest point in C can be determined
as in Lemma 9.2.5. Because B is a compuct there exist points beB and §cC
which minimize |b—g|, over all beB and geC. Hence for any beB

Ib—g+ob—b)3=b—g12  0e[0,1]
and taking the limit 8 [0 it follows (hat
(b —b)T(E b <o0.

But by Lemma 925, if s = § — b then §Tx > 0 for all x=C and s'h < 0. It follows
that §Th < 0 for all beB thus establishing the lemma. [

In stating the first mam result an appropriate Lagrangian function
Fix, A7) = f(x) + 4 te(x) + ma"r{x) (14.6.7)

is introducced.

Theorem 14.6,1 (First order necessary conditions)

If x* locally solves (14.6 1} and the regularity condition (14.6.6) holds, then there
exist multipliers A*c0h*, w*edt* and n* = 0 such that

t* <0 (feasibility)
a¥t* =0 (complementarity)
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and
0=VZF{(x* L* u*t n¥)
=g¥ + A*1* + p*R*u* (1468)

Proof

The result essentiaily utilizcs a gencral form of Farkas” lemma that F*~ 2% = &
ifl the conditions of the thecrem hold. Clearly if the latter hold and se£™ then

and
t* = 0=sTR** <O=s"(g* + A*i%) 20

from (14 6 3)and (14.6.8). In both cases se%* is contradicted so (thal F*n@* =
Conversely if the conditions of the thcorem do not hold then a dircction
seF*~@* can be constructed as follows. The conditions ol the thcorcm arc
equivalent to the statement that the closed convex cone

C={y:*<0=y=0
t*=0=y=—7aR*n Yz20, uedi*},

which is convex by convexity of 8r*, and the compact convex sel
B={b:b=g*+A*A Viedh*

have a common point (from (14.6.8)). Therefore o there is no common poind it
follows from Lemma 14 6 4 that there exists a direction s such that max, ..
s'(g* + A*A) <0, that is se%* and t* = 0=-max,;.8'R*u <0, that 15 seF*
The theorem is then a consequencee of Lemma 14 6.3 and assumption {14.6.6),

D

It is also possible to analyse the effcct of sccond order chanpes within the
framework of (14.6 1} if the additional assumption 1s made that ¢(x) and r(x}
are ©2 functions (but A(e) and #{r) remain C°® and convex). As in Sections 9.2
and 14.2 the first step is to define certain sels ol feasible directions related to
directions of zero slope, so that second order effects become important In
general let x* A%, v* 7* satisfy the first order conditions of Theorem 14.6.1
and consider the set

X = {x: hle(x}) = h* + (¢{x) - ¢*)7i*,
frix}) < 0,
7Hr(x) — r*) u* = 0} (14.6.9}

Define %* as the sct of normalized leasible directions with respect to X at x¥,
that is

gr={s: |Is}l, =1, F{EWV xPex x¥ox* s 00} (14.6.10)



408 Non-Smooth Optimization

This set 15 closcly related to the set

G* = {s: sta=1, scF* maxsTg*+ A*1)=0, w*maxs'R*n=0
Fedh* L=
(14.611)

which can be interpreted as the set of linearized feasible directions that have
zero slope with regard to both ¢{x) and (if #* > 0) r(r(x)). The extent to which
%* and G* correspond is important and it is shown by linearizing the functions
which define %* that #* is a subset of G*.

Lemma 14.6.5

G*C G*

Proof

Let se%* which implies se #* and hence se#*. As in Lemma 14.2.6 1t follows
that max,_,.s"(g* + A*A)=0 By a similar argument, if #* >0 (and * = 0) it
follows that

(r(kJ — [*)Tu*
—m
and because se F* it follows from (14.6.3) that =* max
seG¥, [J

Asn Section 14.2 it is not generally possible to derive the reverse inclusion,
but there are important special cases where this can be done, associated with
locally linear functions. Further discussion of this is given later in this section:
at present the regularity assumption

g% = G* (14.6.12)

0=lim =s'R*n*

.+8 R*u = 0. Therefore

ued)

Is made (which depends on 4% u*, n* il these elements are not unique). Tt is
now possible to state and prove the second order conditions: as usual the
regularity assumption is needed only in the necessary conditions.

Theorem 14.6.2 (Second order necessary conditions)

If x* locally sofves (14.6.1) and (14.6.6) holds then Theorem 14.6.1 is valid. For
each triple A*,u*, n* which thus exists, if (14.6.12) holds, then

sTVEL(x* A*u ats 20 VseG*h (14.6.13)

Proof

Lel seG*. Then se%* and 3 a directional sequence feasible in (14.6.9) A Taylor
expansion of #(x, 1%, u* x*) about x* vields
L A¥ uF *) = LI, AF, uF, nF) 4 e VL (x*, A% u* )
+1e®T V2 (x* A% uk, m0e® + o [ e®]|%)  (14.6.14)
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where e® = x® — x* The definition of .& yieids
LW, A%t 1) — L(x*, A% u¥ at)
=0 ¥ 4 (o8 — ¢RI L% () — ¥ Ty {14.6.15)
=j(k) —“‘f* + h(c(k)} —hF¥ = ¢(kl 1 ﬁb*

by feasibility in (14.6.9). Substituting e* = 5% and the local minimality of
¢* then gives

0K PO — b = LoRASRTVZ 2 (xk, %, 0k, 1) 4 o(5),
Finally dividing by 6% and taking the limit establishes (14.6.13), O

Theorem 14.6.3 (Second order sufficient conditions)

If at x* t* <0 and there exist A¥edh®, 0 edr* and 7n* 2 0Q such that 7%t =0
ahd (14.6.8} holds ( first order conditions), and if

sTVZ2(x* A% u*, r*)s >0  VseG* (14.6.16)

then x* is a strict local solution of (14,6.1).

Proof

Assume the contrary that 3 a feasible sequence and hence a feasible direction
sequence X% = x* g% 55 8], = 1 such that ¢ £ ¢* Now se.F*=scF* s0
using (14.6.8),

Fal=a*=0=g*+ A% ¥ =
and from seF*

(* =0 = maxs!R <0

ue Y
s0 1n both cases it follows that

0 < maxsT(g* + A*A)=pn say.
AEdh*
If 230 then from Lemma 14.2.5, lim (9™ — ¢*)/8% = u which contradicts
¢® < @*. Thus g = 0. Let sT{g* + A*A*) < 0; then the first order conditions imply
7*>0,1* =0 and s'R*u* > which contradicts seF* Thus s'(g* + A*A*) =0
and hence n*s'R*u* = 0. Tt follows [rom se F* that n*max TR*u* = 0 and
hence seG*. Now from (14.6.15)

ueér*s

LW LE 0 %) — L(x*, A* ¥, )
=3 ¢”«.) . ¢)* — (h{k) —_ h-* — (c“i] _ C*)rl *)
+ H*{[(k] X f* _ (t(k) ko (r(k) o l'*)TI.I*))
€ ¢ — PF + o (™ — ¥y < PF — ¥
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using the subgradient inequality and then feasibility Hence from (14 6 14) and
{14.6.8)

03 % — * 2 1MV Lix* A% u, m¥)s® + ol 6V,

Dividing by 16" and taking the limit contradicts (14.6.16) and establishes the
theorem. O :

Corollary

if the directional derivative max, .8 (g* + A*A) is positive for all feasible
directions in F*, or equivalently if G* is empty, then the first order conditions are
sufficient ro maply that x* 15 a strict local solution of ((4.6.1)

Proof
Immediale from the statemenl of Theorem 14.6.2. [

The remarks after Theorem 14.2.3 about when there 1s near cquivalence in the
second order condions apply equally here. The condiions arc “almost’
neeessary and sufficient only if it can be shown that ¥* = G* and this result 1s
only true for particular types of composite function having the locally linear
property. Effectively either hic) and t(r) are restricted to being polyhedral, or
h(c} can be the penalty term in certain exact penalty function applications
{Lemma 14 3 1). A mild independence assumption then enables %* = G* to be
established using the constructions of (14.2.30) and (14 6.4) as follows,

Lemma 14.6.6 {Sufficient conditions for regularity)

If x* satisfies the first order conditions of Theovem 14.6.1, if hlc) and i(r) are
locally linear at ¢* and r* and if

rank ([A*D*:R*u*:R*F*]) = I* + ¢* + 1 (14.6.17)

then % = G*. Alternatively the rank assumption may be replaced by an assumption
that the functions o(x) and 1(x) are affine.

Proof

Because G* = 9% it is sufficient to cstablish the reverse inclusion. Let seG*. 1f
t* <0 or if t*=0, 7* =0 and max,_..s'R*u< 0 then an arc and hence a
directional sequence is constructed as m Lemma 14.2.7. This sequence 1s easily
shown to be feasible (t™ < 0): 1n the lutter case the argument of Lemma 14.6.2
is used. Thus se®® If n* =0 and max,.5"R*u=0 then withoul loss of

generality u* can be taken to attamn the max, so that s"TR*u® = 0. This enables
this case and the general case n* > 0 to be treated together, as follows. Dcefine

8hF ={Aech*:s"(g* + A*A) =0}

drF = {ucdt* sTR*u =0}
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which depend on s. Now seG* and the first order conditions imply that
sHg* + A*A%) = n*s"R¥u* = 0
so that
sTA¥ A —A41%)=0 Yiedh?
s'"R*u=0 Y uedr*
and from (14.6.11)
STA¥(A — A% <0 VYiedh*\oh*
sTR*u <0 Vuedr*\dt¥

Let the dimensions of k¥ and dt* be I¥ and g* respectively and let w* be
the arbitrary vector w' in (14.6.4). Assume without loss of generality that the
vectors df i=1,..., 0% and f¥ 1=1,...,4% form bases for Sh¥ — i* and
atf —u* respectively. Then

=0 1=1,2,....0*
TA*d* s < +ts
s '{<0 T T
sTR*u* =0

=0 i=12,...,¢
T gk 3 & s Yy
sk f‘{<0 i=g¥+1,....4%

If I¥ + g% + 1 =k then it follows from the rank assumption that s =0 which
contradicts seG*. For & +¢g¥+ 1 <n it is possible as m Lemma 1427 to
construct a smooth arc x{) #¢[0, #) for which x(0)=x*, %(0}=s and

(e(x(6)) — c¥)Td* = OsTA*d¥ i=1,2,...,7

(r(x(8)) — r*)Tu* = Bs"R*u* (14.6.18)

r(x(8)) — r*)TfF = OsTR**  i=1,2,...,q%

Consequently in a similar way to Lemma 14.2.7

max(e(x(0) — e*)T(A — A%) =0 (14.6.19)
Aedh*
max(r(x(#) — r*)Tu=0 (14.6.20)

1=l
and hence from the local linearity assumption
he(x(8))) = I* + (e(x(0)) — c*)TA*
Hr(x(#))) = 0.
Adding to these the equation
a*(r(x(6)) —r*)u* =0 (14.6.21)

from (14.6.18)}, it follows that x{¢)e X in (14.6.9) und hence by taking any sequence
#% 0, s is shown to be a feasible direction in %%,
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Alternatively if the assumption is made that ¢(x) and r(x) are affing in place
of (14.6.17), then the arc x(¢) = x* + s has

e(x(f)) = ¢* + A*Ts
r(x(?) =r* + R*T

and it is possible to deduce (14.6.19), (14.6.20) and (14.6.21) directly from the
equations

maxsTA®A — 1% =0

A
maxs'R¥u=0
usdet

sTR*u* =0

which arise earlier in the proof. O

This section finishes with a number of remarks and examples to clarify the
way in which the conditions operate. It is intrinsic in the development of the
conditions that #(r) has the property of local linearity. An example for which
this is not the case is a constraint like || 1{x) ||, < p for p >0, in which t(r) =[x ||,
1s locally smooth and nonlinear. Such a constraint may be brought within the
scope of Lemma 14.6.6 by replacing it by |#(x)| < p where #(x) = | r{x}|/,. Thus
the problem 15 essenually transformed to one in which o) is a polyhedral
function on R*. 8t* contains just the single element w* = sign(fx*)) and if 7* > 0
the third condition in (14.6.9}) simply reduces to the requirement that 7(x) = F{x*).

An important application of the conditions is the use of the single constraint
ir(x}) < 0 to represent a set of inequality constraints r(x) < 0 using the polyhedral
convex function r) = max;r,. The first order conditions (14.6.8) involve the term
a*R*u* and the clements n*u¥ become the Lagrange multiplicrs of the individueal
constraints r{x) < 0. If &/* indexes the active constraints then the definition of
at* shows that u* satisfies u* 20, 3, __.uf =1 and uf =0id* which shows
that #*u} satisfies the usual complementarity conditions for inequality
constraints, and #* is the L, norm of the Lagrange multiplier vector [z*u*]. The
set X in (14.6.9) involves the conditions max s (x} < 0 and a*(@r(x) — r*)Tu* =0
which is equivalent ta 3. m*ufr{x) =0 where &% denotes active constraints
with positive multipliers. This is again equivalent to r{x) =0 ie.&’* which can
be recognized as the condition for defining %* in Section 9.3. Likewise the
condition max,,.s"R*u<0 in F* in (14.6.3) is equivalent to sTR*e, <0 for
iesf* and the condition n*max, _,.s"R*u=0 is equivalent to sTR*e;=0 for
ics#*% so that these conditions which define G* can be identified with the
equivalent conditions n (9.3.11) in Section 9.3.

Finally a pumerical exampie of the first and sccond order conditions is given
in which the constraint invoives the L, norm. Consider the problem

mimmize | x|,

14.6.22
subject to [ r(xj[, £0.5 ( )
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where 1:R?-» R* is defined by
rr=xi+xi—1
Py = XXy — 03 (14.6.23)
rs=x; +3(x3—1)
r,=—Xx;+x2+0.54.
This problem is an example of (14.6.1) with f(x} =0, e(x) = x, k(c)= | ¢, and

tr)=|r|; — 0.5 At x* = (0.6,0.8,0)T, r* = (0, — 0.02,0.42, — 0.06)T and the ficst
order conditions are satisfied by A*=1, n* =32 and

0 12 08 1 —1 .
A*=|1] R*=|16 06 08 0 ut="
0 0 0 0 0 .

Theset G* = {s:||s ], = 1,5, = 0,5; <0}, the dimensions of 8h* and é¢* are [* =0
and t* = 1 respectively, and the basis for dt* —u*is F*=[1 0 0 0]". Thus
the matrix [R*u*:R*F*] has rank 2, and since h(e} and t(r) are polyhedral it
follows from Lemma 14.6.6 that the regularity assumption ¥* = G* holds. In
fact the set ¥* can be obtained explicitly as follows The lirst condition that
defines X in (14.6.9) is || x|, = x, which is locally vacuous, When =* > 0 the
remaining conditions imply that t(r(x)} = 0, and the last condition (r — r*)Tu* =
0= rTu* — 0.5 implies that signr, = u¥ and in particular that », < 1. After some
manipulation using (14.6.23) the condition (r — r*)"u* yields

d? +id%+1.4d, 1 d5=0

where d,=x;, —x} i=1,2,3. Thus d, = 0(d}}+ 0(d3) <0 and feasible direc-
tions are seen to have §; =3, =0. In addition the condition r; €0 imposes
d, €0 (for otherwise d, > 0 and d, = O(d#) gives a contradiction) so the extra
condition s, <0 is implied and hence %* = G*. Because d, <0 il d; or d, is
non-zero it can be seen that x* is not a minimizing point. However, this result
can also be deduced from the Lagrangian condition (14.6.13) because

21 0
sTVig#s=—3sT|1 1 Ofs<0
0 0 2

for both s = e, and s = e;, that is for all s G*. This shows that x* fails to satisfy
the second order necessary conditions, and hence x* is not a solution since
F*=F* and ¥* = G*.

In fact the solution to the problem is given by x¥=x§=(1+,/6)/5=
0.689898 and x% = ./(x} —0.54) =0.387167. The multipliers A* = (0.436700,
0.563299)7, u*=(~1,—1,1,0)7 and =*=0408247 satisfy the first order
conditions. Because 1* and u* are in the relative interiors of dh* and &i¥,
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because /* + g* + 1 =3, and because the rank condition (14.6.17) is satisfied, it
follows that $* = G* = &/ and the first order conditions are sufficient to show
that x* is a solution. Another example which is a vanation on this theme is
given in Question 14.15.

QUESTIONS FOR CHAPTER 14

14.1.

14.2.

14.3.

14.4.

14.5.

For the nonlincar program (14.1.6) prove that F' =F" (defined in
Section 9.2). Let §=(sT,5,,,)7 be a feasible direction, and use the
linearized constraint equations to show that

5,.1 > maxsi(g + A'h). (a)

E

Let 5% 0 be any sequence, and define x® = x’ + ™5, If equality holds in
(a), and if v = p(x™), show that x* v* gives a feasible directional
sequence in (14.1.6) for sufficiently large k. If strict inequality holds in (a),
and if v = p* + 6%, |, again show that x®, »* {5 a feasible directional
sequence.
Prove that e* || is a convex function of ¢ when the norm is monotonic
(x| <|¥l=> x| < | ¥ll)- Deduce that e; < (1 —B)eg + e as an inter-
mediate stage.
Establish the equivalence between cach of (14.1 11) to (14.1.15) and the
general expression dk(c) = conv, h,. In (14.1.12)let 4, = y;, i <m, and g, 4,
acts as the slack variable for 3 4, € 1. In{14.1 13) define A; = p; — gy, 4; OT
s =max{A,0), u, ., =max(—A,0). In (14.1.14) use the fact that the cube
0 < A, <1 has extreme points which are all combinations of 1 and 0, and
similarly for (14.1.15),
Establish the equivalence between the subdifferential expression

Alle={A: Je+h]|=)e|+i'Th Vh} (b)

and (14.3.7). Use the generalized Cauchy inequality a™h < ||a| |b]|, on
(e +h)TA4 to show that 1e{14.3.7) implies Ae(b). 1f 1e(b), use the
triangle 1nequality to show that hT™A < }h| ¥ h and (14.3.4) to show
| 4]p<1.Hence ATe < ffe||. Thenwithh = — cin(b)show thatATe 2 | ¢||
and hence 4 &(14.3.7).

If the norm is monotonic (sce Question 14.2) establish the equivalence
bhetween

éle”={A:|{e+mW7[ = ]e"|+i"Th ¥h} (c)

and (14.3.8). The proof is similar to that in Question 14.4. In the first part
aiso use the fact that 4 > 0 1implies (e + h)* T4 > (e + h)TA. In the second
part also use the monotonic norm property to estabiish |h* || = h"A v h.
Thenh = — ¢ yields 4, > 0. Use h* < |h|to show || 1 |5 = 1. Then proceed
much as in Question 14.4.
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14.6.
14.7.

14.8.

14.9.

14.10.

i4.11.

14.12.

14.13.

Show that the subdifferential in (14.2.2) is a closed convex set.
Justify equation (14.2.12) when 0¢25". Show by straightforward argu-
ments that

min maxs’g > max mins"g = — g ..
lsls=1 gedf gedf" |s|z=1

Then use the separating hyperplanc result (Lemma 14.2.3) to show that
equality 1s achicved whens = — &/ g| .. Show by considéring / = | x| that
the result is not true when 0<df”. The result can be generalized to include
the case Oedf’ by writing ||s], < 1 in place of |s],=1.

Consider the Freudenstein and Roth equations

ci(X)=%; —x3+5x3 — 2x,—13
c(x)=x; +x3+ x3~14x,—29

(sec Chapter 6) and consider minimizing |le(x}||, for 1< p < . A local
solution in all cases is x* = (11.4128, — 0.8968)". Find the sets & || ¢* | , (that
is 8h*) for p=1,2, oo and the vector A* which satisfies Theorem 14.2.1,
For p =1 the local solution is not unique and any x¥e[6.4638, 11.4128]
gives a solution. Find @ ¢*|, when x¥ = 6.4638,

Consider minimizing | ¢||, when the equation c¢,(x) in Question 14.8 is
scaled by multiplying the right-hand side by 2. Show that x* = (6.4638,
—0.8968)" satsifies the second order sufficient conditions of
Theorem 14.2.3 and find *. Find a trajectory which is feasible in(14.2.19)
(see Figure 14.2.3) and hence find the sets %* and * and verify that they
are non-empty and equal.

Consider mintmizing | ¢, for the system which results on adding an
equation ¢;(x} = ax; to those in Question 14.8. If « = 0.4336 show that
x* = (114128, —0.8968)7 satisfies the second order sufficient conditions
of Theorem 14.2.3 and find A*. Find a trajectory which is feasible in
(14.2.19) and hence find the sets ¥* and G* and verify that they are non-
empty and equal.

For the problems defined in Questions 14.9 and 14.10 derive the
dimension (* and the basis D* for the set h* — A * in (14.2.30) and show
that the rank assumption (14.2.31) is satisfied in both cases.

Consider the problem defined in (14.4.2). At x™ find the multipliers 4 ® for
which g2 + A®A1 ™ = 0 and show that A5 < 0 which implies that ¢(x) can
be reduced by making the inequality » = ¢,(x) in {14.1.6) inactive (see end
of Section 14.1). Find the multipliers 1* at x* and show that the
conditions of Thecrem 14.2.1 hold. Apply the method of (14.4.8) from
xM=(0, —4)" and verify that second order convergence is obtained.
Why does this happen in the absence of curvature information?

In problem (12.3.2) let x'V lie on the unit circle arbitrarily close to x*, and
let A = A% Show that there exists a range of values of v with v < 1/4* for
which the unit step determined by solving (14.4.11) fails to reduce ¢(x) (the
Maratos effect).
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14.14.

14.15.

14.16.
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Consider the unconstrained NSO problem: min f(x) 4+ 37, {r{x)|, where
r(x)=ATx +b (xeR" and f(x) is convex. By introducifig variables

r;" =max(r,0), r; =max(—r,0)

show thatrt —r, 20,8, +7,20,and #; + r; =|#;|. Hence show that the
unconstrained problem can be restated as
minimize f(x)+e'(rt +17)
xr e
subjectto r* —ATx—b>=0
r +ATX+b>0, r z0,r 20,

where e =(1,1,...,1)". Show that this is a convex programming problem.
Write down the dual of this problem, denoting the multipliers of the
constraints by A %, A7, u ¥, u~ respectively. By climinating 4 * and g ™,
and writing A* — 4~ = A, show that the dual can be restated more simply
as

maximize f(x)+ 4" (ATx +b)

p o

subjectto  g(x)+ Al =0, —ex<A e

where g=V, f(see also Watson, 1978).
Show that the point x* =(0.6,0.8, 0) satisfies first but not second order
necessary conditions for the problem

minimize  {Kx)|,
subject to x|, < 0.8

where r(x) is defined by (14.6.23). Find the solution of the problem.
Apropos of Theorem 14.4.1, consiruct a probilem satisfying the conditions
of the theorem such that the SNQP subproblem as defined at (x*, A *}does
not have §=0and 1* = 1* as its global minimizer. (Hint: choose W* to
be indefinite.)
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